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Introduction

The search for quantum gravity is linked with studies of noncommutative space-times
and quantum deformations of space-time symmetries. The considerations of simple
dynamical models in quantized gravitational background indicate that the presence of
quantum gravity effects generates noncommutativity of D = 4 space-time coordinates,
and as well the Lie-algebraic space-time symmetries (e.g. Euclidean, Lorentz, Kleinian,
quaternionic and their ingomogeneous versions and superextensions) are modified into
respective quantum symmetries, described by noncocommutative Hopf algebras,
named quantum deformations. Therefore, studing all aspects of the quantum
deformations in details is an important issue in the search of quantum gravity models
and their superextensions (SUGRA).
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Introduction

For classifications, constructions and applications of quantum Hopf deformations of an
universal enveloping algebra U(g) of a Lie superalgebra g (g = g5 4 g1, as a linear
space, with a linear Z-grading function deg(-): deg(ga) = a € {0,1}), Lie
bisuperalgebras (g, d) play an essential role, where the cobracket § is a linear
superskew-symmetric map:

9> 0/A0=05/05P01 /01D g5 A0 1)
which conserves the grading function deg(-):
5(g5) € g5 Ao D oI NoT,  6(01) € 95 Ao )
provided that
deg(ga A gp) = deg(ga) + deg(gp) =a+b=c mod 2, a b,cc{0,1}. 3)
For general element x = x5 + x; we use the linearity of §(x) in the argument x. It

should be noted also that the superskew-symmetric bilinear space g A g is defined as
follows:

Xa A Vb i=Xa ® b — (—1)yp ® Xa, Vxa € ga, Vyp € g, a,b€ {0,1} (4)

and for general elements x = x5 + x7 and y = y5 + 7 wesuse the bilinearity of x /Ay
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Introduction

Moreover the cobracket § satisfies the relations consisted with the superbracket [-, -]
in the Lie superalgebra g:

5(Ix: ¥1) = [6(x), Ao + [A0(x), 6(¥)],  xy €9,

‘ - (5)
(6 ®id)d(xa) + (—=1)%cycle =0, Vx, € ga, a€ {0,1},
where Ag(-) is a trivial (non-deformed) coproduct
Do(x) =xQ1+1@ x, (6)

The first relation in (5) is a condition of the 1-cocycle and the second one is the
co-Jacobi identity. The Lie bisuperalgebra (g, §) is a correct infinitesimalization of the
quantum Hopf deformation of U(g) and the operation ¢ is an infinitesimal part of
difference between a coproduct A and an oposite coproduct A in the Hopf algebra,
8(x) = h~1(A — A) mod h, where h is a deformation parameter. Any two Lie
bialgebras (g, d) and (g, d’) are isomorphic (equivalent) if they are connected by a
g-automorphism ¢ satisfying the condition

5(x) = (¢ @ )8 (v (x)) )
for any x € g.
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Introduction

Of our special interest here are the quasitriangle Lie bisuperalgebras (g, §(,)):=(g,d, r),
where the cobracket J(,) is given by the classical r-matrix r € g A g as follows:

5(r)(x) = [r, Do ()] (8)

Because the co-bracket §(,) conserves the grading then from (8) we see that the
r-matrix r is even, deg(r) =0, i.e.:

r € 95\ 9 Do N0 (9)

Moreover it is easy to see also from (7) and (8) that two quasitriangular Lie
bisuperalgebras (g,9(,)) and (g,0(,1)) are isomorphic iff the classical r-matrices r and
r’ are isomorphic, i.e.:

(p@@) =r. (10)

Therefore for a classification of all nonequivalent quasitriangular Lie bisuperalgebras
(9,9(r)) of the given Lie superalgebra g we need to find all nonequivalent
(nonisomorphic) classical r-matrices. Because nonequivalent quasitriangular Lie
bisuperalgebras uniquely determine non-equivalent quasitriangular quantum
deformations (Hopf algebras) of U(g) therefore the classification of all nonequivalent
quasitriangular Hopf superalgebras is reduced to the classification of all nonequivalent
classical r-matrices.
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Introduction

Let g* := (g, *) be a real form of a classical complex Lie superalgebra g, where
% is an antilinear involutive (semiinvolutive) antiautomorphism of g, then the
bisuperalgebra (g, d(y)) is real iff the classical r-matrix r is x-anti-real
(x-anti-Hermitian).! Indeed, the condition of *-reality for the bisuperalgebra
(g%,d) means that

8(x) %" = 6(xM). (11)
Applying this condition to the relations (8) we abtain that
e =y, (12)

i.e. the r-matrix r is *-anti-Hermitian.

1
All bialgebras over the simple complex and real Lie algebras are quasitriangular, due to Whitehead
lemma (see e.g. N. Jacobson, “Lie algebras”, Dover Publications, Inc., New York (1979)). It is more
likely that the Whitehead lemma is valid also for all classical Lie 'superalgebras.
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Introduction

Quite recetly in the paper: J. Lukierski, V.N. Tolstoy, Quantizations of D=3 Lorentz
symmetry, Eur. Phys. J. C77 (2017) 226 we investigate the quantum deformations of
the complex Lie algebra s1(2; C) and its real forms su(2), su(1, 1) and sl(2; R).
Namely, firstly we obtain the complete classifications of the nonequivalent
(nonisomorphic) classical r-matrices (bialgebras) for all these Lie algebras and then
Hopf deformations corresponding to these bialgebras were presented in explicite form.
In particular, it was shown that D = 3 Lorentz symmetry

0(2,1) (~su(1,1) ~ sl(2; R)) has two standard g-deformations and one Jordanian.

In this talk | would like to present some super-analog of these results, namely | first
give the the complete classifications of the nonequivalent (nonisomorphic) classical
r-matrices for complex Lie superalgebra o0sp(1|2; C) (which is a minimal
supersymmetric extension of the Lie algebra s((2; C)) and its real forms osp™*(1|su(2)),
ospT(1]su(1,1)) and ospT(1]s1(2; R)). In particular, we show that N =1, D = 4
Lorentz supersymmetry,

ospt(1]0(2,1)) ~ osp (1]su(1, 1)) ~ osp(1]s1(2; R)), (13)

has two nonequivalents tandard g-deformations and two nonequivalent Jordanian and
super-Jordanian deformations. The isomorphic Lie superalgebras (13) and their
quantum deformations play very important role in physics as well as in mathematical
considerations, so the structure of these deformations should be understood with full
clarity. It should be noted also that the importance of ospf(1[o(2, 1)) and its
deformations follows also from the unique role of the ospT(1|o(2, 1)) algebra as the
lowest-dimensional rank one noncompact simple classical Lie superalgebra.
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Orthosymplectic superalgebra 0sp(1]2; C) and its 'real’ forms

The complex orthosymplectic Lie superalgebra

05p(1]2; C) = 0spy(1]2; C) @ 0sp4(1]2; C) is generated by three even Cartan-Weyl
(CW) generators: H, E4 € o0spg(1]2; C) ~ sl(2; C) ~ 0(3; C), and two odd CW
generators: v € 0sp(1|2; C) with the defining relations:

[H,E+] = +E+, [E\,E_] = 2H,

1
[H,v] = iEij [Ex,vg] = va, [Ex, vi] =0, (14)

L 1
fva,ve} = :tEEi’ {v, v} = _EH'

The the CW generators H, E+ of s[(2; C) ~ 0(3; C) is related with the Cartesian basis
I; (i=1,2,3) as follows:

H = ’L/3, Ei = ’L/1 ¥12. (15)
For convenience we set also
Vi = Ve, Vo = v (16)
In therms of the generators {/;, v |i = 1,2,3; o = 1,2} the defining relations (14) take
the form:
7
Ui, i = cijwche, i val] = *E(Ui)sava
1 1 " (17)
{vi,v1} = 5(1/1 — k), {v,w} = *5(2/1 +hk), {vi,wn} = *5137

where o;, (i = 1,2,3) are the 2 x 2 Pauli matrices, and (a5 = 1, 2).
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Orthosymplectic superalgebra 0sp(1]2; C) and its 'real’ forms

It is well known that the Lie algebra o(3; C) ~ s[(2; C), which is a subalgebra of the
superalgebra osp(1]2; C), has two real forms: compact 0(3) =~ su(2), and noncompact
0(2,1) ~ sl(2; R) ~ su(1,1). These real form of the subalgebra o(3; C) ~ s[(2; C) are
raised up to the odd part o0sp,(1]2; C), that is to the whole superalgebra osp(1]2; C).
I. The compact pseudoreal form osp*(1[o(3)) ~ osp* (1]su(2)).

In therms of the generators {/;, vo|i = 1,2,3; o = 1,2} this form is defined by the
following conjugation:

I = =1, v = keva, v3 = —kevi, (18)
where k, = 1 if the conjugation (*) respect the grading of the Lie superbracket, i.e.
o xs]* = (—1)*[x5, x3]  (graded) (19)
and ki =1 if
[xa; x6]™ = [x5,x3]  (ungraded) (20)

for all homogeneous elements x5 € ga, xp € gp (g := 05p(1]|2; C)). We see that the
conjugation (*) prolonged to the odd generators v, is an antilinear antiautomorphism
of four order provided that (v})* = —vq.2 Therefore this form is called pseudoreal
and in terms of the Cartesian generators (18) it is denoted by osp*(1]|o(3)). In therms
of the CW generators H :=ul3, Et+ :=1ly F 1, v4 := vi,v_ := v» this pseudoreal form
0sp™(1]o(3)) denoted also by osp*(1|su(2)), is given as follows

H* = H, E} = Ex, vi = tkevs. (21)

2
The condugation j :=* together with the imaginary unit 2 and the antilinear map k := 7j, equips
the odd component ospy (1|su(2)) with the structure of a quatetnionic vector space: 2 =02 = kPl
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Orthosymplectic superalgebra 0sp(1]2; C) and its 'real’ forms

Il. The noncompact real form ospt(1]0(2,1)) ~ osp'(1|sl(2; R)) ~ ospT(1]su(1, 1)).
In therms of the generators {/;, vo|i = 1,2,3; o = 1,2} this form is defined by the
following conjugation:

/'-T = (71)'.71/,', VI = kTvl VZT = kTV27 (22)
where ki = 1 if (7) is the graded conjugation, i.e.

[xar 6]t = (=1)2[xf, x[]1 (graded) (23)
and ki = if

[xa, xp] T = |IX£7XI]] (ungraded) (24)

for all homogeneous elements xa € ga, xp € gp (g := 0sp(1]2; C)). We see that the
conjugation (7) prolonged to the odd generators v, is an antilinear antiautomorphism
of second order, that is (v%)* = v,. therefore this form is called real, and it is denoted
by ospT(1|0(2,1)).

If we introduce the CW generators H :=ul3, Et+ := 1y F 2, v := vi,v_ := v, where
the Cartesian generators {/;, va|i = 1,2,3; a = 1, 2} satisfy the conjugation (22), then
the real condition is given as follows

HY = —H, El = —Ey, vl = kjva. (25)

In terms of the given CW basis the real form ospf(1]0(2,1) is also denoted by
ospt (1]s1(2; R)).
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Orthosymplectic superalgebra 0sp(1]2; C) and its 'real’ forms

We can also introduce an alternative CW basis H’, E/, v/, in ospf(1|s0(2, 1)) which
are expressed in terms of the Cartesian generators /;, vo (i = 1,2,3; « = 1,2) and the
CW generators H, E+, v+ as follows:

H =y = 7%(E+7E,)7
1
El =h+l3 = FH+ 5(E++E,), (26)
v, = \%(v++zv,), v = %(zv++v,),

The CW basis H', E/, v/ satisfy the defining relations of osp(1
conjugation properties;

2;C), and it has the

(H)' = H, (EL) = —EL, (vi)f = —kjvi. (27)

The real superalgebra osp’(1[s0(2, 1)) in terms of the CW basis H’, E/., v/, will be
also denoted by osp®(1]su(1,1)).

It should be noted that in the case of ospT(1]su(1,1)) the Cartan generator H' is
compact while for the case ospf(1|s(2,R)) the Cartan generator H is noncompact.
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Classical r-matrices of 0sp(1]|2;C) and its real forms

In this section we obtain complete classification bialgebras (classical r-matrices) for
the complex Lie superalgebra osp(1|2; C) and its real forms osp*(1]o(3)) and
ospT(1]0(2, 1)) using the isomorphisms: osp(1|o(3; C)) ~ osp(1|sl(2; C)),

0s5p*(1|0(3)) =~ osp™ (1]su(2)), ospT(1]0(2,1)) =~ ospT(1]s1(2; R)) ~ ospT (1|su(1,1)). In
particular, we explicitly find out an isomorphism between ospf(1|su(1,1)) and
ospT(1]s1(2; R)) bialgebras and fix on the basis ospT(1]o(2, 1)) bialgebra in such forms
which are convenient for quantizations.

By the definition any classical r-matrix of arbitrary complex or real Lie superalgebra
0=05 PO, r €95/ 05 D g7 A gq, satisfy the classical Yang-Baxter equation (CYBE):

r,rls = €. (1)
Here [-,]s is the Schouten bracket which for any monomial skew-symmetric even
two-tensors r; = xa A ya and ry = up A v (Xa, ya € 0a; Up, Vp € gp; a, b, € {0,1}) is
given by
[xa Aya, up Avbls = xa A ([va, up] A ve + (1) up A lya, vi])
—(=1)%ya A ([xa, upl A vi + (=1)%Pup A xa, ve]) (2
= [up A vp, xa A yals

~ ~ 3
and Q is the g-invariant element, Q € (A g)g, that in the case of g := 0sp(1|2; C)
looks as follows:

Q= v Q(osp(1

2;C)) = ~A2RQE_ANHAEyf —2v_ AHA vy
FVoAVONEL—E_ Avp Avy),

(3
where v € C.
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Classical r-matrices of 0sp(1]|2;C) and its real forms

We have already mentioned that a classical r-matrix r is an even two-tensor, i.e.:

r € Vg :=o0sp5(1|2; C) A ospg(1

2; C) @ Aospi(1]2; C) A ospy (1

2;C). (4)
As a basis in the linear space Vj we can take the following two-tensors:

ro:=E-NE_+2viANv, ry = F+E4L NHE vy Avy,
fo .= Ex NE_, Fr := +EL AH.

Theorem

The following statements are valid:
(i) Any linear combination of the elents ro, r+ is a classical r-matrix, nemaly, if

r = Btri+Boro+B-r— (YB4+,P0,B8- €C), (6)
then we have
[r,rls = (B3 +B+8-)2 = 9. @)
(ii) A linear combination of the elements Ty, F+:
P = By + Pofo + B_F— for B3 + B+B— =0, (8)

satisfy the homogeneous CYBE, i.e. [F,F]s = 0.
(iii) Any classical r-matrix is presented only in the form (18) or (19).
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Classical r-matrices of 0sp(1]|2;C) and its real forms

There are two types of explicite os C)-automorphisms. First type connecting the
classical r-matrices with zero «-characteristic is given by the formulas:

@o(Ey) = X(B+Er —2BoH+B_E-),
wo(E-) = x"YB-Ey —2rBoH+ BLE-),
@o(H) = PBoEs+ (kB +B-)H+KPoE-,

)

wo(vy) = \/Y(\/Eer\/iV—),
wo(v—) = \/F(\/EHJF B+V—)7

where X is a non-zero rescaling parameter (including x = 1),  takes two values +1 or
—1, and the parameters 3; (i = +,0, —) satisfy the conditions:

(9)

=B+B. B =0 kB -B_ =1 (10)
Let us consider two general r-matrices with zero ~y-characteristics:
ro:= PByre+Boro+ B-r-, (11)
Poi= B+ Byro+ Blr,

where v = Bg + B4+B—- =0and v = 682 + B;BL = 0. Moreover, we suppose that the
parameters 31+ and 3/, satisfy the additional relations:

KBy —B_ =xB\ —x kB # 0, (12)

where the parameters x and x are the same as in (9).
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Classical r-matrices of 0sp(1]|2;C) and its real forms

One can check that the following formula is valid:

r = (po®po)r', (13)
i.e.
Bir+ + Boro 4+ B—r— = B (w0 @ wo)r+ + Bo(wo @ wo)ro + B (vo @ wo)r—, (14)
where ¢ is the 0sp(1]2; C)-automorphism (9) with the following parameters:
. Bo(xB. + x"kBL) — Bh(kB, + B=)
° (w8, = BB —x72RBL)
3 K(f{[3+ +5J(Xﬁ'+ +X71’€5L)+46056 K
- ~ 15
o 2wB, — B —x W) 2 4e)
B (K6+ + 57)(X[3/+ + Xﬁlnﬁ/,) + 4”6056 -~ 1
- 2(rBy — B_)(XBL — xT1RBL) 2

It is easy to check that expected as the formulas (15) satisfy the conditions
B+ A =1
Let us assume in (14) that the parameters 3] and 3’ are equal to zero. Then the
general classical r-matrix r, satisfying the homogeneous CYBE, is reduced to usual
Jordanian form by the authomorphism ¢, with the parameters:

= Bo = Bi

Bo B -p B Y (16)
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Classical r-matrices of 0sp(1]|2;C) and its real forms

C)-automorphism connecting the classical r-matrices with
non-zero y-characteristic is given as follows

32

er(E) = S((Bo+1)Ev+25- H_aoﬁ“E*)’

p(E) = - (BOB+ Ei +2B:H + (Bo + 1)E-),

p1(H) = %(_B+E++2BOH—57E—)7 (17)
pr(vs) = @(WV++%L),

e1(v-) Xﬁl(\/ﬁﬁ% V++\/£ﬁv7),

where Y is a non-zero rescaling parameter, and Bg + B+p- =1.
Let us consider two general r-matrices with non-zero ~-characteristics:

= Byry + Boro+ B-r—,
¢ = B+ Boro +ALr,
where the parameters 3+, fo and /., 8§ can be equal to zero provided that

vy = B§ +B+B8-=+"= (56)2 + 8.8 #0, i.e. both r-matrices r and r’ have the
same non-zero y-characteristic v = ' # 0.

=

(18)
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Classical r-matrices of 0sp(1]|2;C) and its real forms

One can check the following relation:

ro= (p1®e1)r, (19)

Bire + Boro + B—r— = B (1 @ w1)r+ + Bylp1 @ w1)ro + B (p1 ® w1)r—, (20)

2; C)-automorphism (17) with the parameters:

where @1 is the osp(1

O T (B + B2+ (B — xBLB- —x"16)

5 2(By + BY) (B — xF1BY)
TE T Bo+Bh)2+ (B —xBB_ —x1BL)

5 (Bo +Bo)* — (B —xBL(B_ —x"'BL)

(21)

It is easy to check that the formulas (21) satisfy the condition [53 + B+B, =1

If we assume in (20) that the parameters 3/, are equal to zero then the general
classical r-matrix r, satisfying the non-homogeneous CYBE, is reduced to the usual
standard form by the automorphism 1, (17), with the following parameters:

o=, == (22)
0 BO
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Classical r-matrices of 0sp(1]|2;C) and its real forms

Finally for osp(2, C) we obtain the well-known result:

Theorem

For the complex Lie algebra 0sp(1]2, C) there exists up to osp(1|2, C) automorphisms
three solutions of CYBE, namely Jordanian r;, super-Jordanian rs; and standard rjrst:

ry = BE+ AH, [ry,ri]ls = 0,
rsy = B1(Ex AH+vi Avy), [rssrsi]ls = 0, (23)

rst = PBo(Ex AN E— +2vi Av), [rst,rstls = BgQ,
where the complex parameters [3 and 1 can be removed by the rescaling
0sp(1[2, C)-automorphism: ¢(E+) = B 1EL, (E-) = BE-, p(v+) = /B 1 vy,
@(v—) =+/Bv_, p(H) = H; the parameter 3o = €'?|Bo| for [¢| < % is effective.

The general non-reduced expression of the r-matrix r is convenient for the application
of reality conditions:

pEOF = B pEEE 4 gE O A 4B FOF = (24)

where 3 is the conjugation associated with corresponding real form (% = *, 1), and 37
(i = +,0,—) means the complex conjugation of the number j3;. Moreover, if r-matrix
is anti-real (anti-Hermitian), i.e. it satisfies the condition (24), then its
~-characteristic is real. Indeed, applying the conjugation % to CYBE we have for the
left-side: [[r, r]]* = —[[r*, r*]] = —[[r, r]] and for the right-side: (vQ)* = —~*Q for
all real forms su(2), su(1,1), su(2;R). It follows that the parameter ~ is real,
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Classical r-matrices of 0sp(1]|2;C) and its real forms

heorem

(i) For the compact pseudoreal form osp*(1|su(2)) with graded conjugation (*),
k« = 1, there exists up to the osp*(1|su(2))-automorphisms only one solution of
CYBE and this solution is the usual standard supersymmetric classical r-matrix rst:

rse = o(Ex NE_ 4+ 2vi Ave),  ([fse, rst]] = 79, (25)

where the effective parameter o is a positive number, and v = 2.

(ii) For the compact pseudoreal form osp*(1|su(2)) with non-graded conjugation (*),
ks« =1, there does not exists any solution of CYBE.
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Classical r-matrices of 0sp(1]|2;C) and its real forms

Theorem

(i) For the non-compact real form osp(1|s/(2; R)) with graded conjugation (1),
ki = 1,there exists up to osp'1|sl(2; R))-automorphisms four solutions of CYBE,
namely Jordanian ry, super-Jordanian rey, standard rs: and quasi-standard rqst:

ry = 18Ef ANH, [ry,ry]ls = 0,

rg = B(Ex AH+vi Avy), [rssrss]ls = 0, 26)
rst = 10(Ex N E_ +2vy Av_), |[fst,rst]ls = —02Q,

rgst = (Ex NH+ v Ave—HAE_—v_ Av_), [rgst, rgst]ls = a?Q,

where « effectively is a positive number.

(ii) For the non-compact real form ospt(1|s((2; R)) with non-graded conjugation (1),
ki =1, there exists only one solution of CYBE and this solution is the usual Jordanian
classical r-matrix

ry = BEx AH, [ry,ri]ls = 0, (27)

ot
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Classical r-matrices of 0sp(1]|2;C) and its real forms

Theorem

(i) For the non-compact real form osp'(1|su(1,1)) with graded conjugation (1), kt =,
there exists up to ospT(1]su(1, 1))-automorphisms four solutions of CYBE, namely
quasi-Jordanian rq;, quasi-super-Jordanian rqs;, standard rst and quasi-standard rgst:

r"ﬂ = 1BE, NH' —H' ANEL), [r},rils = 0,
oy = BELAHH VA= HNEL =LAV (il =00
rhe = a(EL AEL 42V VL), [rhyrils = 029,
Fsty = 20 Ef A+ Vi AV HAEL 4V AVL), [, hrls = —02Q,

where 8 and « are positive numbers.

(ii) For the non-compact real form ospt(1|su(1.1)) with non-graded conjugation (1),
ki = 1, there exists only one solution of CYBE and this solution is the usual
quasi-Jordanian classical r-matrix rq;:

rqy =B(EL.NH —H' ANE"), [rly rosls =0, (29)

where [3 is positive number.
4
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Isomorphism between osp?(l\ﬁl(Z; R)) and a-:‘pT(l\-:-u(l. 1)1

Using the formulas of connections between CW and the Cartesian bases we can
express the classical ospf(1]s((2;R)) and ospf(1|su(1,1)) r-matrices in terms of the
ospT(1]0(2,1)) Cartesian basis. We get the following results.

1. The ospf(1|;R)) case.

(i) For the non-compact real form ospf(1]s((2; R)) with graded conjugation:
ry = ’LBE+ ANH = —B(’Lll - /2) AN 13,

1)
[rs,rils = 0,
rg = WB(Ex ANH+ve Avy) = =Bl — R) A3+ vi Avy), )
[rss: rsyls = 0,
rst = w(Ex NE_ +2vi Av_) = =2a(lh A b+ 2vi A va),
R 3)
[rstyrst]S = —a”Q,
rgst = a(Ex A\H+vy Avi—HANE_—v_Av_)
= —22(1(/1 A /3 +viAvi—wA V2)7 (4)
[rqst: rqst]S = 04297
(i) For the non-compact real form ospf(1|s/(2; R)) with non-graded conjugation:
ry = 1BEL NH = —B(h — k) AL, (5)

[ry,ri]ls = 0,
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2. The ospT(1]su(1.1)) case.
(i) For the noncompact real form ospt(1|su(1, 1)) with graded conjugation:
rly = 1B(E, + EL)NH = B — k) Als, n
[r:,yr‘;J]S =0,

ey = WBELNH + VLAV —H NEL — v AVD)
—B(le — 12)/\ /3+ %% A Vl),

[résy r:,SJ]S =0,

@)

rést = a(Ejr/\H’—l-vjr/\vjr—H’/\EL —vi AV
= 720&(/1 Al +2vi A V2)7

[rélstt r:;st]S = —(l2Q7

(8)
= w(EL NEL +2v AV,
= —22(1(/1 A /3 +viAvi—wA Vz),
[rée, reels = a?Q,
real form osp(1|su(1, 1)) with ungraded conjugation:
ry = 1B(EL + EL)NH = —B(h — k) Als, 10)
[r;_]tr;_j]S =0,

(9)

(ii) For the noncompact

V.N. Tolstoy Quantum deformations of D = 3 Lorentz supersymmetry



Isomorphism between osp?(l\ﬁl(Z; R)) and a-:‘pT(l\-:-u(l. 1)1

Comparing the r-matrix expressions (1)—(4) with (6)-(9) we obtain that

ry = r‘;J = 704((2I1 — k) A I3), (11)
rag = rhey = —a((h — k) Al +viAvi), (12)
rst = rést = —2wx(lh N3+ 2vi A va), (13)
rgst = rog = —20(h A+ viAvi—vaAw). (14)

We see the following.

(a) The Jordanian r-matrix r; in the osp®(1[s/(2; R)) basis is the same as the
quasi-Jordanian r-matrix r"ﬂ in the osp’(1|su(1,1)) basis.

(b) The super-Jordanian r-matrix rs; in the ospT(1[s/(2; R)) basis is the same as the
super-quasi-Jordanian r-matrix r;sJ in the osp(1]su(1,1)) basis.

(c) The standard r-matrix rs in the ospf(1]s[(2; R)) basis becomes the quasi-standard
r-matrix r/., in the osp’(1|su(1.1)) basis.

(d) Conversely, the quasi-standard r-matrix rqst in the ospT(1]su(2,R)) basis is the
same as the standard r-matrix r/, in the ospf(1]su(1,1)) basis.

The relations (8)—(10) show that the osp(1|su(2,R)) and osp®(1|su(1,1)) bialgebras
are isomorphic. This result finally resolves the doubts about isomorphisms of these two
bialgebras.
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Using the isomorphisms of the osp®(1]su(2,R)) and ospT (1]su(1, 1)) bialgebras we take
as basic r-matrices for the N = 1, D = 3 Lorentz superalgebra osp’(1[o(2, 1)) the
following ones that

ry; = —a((th —k)Als) = 1B8Ef AH, (15)
rag = —a((th —h)Al+viAv) = 18(Ex AHA+ vy Avy), (16)
rse = —2wax(lh ANz +2vi Ava) = wa(Ex NE_ +2vyi Av_), (17)
e = —2a(h Ab+viAvi—vaAva) = (ELAE. +2V, AVD).  (18)

The first two r-matrices r; and rs; present the Jordanian and super-Jordanian twist
deformations of ospT(1]sl(2;R)), the third and fourth r-matrices rs: and rl, correspond
to the g-analogs of ospT(1[sI(2;R)) and ospT (1|su(1,1)) real algebras.
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SUMMARY. A general picture of all basic (non-isomorphic) quasitriangular Hopf

quantizations of the complex Lie superalgebra 0sp(1|2; C)) and its 'real’ forms:

osp*(1]so(3)) and ospf(1]s0(2,1)).

@ The complex superalgebra osp(1]2; C).
Three quantum deformations: the Jordanian and super-Jordanian twist
deformations and g-analog (standart trigonometric deformation).

@ The compact pseudoreal form osp*(1|s0(3)) (has quartenionic structure on the
odd sector o0sp;(1]s0(3))).
(i) For the graded conjugation: the g-analog quantum deformation only (in
terms of osp*(1|su(2)) g-analog).
(ii) For the ungraded conjugation: nothing (null set).

@ The noncompact real form ospf(1]50(2,1)) (N = 1, D = 3 Lorentz SUSY).
(i) For the graded conjugation: the Jordanian and super-Jordanian twist
deformations and two g-analogs (in terms of ospf(1|s/(2; R)) and
ospT(1]su(1,1)) g-analogs).

(ii) For the ungraded conjugation: the Jordanian twist deformation only (in
terms of osp’(1[sl(2; R)) Jordanian twist)
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COMMENT. A natural example of the real form osp(1|so(2, 1)) with the

ungraded conjugation.

One bosonic Weyl algebra with the generators b1, 1 and the defining relations:
(b, b_]1=1, bl = b. Bosonic realization of ospf(1]su(1,1)):
Ejr = {b+,b+} EL = 7{b77b7} H' = 7{b+7b7},
1
vl = —by, v. = -"=b_ 19
+ \/§ + \/5 ( )
(E =—EL, (H)' :=H, (

Bosonic realization of osp(1|su(1,1)):

H = —%(EL—EL% Ex = ?LH’+%(E;+EQ)7
vy = %(v;fzv’,), v. = %(72\44“/7)7 (20)
(Ei)T = —Eg, (H)T = —H, (Vi)]L = v

O. Ogievetsky's twist functions: F = exp (H ® o), where ¢ = In(1 + BE,).
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THANK YOU FOR YOUR ATTENTION
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