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0 PEAJIH3AQH.HX <I>If3HqECKOfO BA311CA SU(3) 
II BEPO.HTHOCTII E2-DEPEXO)l;OB B CXEME SU(3) 
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B paMKax SU (3) -cxeMhi npoaHam13npoBaHhi BepoJITHOCTH nepexoAOB. Iloria3aHo, 'ITO 
MOJU'HO Bhi6paTb OIIepaTOpbi Ql H Qz, AOCTaTO'IHO 'leTKO pa3AeJIJIIO~He Bpa~aTl'iibTible 
IIOJIOCbl. 

1. MLr na•nmaeM c 6aaHca BaprMana- MoiiiHHCKoro (B.- M .) [ 1 ]. l{paT­
Ko OTIHIIIeM ero. r enepaTOpLI SU(3) BLI6~paeM B BH)l;e 

LJl.V = LJl.V (X) + LJl.V ( y) ' Q Jl.V = Q Jl.V (X) + Q Jl.V ( y) ' 

Lllv(X) = XJJ.Pv- XvPJJ., Lllv(Y) = yJl.qV- Yvq~, 

Qllv(x) = xJ!pV + XvP"- 2/s6J!vXP, QJJ.v(Y) = yJl.qV + Yvqll- 2/s bJl.Vyq. 

MLI npe,o;noJiaraeM <f>oKoBcKyro peaJIHaa:u;Hro onepaTopoB pom,o;emm x, y 
H ymPITomenHH p, q: 

a 
PJJ. =-=(~) + 

axil Jl. ' 

f) 
qll =-= (yll) +, 

fJytJ. 

[pi!, Xv] = [qJl., Yv] = fJJlV• 

OcTaJILHLie KOMMyTaTopLr paBHLI nyJiro. 
BBep;eM onepaTopLI 

1 
C = xp + yq, T1 = --=..xq, 

1'2 
1. 

T_l = 12_yp, 

f..!.= 1,2,3, 

1 
T0 = -(xp- yq). 

2 

C ecTL onepaTop :KaaHMHpa U(3) H paBeH cyMMe 'IHCeJI 'IaCTH:u; copTOB x H y. 
'Yp;o6HO C'IHTaTL, 'ITO X, y HeCyT COOTBeTCTBeHHO npoeKIJ;HH (+ 1/2) H30Cmma. 
Tor,o;a Ttl Momno HHTepnpeTHpoBaTL KaK onepaTopLI rpynnLI Haocmma. One­
paTOpLI (xx), (yy), (xy) pom,o;aiOT napLr qacTHIJ; c nyJieBLIM yrJIOBLIM MO­
MeHTOM, c npoeKIJ;HHMH HaocnHHa ( +1, - 1, 0). B p;aJILHeii:IIIeM 6yp;eM 
HCTIOJIL30BaTL onepaTOpLI A+= X2Y2

- (xy)Z, A = p 2q2
- (pq) 2

, IWTOpLie 
ycJIOBHO naaoBeM onepaTopaMH pomp;eHHH H ynH'ITomeHHH a-'IaCTHIJ;bi. 
A+ (A) - ep;HHCTBeHHLIH OTHOCHTeJILHO npocTpancTBeHHLIX H H30TOTIH'IeCKHX 
Bpar:u;emiH CKaJIHp, TIOCTpOeHHLIH TOJILKO H3 onepaTOpOB pomp;eHHH (yHH'ITO­
if\eHHH). 

OnepaTopLr :KaaHMHpa SU(3) paBHLI 

Cz = Q;jQi!- L;~ij = 2/sC2 + 4C + 8TZ, 
Cs = Q;J (Q;kQjk.- 3LmL Jk. ) = - 2/gC3

- 2C2
- 4C + 24T2 + 8CT2

• 

IIocHOJILKY onepaTopLr Cz H Cs aaBHCHT TOJILKO OT onepaTopoB noJinoro 
'IHCJia 'IaCTHIJ; H KBap;paTa H30CTIHHa, TO 6a3HCHaH <f>yHKIJ;HH, OTBe'IaiOr:u;aH He-
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Abstract. An analytical formula for the overlap integrals in the case of the non-canonical 
basis of Bargmann and Moshinsky has been obtained. These integrals are tabulated for p = 0, 
1, 2, 3, 4 and A, > p. The overlap integrals are used for the construction (by means of the 
Hilbert-Schmidt procedure) of an orthonormal basis. The transformation coefficients are 
tabulated for p=O, 1, 2, 3 and E. > p .  

1. Introduction 

The angular momentum associated with the group 0(3), which is embedded in the group 
SU(3), plays a major role in the application of SU(3) in nuclear physics. The corresponding 
chain of subgroups is 

SU(3)30(3)30(2) .  (1.1) 

The basic functions corresponding to decomposition ( 1.1) are common eigenfunctions 
of the second- and third-order Casimir operators C2 and C3 of SU(3) and of the angular 
momentum operators L2 and Lo associated with O(3) and O(2) respectively. Chain (1. l), 
however, is not canonical, i.e. in a given (A, p) irreducible representation (IR) of SU(3) there 
can be more than one state characterised by the quantum numbers ( L , M )  of the 
decomposition O(3) 3 O(2). There is one label missing to characterise the states completely 
and in that sense the construction of the basis is somewhat arbitrary. The ‘missing label’ 
problem can be solved in the following way. 

(i) The basic functions are constructed as polynomials in some chosen variables. The 
missing label is introduced by means of a special prescription which leads to a simple 
labelling of the states by integers. For instance, in the case of the basis of Bargmann and 
Moshinsky (196 1; hereafter referred to as BM) an additional quantum number q (or a )  is 
introduced, in the case of the basis of Elliott (1958) the quantum number K is introduced, 
and so on. These additional quantum numbers distinguish the states with equal L. A 
complete picture of the different bases constructed in this way has been given by 
Moshinsky et aZ(1975), and the mutual relation between the different non-canonical bases 
has been investigated by Aligauskas (1978). However, the basic functions constructed in 
such a way are not orthogonal, and this leads to certain difficulties in the calculation of the 
reduced matrix elements, Clebsch-Gordan coefficients, etc. 
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The simplest SU(3) model Hamiltonian consists of the quadrupole-quadrupole
interaction, the rotational term and the other terms constructed from generators of
the partner groups G = SU(3)× SU(3), see [G�o�zd�z, A., 2018] and references therein.
A possible Hamiltonian H used in this schematic nuclear model can be written as:

H = γC2(SU(3))− κQ ·Q + βL · L + H ′′(Q̄, L̄)

= (γ − κ)C2(SU(3)) + (3κ+ β)L2 + H ′′(Q̄, L̄), (1)

where the second order Casimir operator C2(SU(3)) = Q ·Q + 3L · L, Q and L are
generators of SU(3), i.e. quadrupole and angular momentum, respectively; Q̄ and L̄
are generators of the intrinsic group SU(3).

Some examples of physically interesting forms of the interaction H ′′ can be written as

H ′′3Q = h3Q

(
(Q̄ ⊗ Q̄)3

2 − (Q̄ ⊗ Q̄)3
−2

)
, (2)

H ′′3LQ = h3LQ

(
(L̄⊗ Q̄)3

2 − (L̄⊗ Q̄)3
−2

)
, (3)

H ′′4Q = h4Q

(√14
5

(Q̄ ⊗ Q̄)4
0 + (Q̄ ⊗ Q̄)4

−4 + (Q̄ ⊗ Q̄)4
4

)
, (4)

where (Tλ′ ⊗ Tλ)L
M denotes the tensor product of two spherical tensors

[Varshalovitch, D.A., 1975]. These interaction terms can simulate either the
tetrahedral or octahedral nuclear symmetry [Dudek, J., 2002].



The low part of spectrum at L = 0 of hamiltonian H/h4Q = γ′C2(SU(3)) + H ′′4Q/h4Q :



The SU(3) collective nuclear models in the orthogonal non-canonical
Bargmann�Moshinsky (BM) Basis [Bargmann, V., Moshinsky, M. 1961]

H
∣∣∣∣ (λ, µ)B

E, L,M

〉
=E
∣∣∣∣ (λ, µ)B

E, L,M

〉
,

∣∣∣∣ (λ, µ)
E, L,M

〉
=
∑
α

CαE

∣∣∣∣ (λ, µ)B
α, L,M

〉
, →

〈
(λ, µ)
E, L,M

∣∣∣∣Qm

∣∣∣∣ (λ, µ)
E′, L′,M′

〉
. (5)

A possible Hamiltonian H used in this schematic nuclear model [ Arima, A., 1989]

H = γC2(SU(3))− κQ · Q + βL · L = (γ − κ)C2(SU(3)) + (3κ + β)L · L, (6)

To solve this problem we need to construct the orthonormal basis
in the space spanned by the non-canonical Bargmann�Moshinsky
(BM) vectors a

∣∣∣∣ (λ, µ)
fi , L, L

〉
=

αmax∑
α=0

A(λ,µ)
i,α (L)

∣∣∣∣ (λ, µ)B
α, L, L

〉
. (7)

a

It should be noted that the used states

∣∣∣∣ (λ, µ)B
α, L, L

〉
di�er

from the states (3.8) given by [Moshinsky, M., 1975] in the
de�nition of the number a and coincide up to a phase factor (−1)α.

Here multiplicity index i is
introduced to di�erentiate the
orthonormalized states and

A(λ,µ)
i,α (L) are the BM basis

orthonormalization coe�cients.
These coe�cients ful�ll the
following condition

A(λ,µ)
i,α (L) = 0, if i > α. (8)

Because the BM vectors (5) are linearly independent, one can require the orthonormalization properties for
the vectors (17) 〈

(λ, µ)
fi , L, L

∣∣∣∣ (λ, µ)
fk , L, L

〉
= δik . (9)



Overlap Integrals of BM Basis [Bargmann, V., Moshinsky, M. 1961]

Commutation relations of the spherical tensors Lν(ν = ±1, 0), Qν(ν = ±2,±1, 0)

[Lν , Lν′ ] = −
√

2(1ν1ν′|1ν + ν′)Lν+ν′ , [Qν , Lν′ ] = −
√

6(2ν1ν|2ν + ν)Qν+ν′ ,

[Qν ,Qν′ ] = 3
√

10(2ν2ν′|1ν + ν′)Lν+ν′ .

The e�ective method for constructing a non-canonical BM basis with the highest weight vectors
of SO(3) irreducible representations corresponding to the group chain SU(3) ⊃ O(3) ⊃ O(2) with
the Casimir operator

C2(SU(3)) = Q · Q + 3L · L = 4(λ2 + µ
2 + λµ + 3λ + 3µ)

was described in [Alisauskas, S., 1981] a. Let us introduce the notation for the vectors of this basis:〈
α

∣∣∣∣α′〉 =

〈
(λ, µ)B
α, L,M

∣∣∣∣ (λ, µ)B
α′, L,M

〉
(10)

Here the quantum numbers λ, µ label irreducible representations (irreps), λ, µ = 0, 1, 2, . . . and
λ > µ; L,M are the quantum numbers of angular momentum L · L and its projection L0 (in our
case, M = L); α is the additional index that is used for unambiguously distinguishing the
equivalent SO(3) irreps (L) in a given SU(3) irrep (λ, µ). The dimension of subspace irrep for given
λ, µ can be calculated by using the following formula:

Dλµ =
1
2

(λ + 1)(µ + 1)(λ + µ + 2). (11)

aAlisauskas, S., Raychev, P., Roussev, R.: Analytical form of the orthonormal basis
of the decomposition SU(3) ⊃ O(3) ⊃ O(2) for some (λ, µ) multiplets. J. Phys. G: Nucl.
Phys. 7, 1213�1226 (1981)



Overlap Integrals of BM Basis

In order to perform classi�cation of the BM states (5) one should determine the set
of allowed values of α and L. It is well known that the ranges of quantum numbers α
and L are determined by the values of quantum numbers λ and µ. However, the
determination of former quantities is rather cumbersome. The easiest way to get the
allowed values of α and L is by using the symbolic algorithm 1 that consists of the
following steps:

Step 1.

Firstly we should start with choosing some particular value of the quantum number
µ. For the following consideration, it is convenient to introduce auxiliary label K
[Elliott, J.P., 1958] which varies in the ranges

K = µ, µ− 2, µ− 4, ..., 1 or 0, since λ > µ. (12)

The label K is related to α by

α =
1
2

(µ− K ). (13)

So, for every �xed µ, the set of possible values of K can be obtained directly from the
de�nition of K from (12). Now, the set of allowed values of α may be determined
from these K values using relation (13).



Overlap Integrals of BM Basis

Step 2.

In the case K = 0, that may occur only for even values of µ, the allowed values of L
are determined by the label λ:

L = λ, λ− 2, λ− 4, ..., 1 or 0. (14)

Step 3.

In the case K 6= 0, the Lmin = K . Since for every particular µ, there is a number of
possible K numbers, according to (12) there exists a number of the corresponding α
numbers. It means that for every particular µ, there will be a number of pairs
(α, Lmin). The maximum value of L is de�ned by the expression Lmax = µ− 2α+ λ− β,
where

β =

{
0, λ+ µ− L even,
1, λ+ µ− L odd.

(15)

To determine Lmax it is convenient to consider two alternatives: λ− L is even and
λ− L is odd. In both cases, the label β is de�ned by the given µ value, and the
number Lmax is also determined. An illustrative example for calculation of allowed
values of α and L is presented in Tables 1a and 1b at K 6= 0 and K = 0, respectively.
It should be noted that the set of allowed values of L for overlap integrals is given by
the intersection of these sets for the corresponding < bra| and |ket > vectors.



Overlap Integrals of BM Basis

The overlap integral of the non-canonical BM states presented in
[Alisauskas, S., 1981]

〈
α
′
∣∣∣∣α〉 =

〈
(λ, µ)B
α, L, L

∣∣∣∣ (λ, µ)B
α′, L, L

〉
= C1(λ, L,∆)(λ + 2)β (L− µ + 2α)!

×(λ− L + µ− 2α′ − β)!!(µ− 2α′ − β + ∆− 1)!!

×
∑
l,z

(
α′

1
2 (l − β − ∆)

)
(−1)(µ+2α−∆−β)/2+z

( 1
2 (µ− 2α− ∆− β)

z

)

×
(µ− l)!!

(µ− l − 2z)!!

(µ + β + ∆)!!

(µ− 2α′ + l)!!
(l − ∆ + β − 1)!!(µ− ∆− β − 2z)!!

×
(λ− L + µ− 2α− β)!!

(λ− L + ∆ + 2z)!!

(λ + L− ∆ + 2)!!

(λ + L− µ + 2α + β + 2z + 2)!!

(L + l)!

L!

×
(λ + µ + L + β + 2)!!

(λ + L + l + β + 2z + 2)!!

(λ + β + 2z + 1)!

(λ + β + 1)!

(λ + µ− l − L + ∆)!!

(λ− L + µ− 2α′ − β)!!

×C2(λ, L,∆, z). (16)

Here α ≥ α′ and β from (15) and we use the following notations

∆ =

{
0, λ− L even,
1, λ− L odd,

(
m
n

)
=

m!

n!(m − n)!
,

C1(λ, L,∆) =

{
1, L > λ + ∆,
(λ+L+∆+1)!!

(2L+1)!!
, L ≤ λ + ∆,

C2(λ, L,∆, z) =


(λ+L+∆+1+2z)!!

(2L+1)!!
, L > λ + ∆,

(λ+L+∆+1+2z)!!
(λ+L+∆+1)!!

, L ≤ λ + ∆.



Overlap Integrals of BM Basis

Table 1a. The allowed values of α, Lmin, and Lmax for up to µ = 5 when K 6= 0.

µ α Lmin Lmax(λ− L even) Lmax(λ− L odd)
1 0 1 λ λ+ 1
2 0 2 λ+ 2 λ+ 1
3 0 3 λ+ 2 λ+ 3

1 1 λ λ+ 1
4 0 4 λ+ 4 λ+ 3

1 2 λ+ 2 λ+ 1
5 0 5 λ+ 4 λ+ 5

1 3 λ+ 2 λ+ 3
2 1 λ λ+ 1

Table 1b. The allowed values of α
and L for up to µ = 5 when K = 0.

µ α L, (λ− L even)
0 0 λ, λ− 2, λ− 4, ..., 1 or 0
2 1 λ, λ− 2, λ− 4, ..., 1 or 0
4 2 λ, λ− 2, λ− 4, ..., 1 or 0

The above algorithm was realized in the form
of the program implemented in the computer
algebra system Wolfram Mathematica 10.1.
The typical running time of calculating the
irreducible representations µ = 4 and µ = 8 is
3 and 57 seconds and memory is 35 and 47
Mb, respectively using the PC Intel Pentium
CPU 1.50 GHz 4GB 64bit Windows 8.



Table 2. Overlap integrals of non-canonical BM basis for µ = 4.

(α|α′) L λ− L even L λ− L odd

(2|2) 0, ..., λ 〈u2|u2〉
(2|1) 2, ..., λ 〈u2|u1〉
(2|0) 4, ..., λ 〈u2|u0〉
(1|1) 2, ..., λ 〈u1|u1〉 2, ..., λ + 1 〈ũ1|ũ1〉
(1|1) λ + 2 〈u′1|u

′
1〉

(1|0) 4, ..., λ 〈u1|u0〉 4, ..., λ + 1 〈ũ1|ũ0〉
(1|0) λ + 2 〈u′1|u

′
0〉

(0|0) 4, ..., λ 〈u0|u0〉 4, ..., λ + 1 〈ũ0|ũ0〉
(0|0) λ + 2 〈u′0|u

′
0〉 λ + 3 〈ũ′0|ũ

′
0〉

(0|0) λ + 4 〈u′′0 |u
′′
0 〉

Table 3. Overlap integrals of the non-canonical BM basis. for µ = 4 and λ− L even.

µ = 4 and λ− L even

〈u2|u2〉 = 8L!(λ− L)!!(λ + L + 1)!!(3L4 + 6L3

−(8λ(λ + 8) + 135)L2 − 2(4λ(λ + 8) + 69)L + 8(λ + 3)2(λ + 5)2)/(2L + 1)!!
〈u2|u1〉 = 8L!(−λ + L− 2)(λ + L + 6)(λ− L)!!(λ + L + 1)!!

×(3(L− 1)L− 2(2λ(λ + 8) + 33))/(2L + 1)!!
〈u2|u0〉 = 24L!(λ− L + 2)(λ− L + 4)(λ + L + 4)

×(λ + L + 6)(λ− L)!!(λ + L + 1)!!/(2L + 1)!!,

(∗) 〈u1|u1〉 = −4(L− 2)!(λ− L + 2)!!(λ + L + 1)!!
(

6L5 + 6(λ + 5)L4

−(λ(7λ + 59) + 150)L3 − (λ + 6)(λ(7λ + 55) + 118)L2

−(λ + 2)(λ(5λ + 48) + 129)L− 6(λ + 2)(λ(λ + 10) + 27))/(2L + 1)!!

(∗) 〈u′1|u
′
1〉 = 4(λ + 2)(λ + 3)(λ + 4)(λ + 35)λ!.

〈u1|u0〉 = 24(L− 2)!(λ− L + 4)(λ + L + 6)(λ− L + 2)!!
×(λ + L(λ + L(λ + L + 4) + 2) + 2)(λ + L + 1)!!/(2L + 1)!!

〈u′1|u
′
0〉 = 96(λ + 2)(λ + 3)(λ + 4)λ!

(∗) 〈u0|u0〉 = 24(L− 4)!(λ− L + 4)!!(λ + L + 1)!!(9(λ + 2)(λ + 4)

+L6 + 2(λ + 3)L5 + 8(λ + 2)(λ + 3)L + (λ(λ + 4)− 8)L4

−2(λ + 3)(λ + 6)L3 + (λ(5λ + 38) + 88)L2)/(2L + 1)!!,

〈u′0|u
′
0〉 = 48(λ + 2)(λ + 3)(λ + 4)(2λ2 + λ + 3)(λ− 2)!

〈u′′0 |u
′′
0 〉 = 24(λ + 2)(λ + 3)(λ + 4)(λ + 5)λ!



Table 4. Overlap integrals of non-canonical BM basis for µ = 5.

(α|α′) L λ− L even L λ− L odd

(2|2) 1, ..., λ 〈u2|u2〉 1, ..., λ + 1 〈ũ2|ũ2〉
(2|1) 3, ..., λ 〈u2|u1〉 3, ..., λ + 1 〈ũ2|ũ1〉
(2|0) 5, ..., λ 〈u2|u0〉 5, ..., λ + 1 〈ũ2|ũ0〉
(1|1) 3, ..., λ 〈u1|u1〉 3, ..., λ + 1 〈ũ1|ũ1〉
(1|1) λ + 2 〈u′1|u

′
1〉 λ + 3 〈ũ′1|ũ

′
1〉

(1|0) 5, ..., λ 〈u1|u0〉 5, ..., λ + 1 〈ũ1|ũ0〉
(1|0) λ + 2 〈u′1|u

′
0〉 λ + 3 〈ũ′1|ũ

′
0〉

(0|0) 5, ..., λ 〈u0|u0〉 5, ..., λ + 1 〈ũ0|ũ0〉
(0|0) λ + 2 〈u′0|u

′
0〉 λ + 3 〈ũ′0|ũ

′
0〉

(0|0) λ + 4 〈u′′0 |u
′′
0 〉 λ + 5 〈ũ′′0 |ũ

′′
0 〉

Table 5. Overlap integrals of the non-canonical BM basis. for µ = 5 and λ− L even.

µ = 5 and λ− L even

〈u2|u2〉 = 24(λ + 2)(L + 1)(L− 1)!(λ− L)!!(λ + L + 1)!!

×(−(4λ(λ + 10) + 109)L2 − 2(2λ(λ + 10) + 55)L
+8(λ(λ + 10)(λ(λ + 10) + 49) + 603) + L4 + 2L3)/(2L + 1)!!

〈u2|u1〉 = 24(λ + 2)(L + 1)(−λ + L− 2)(λ + L + 8)(L− 1)!
× ((L− 1)L− 2(λ(λ + 10) + 27)) (λ− L)!!(λ + L + 1)!!/(2L + 1)!!

〈u2|u0〉 = 24(λ + 2)(L + 1)(−λ + L− 4)(−λ + L− 2)(λ + L + 6)
×(L− 1)!(λ + L + 8)(λ− L)!!(λ + L + 1)!!/(2L + 1)!!

〈u1|u1〉 = 12(λ + 2)(L + 1)(L− 3)!(λ− L + 2)!!(λ + L + 1)!!

×((λ(3λ + 29) + 96)L3 + (λ(λ(3λ + 53) + 316) + 680)L2

+(λ(λ(7λ + 100) + 487) + 716)L− 2L5 − 2(λ + 7)L4

+2(λ(λ(7λ + 102) + 491) + 684))/(2L + 1)!!

〈u′1|u
′
1〉 = 12(λ + 2)(λ + 3)2(λ + 4)(λ + 5)(λ + 20)(λ− 1)!

〈u1|u0〉 = 24(λ + 2)(L + 1)(λ− L + 4)(λ + L + 8)(L− 3)!(λ− L + 2)!!
×(5λ + L(3λ + L(λ + L + 6) + 8) + 12)(λ + L + 1)!!/(2L + 1)!!

〈u′1|u
′
0〉 = 96(λ + 2)(λ + 3)2(λ + 4)(λ + 5)(λ− 1)

〈u0|u0〉 = 24(λ + 2)(L + 1)(L− 5)!(λ− L + 4)!!(λ + L + 1)!!

×(9(λ + 4)(9λ + 22) + (λ(λ + 12) + 12)L4

+2(λ− 1)(λ + 8)L3 + (λ(17λ + 114) + 248)L2

+4(λ(13λ + 68) + 96)L + L6 + 2(λ + 5)L5)/(2L + 1)!!

〈u′0|u
′
0〉 = 48(λ + 2)(λ + 3)2(λ + 4)(λ + 5)(λ(2λ + 3) + 10)(λ− 3)!

〈u′′0 |u
′′
0 〉 = 24(λ + 2)(λ + 3)(λ + 4)(λ + 5)2(λ + 6)(λ− 1)!



Orthonormalisation of BM Basis

Let us construct the orthonormal basis in the space spanned by the non-canonical
BM vectors (5), (M = L). For this purpose, we propose a bit more e�cient form of
the Gram�Schmidt orthonormalisation procedure∣∣∣∣ (λ, µ)

fi , L, L

〉
=

αmax∑
α=0

A(λ,µ)
i,α (L)

∣∣∣∣ (λ, µ)B

α, L, L

〉
. (17)

Here multiplicity index i is introduced to di�erentiate the orthonormalized states and
A(λ,µ)

i,α (L) are the BM basis orthonormalization coe�cients. These coe�cients ful�ll
the following condition

A(λ,µ)
i,α (L) = 0, if i > α. (18)

Because the BM vectors (5) are linearly independent, one can require the
orthonormalization properties for the vectors (17)〈

(λ, µ)
fi , L, L

∣∣∣∣ (λ, µ)
fk , L, L

〉
= δik . (19)



Orthonormalisation of BM Basis

In the case of the subset of three independent BM vectors (5) indicated by the
displayed values of labels, expansion (17) takes the form (µ = 4, λ− L even))∣∣∣∣ (λ, µ)

f2, L, L

〉
= A(λ,µ)

2,2 (L)

∣∣∣∣ (λ, µ)B
2, L, L

〉
,∣∣∣∣ (λ, µ)

f1, L, L

〉
= A(λ,µ)

1,1 (L)

∣∣∣∣ (λ, µ)B
1, L, L

〉
+ A(λ,µ)

1,2 (L)

∣∣∣∣ (λ, µ)B
2, L, L

〉
,∣∣∣∣ (λ, µ)

f0, L, L

〉
= A(λ,µ)

0,0 (L)

∣∣∣∣ (λ, µ)B
0, L, L

〉
+ A(λ,µ)

0,1 (L)

∣∣∣∣ (λ, µ)B
1, L, L

〉
+ A(λ,µ)

0,2 (L)

∣∣∣∣ (λ, µ)B
2, L, L

〉
,

A(λ,4)
2,2 (L) = (〈u2|u2〉)−1/2

, A(λ,4)
1,1 (L) = −〈ψ1|ψ1〉−1/2

, A(λ,4)
1,2 (L) = 〈ψ1|ψ1〉−1/2 〈u2|u1〉

〈u2|u2〉
,

A(λ,4)
0,0 (L) = −〈ψ0|ψ0〉−1/2

, A(λ,4)
0,1 (L) = −

〈ψ0|ψ0〉−1/2

〈ψ1|ψ1〉

(
−〈u1|u0〉+

〈u2|u1〉〈u2|u0〉
〈u2|u2〉

)
,

A(λ,4)
0,2 (L) = 〈ψ0|ψ0〉−1/2

[ 〈u2|u0〉
〈u2|u2〉

+
1

〈ψ1|ψ1〉

(
−〈u1|u0〉 +

〈u2|u1〉〈u2|u0〉
〈u2|u2〉

) 〈u2|u1〉
〈u2|u2〉

]
,

〈ψ0|ψ0〉 = 〈u0|u0〉 −
〈u2|u0〉2

〈u2|u2〉
−

1
〈ψ1|ψ1〉

(
−〈u1|u0〉+

〈u2|u1〉〈u2|u0〉
〈u2|u2〉

)2

,

〈ψ1|ψ1〉 = 〈u1|u1〉 −
〈u2|u1〉2

〈u2|u2〉
.



Orthonormalisation of BM Basis

The Gram�Schmidt orthonormalization symbolic algorithm 2. Step 1.

Step 1. First one needs to organize the loop running over all indices
α = αmax, αmax − 1, ..., 0 of a given set of the BM states. Then the �rst
orthonormalization coe�cients of the orthogonal BM states (i.e., some linear
combination of initial states (5)) for a given value of α are calculated by the formula

bα,αmax =
〈uα|uαmax〉

〈uαmax |uαmax〉1/2 , (20)

where the 〈uα|uα′〉 denotes the overlap integrals (16).



Orthonormalisation of BM Basis

Step 2.

Step 2. Secondly one needs to organize the inner loop inside the loop de�ned in
Step 1. of this algorithm. This inner loop should run over all indices
α′ = αmax − 1, αmax − 2, ..., α+ 1 of a given set of BM states. For the following
calculations, it is convenient to introduce the intermediate quantity

fα,α′ = −〈uα|uα′〉+
〈uα|uαmax〉〈uαmax |uα′〉
〈uαmax |uαmax〉

. (21)

Now the orthonormalization coe�cients for the BM states for any given values of α
and α′ are calculated by the formula

bα,α′ =
fα,α′

〈ψα′ |ψα′〉1/2 . (22)

Here the normalization integral is de�ned as

〈ψα|ψα〉 = 〈uα|uα〉 −
αmax∑

i=α+1

b2
α,i . (23)



Orthonormalisation of BM Basis

Step 3.

Step 3. Now we make the recursive step and calculate the next quantity fα,α′ from
the results of the previous step

fα,α′−1 = fα,α′→α′−1 +
1

〈ψα′ |ψα′〉
fα→α′−1,α′ fα,α′ . (24)

Here the arrows in the right hand side of the (24) indicate that the quantity fα,α′
obtained at the previous step is used with the appropriate substitution of indices.
Having calculated the quantity fα,α′ , the expression of the next orthonormalization
coe�cient bα,α′ can be obtained by Eq. (22). The steps of the orthonormalization
algorithm de�ned above are recursively repeated doing the loop over all allowed
values of indices α and α′.

Step 4.

Step 4. Finally, we should to collect all the coe�cients in the recursively obtained
analytical expansion representing the orthonormalized state for every independent
BM state (5). In this way, we get the required orthonormalization coe�cients of
expansion (17).



Orthonormalisation of BM Basis

Table 6. Transformation coe�cients A(λ,µ)
i,α (L) for µ = 4.

α i L λ− L even λ− L odd

2 2 0, 1,. . . ,λ A(λ,4)
2,2 (L) �

1 2, 3,. . . ,λ A(λ,4)
1,2 (L) �

0 4, 5,. . . ,λ A(λ,4)
0,2 (L) �

1 1 2, 3,. . . ,λ + 1 A(λ,4)
1,1 (L) Ã(λ,4)

1,1 (L)

λ + 2 A(λ,4)
1,1 (λ + 2) �

0 4, 5,. . . ,λ + 1 A(λ,4)
0,1 (L) Ã(λ,4)

0,1 (L)

λ + 2 A(λ,4)
0,1 (λ + 2) �

0 0 4, 5,. . . ,λ + 1 A(λ,4)
0,0 (L) Ã(λ,4)

0,0 (L)

λ + 2 A(λ,4)
0,0 (λ + 2) �

λ + 3 � Ã(λ,4)
0,0 (λ + 3)

λ + 4 A(λ,4)
0,0 (λ + 4) �

The above algorithm was realized in the form of the program implemented in the
computer algebra system Wolfram Mathematica 10.1. The typical running time of
calculating the irreducible representations µ = 4 is 30 seconds and memory is 60Mb
using the PC Intel Pentium CPU 1.50 GHz 4GB 64bit Windows 8.
Recursive calculation of the quantities fα,α′ (24) and the normalization integrals (23)
do not involve any square root operation. This distinct feature of the proposed
orthonormalization algorithm may make the large scale symbolic calculations feasible.



(a) (b)
The CPU time versus parameter µ (a)

and MaxMemoryUsed versus parameter µ (b): maximum number of Megabytes (Mb) used to store all data

for the current Wolfram System session during the calculations of the orthogonal BM basis (circles)

consisted of calculation of the overlap integrals by means of Algorithm 1 code(squares) and execution of

the othonormalization Gram�Schmidt procedure by means of Algorithm 2 code (triangles).

The orthonormalization numerical algorithm

αmax∑
α′=0

(〈
α

∣∣∣∣α′〉− Λi (L)δαα′

)
Cα′ i (L) = 0

For Λi 6= 0 one gets the following basis of orthonormal states

∣∣∣∣ (λ, µ)
fi , L, L

〉
=

αmax∑
α=0

C(λ,µ)
αi (L)

∣∣∣∣ (λ, µ)B
α, L, L

〉
,

αmax∑
α=0

C(λ,µ)
αi (L)C(λ,µ)

αi′ (L) = δii′ . (25)



The Action of the Zero Component of the Quadrupole Operator onto the
Orthogonal Basis

Following the paper [ Raychev, P., 1981], we determine the action of the zero
component of the second order generator of SU(3) group onto the BM basis vectorsa

Q0

∣∣∣∣ (λ, µ)B

α, L, L

〉
=
∑

k=0,1,2
s=0,±1

a(k)
s

∣∣∣∣ (λ, µ)B

α + s, L + k , L

〉
, (26)

where the coe�cients a(k)
s ≡ a(k)

s (α) can be calculated as in [ Afanasjev, G.N., 1973]
and they have the form given in [ Raychev, P., 1981], and the inverse transformation

Ã(λµ)
i,α (L) from formula (17)∣∣∣∣ (λ, µ)B

α, L, L

〉
=

α∑
i=0

Ã(λµ)
i,α (L)

∣∣∣∣ (λ, µ)
fi , L, L

〉
, (27)

where conventional relations take place∑
i

Ã(λµ)
i,α′ (L)A(λµ)

i,α (L) = δα′,α and
∑
α

Ã(λµ)
i′,α (L)A(λµ)

i,α (L) = δi′,i . (28)

aIt should be noted that the used states di�er from the states (3.8) given by
[Moshinsky, M., 1975] in the de�nition of the number a and coincide up to a phase
factor (−1)α in l.h.s. and (−1)α+s in r.h.s..



The Action of the Zero Component of the Quadrupole Operator onto the
Orthogonal Basis

Using (26), (27), and (28), one obtains the action of the zero component of the
quadrupole operator onto the orthogonal BM basis vectors

Q0

∣∣∣∣ (λ, µ)
fi , L, L

〉
=

∑
j=0,...,αmax

k=0,1,2

q(λµ)
ijk (L)

∣∣∣∣ (λ, µ)
fj , L + k , L

〉
, (29)

where the coe�cients q(λµ)
ijk (L) are calculated by the formula

q(λµ)
ijk (L) =

∑
α=0,...,αmax

s=0,±1

A(λµ)
i,α (L)a(k)

s Ã(λµ)
j,(α+s)(L + k), (30)

and Ã(λµ)
i,α (L) are elements of the inverse and the transpose of matrix

Ã(λµ)
i,α (L) = (A−1)

(λµ)

α,i (L). (31)



The Action of the Zero Component of the Quadrupole Operator onto the
Orthogonal Basis

The matrix elements of the quadrupole operators, generators of the group SU(3) can
be reduced to the calculation of the reduced matrix elements by means of the
Wigner�Eckart theorem〈

(λµ)
jL + kM

∣∣∣∣Qm

∣∣∣∣ (λµ)
iLM ′

〉
=

(LM ′ 2m|L + k ,M)√
2(L + k) + 1

〈
(λµ)
j , L + k

∣∣∣∣∣∣∣∣Q ∣∣∣∣∣∣∣∣ (λµ)
i , L

〉
. (32)

The corresponding reduced matrix element is determined by formula〈
(λµ)
j , L + k

∣∣∣∣∣∣∣∣Q ∣∣∣∣∣∣∣∣ (λµ)
i , L

〉
= (−1)k

√
2L + 1

(L + k , L, 20|LL)
q(λ,µ)

i,j,k (L), (33)

where the coe�cients q(λ,µ)
i,j,k (L) are de�ned by (30). In this de�nition, k ≥ 0.

Dimension of subspace of the ket vectors |(λµ)iLM〉 at �xed λ and µ are de�ned by
formula (11). The dimension of this subspace determines the complexity of the above
algorithms, i.e., required computer memory and execution time.

In this paper, the new results for the coe�cients q(λµ)
ijk (L) in the orthonormal BM

basis with the highest weight vectors of SO(3) irreps for µ = 4 were calculated. Note

that the coe�cients q(λµ)
ijk (L) for up to µ = 3 were calculated as well and their values

are equal to those presented in Table 1 of Ref. [ Raychev, P., 1981].



The zero component of the quadrupole operator into the nonorthogonal
BM basis

The zero component of the quadrupole operator Q0 into the nonorthogonal BM

basis, i.e. the coe�cients a(k)
s ≡ a(k)

s (α) = (−1)sq(k)
s (α) of expansion (26) reads as

q(2)
0 =

12σ
[(l + 2)(2l + 3)]1/2

, q(2)
−1=

12α
[(l + 2)(2l + 3)]1/2

, q(2)
−1=0,

q(1)
0 =12

αβ(l1 + 1) + σ(l2 + β)

(l + 2)(l + 1)1/2
−

6β
(l + 1)1/2

,

q(1)
−1=−

12αl1
(l + 2)(l + 1)1/2

, q(1)
1 =−

12σβl2
(l + 2)(l + 1)1/2

,

q(0)
0 =4α

l(l + 1)−3(l1 + β)2

(l + 1)(2l + 3)
−4σ

l(l + 1)−3(l2 + β)2

(l + 1)(2l + 3)
− (l1 − l2)

(
1 +

3β
l + 1

)
,

q(0)
−1=

12αl1(l1 − 1)

(l + 1)(2l + 3)
,

q(0)
1 =−

12σl2(l2 − 1)

(l + 1)(2l + 3)
,

β =

{
0, λ + µ− L even,
1, λ + µ− L odd,

where T = λ/2, n = 2µ + λ, l1 = L + 2α− n/2 + T , l2 = n/2− T − 2α− β.



Resume

We present the practical symbolic algorithm implemented in Mathematica for
constructing the non-canonical Bargmann�Moshinsky (BM) basis with the
highest weight vectors of SO(3) irreps., which can be used for calculating spectra
and electromagnetic transitions in molecular and nuclear physics.

The proposed recursive orthonormalisation algorithm allows one to �nd the
analytical expressions of the orthonormalized basis. The distinct advantage of
adapted Gram�Schmidt orthonormalisation is that it does not involve any square
root operation on the expressions coming from the previous recursion steps.

This makes the proposed method very suitable for calculations of spectral
characteristics (especially close to resonances) of quantum systems under
consideration and to study their analytical properties for understanding the
dominant symmetries.

The formalism of partner groups allows for simulation of the intrinsic properties
of quantum systems (also nuclei), including their intrinsic symmetries. The
presented nuclear SU(3) model is extended and allows for additional intrinsic
structure, especially it allows to construct terms having required point
symmetries.

Calculations of spectral characteristics of the above nuclei models and study of
their dominant symmetries will be done in our next publications.
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