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Liouville field theory

Let us review basic facts on the Liouville field theory . Liouville
field theory is defined on a two-dimensional surface with metric gap
by the local Lagrangian density

1 Q
L= gab(?aLp@bgo + pe?br 2 i —Ryp (1.1)

where R is assouated curvature. This theory is conformal invariant
if the coupling constant b is related with the background charge @

as 1

Q=>b+ 5 (1.2)
The symmetry algebra of this conformal field theory is the Virasoro
algebra

[Lms Lol = (M = 0)Lmin+ —=(n* = n)6n_m (1.3)

12(
with the central charge
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c=1+6Q° (1.4)
Primary fields V,, in this theory, which are associated with
exponential fields e2*¢?, have conformal dimensions

Ay =0a(Q—a) (1.5)

Let us recall from the Liouville field zero mode properties that
when momenta «; satisfy the relation

a1 t+ax+az3=Q—nb (1.6)

the structure constants have a pole with the residue equals to the
Coulomb gas integrals (1.9):

€S, +ay+as=QCla1, an.a3) =1, (1.7)
and

resa1+a2+a3:Q_an(o¢1, ag.a3) == /,,(041, o, 043) . (18)
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where
/,,(al,az,ag) = (19)
(b*y (b)) " TTj=q 7(=jb?)
= [’y(2a1b + kb2)y(2a2b + kb)y(203b + kb?)]

where v(x) = The solution to the condition (1.8) is given
by the the famous [%OZZ formula

C(al,ag,a3) = /\(072’3:1 ai)/b (1.10)
'T‘b(b)'T‘b(2a1)
Tplar + a2+ a3z — Q)Tp(as + a2 — az)
Tb(2a2)Tb(2a3)
Tb(az + a3 — al)Tb(a3 + a1 — 042) ’

X

where

A = mpry(b?) b2 2 (1.11)
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An integral representation convergent in the strip 0 < Re(x) < Q
is

Iog'T‘b(x):/OOOdt [<§x)2e_t5i_nh2(§__x)§] . (1.12)

bt t
t sinh 7S|nh 25

Important properties of T(x) are
@ Functional equation: Tp(x + b) = b1 25~ (rl(b);l)'f'b( ).
@ Analyticity: Tp(x) is entire analytic, zeros:
x=—nb—mb~l n me7Z0,
x=Q+nb+mb~1 nme7zz0 .
© Self-duality: Tp(x) = Ty/p(x).
Q Th(x) =Th(Q —x)

Q limpy o p(bx) — b}f =
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Taking on of the «j in DOZZ formula to zero one can get
two-point function:

S(e)

(Valz1, 21) Va(22, 2)) = (21— 22)5e (71 — 38 (1.13)
where
S(a) = (7 (B7)) “F 11— b(@ —20))I (5@ — 20)
o= b2 F(b(Q — 2a))T(1+ b 1(Q — 2a))
(1.14)
Setting
= g + iPb (1.15)
and taking b — 0 we obtain:
Q . N\ —2iP T(2iP)
S (2 + :Pb) - <ﬁ) ) (1.16)

Gor Sarkissian BLTP,JINR,Dubna, Russia

On mini-superspace limit of boundary three-point function in Liouville field theory.



Liouville quantum mechanics
[ eJelele]

Misisuper-space limit of two-point function
In the minisuperpsace limit, ignoring o dependence and keeping
only zero mode ¢y we get Schrodinger equation for eigenfunctions:
19%) 2b 2,2
“ 290 + 2mpe®bPoq) = 2P2b%y) (2.1)

The solution is given by the modified Bessel functions:

2i 74 ebdo
vp(60) = 2(”“)"PKP<ﬁ ) ey

b2 r(—2iP)
Using the small argument behaviour of the modified Bessel
function:
K, (z) ~ 2777 (=v)z" + 27T (v) 27 (2.3)
we obtain
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Misisuper-space limit of two-point function

that in the limit ¢g — —o0

bp(do) — e3P0 4 (%)—ZP rl;(_2;’l/2)e_2ip¢o (2.4)
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Mini-superspace limit of DOZZ three-point function

Now consider DOZZ three-point function in the limit b — 0 with
arguments scaling according to the rule [c. Thom, hep-th/0204142]:

o] = g + iPb (2-5)
ap = bo (2.6)
a3 = % + I'P/b (2.7)

Using properties of Tj function one can show that:
C(al,ag,a3)—> C(P,O’, Pl) (28)
where
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Mini-superspace limit of DOZZ three-point function

1/ g2\ PPt
m

(o + iP + iP")[ (o — iP — iP")[ (o + iP — iP")[ (o — iP + iP")
[(—2iP)I (20)T (—2iP")

Consider the matrix element
(Ple1p) = [ bop(0)e ™ ip(é0)dn (210
Using the integral
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one can see that

(Pl|e20b¢o‘P> = C(P, o, P’) (2.12)
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Lagrangian of Boundary Liouville field theory

Let us consider the Liouville field theory on a strip R x [0, 7] ,
parameterized by the time 7 and space o coordinates, 0 < o < 7.
The conformal invariant action has the form:

S= / dT/ da( D20)? +,ue2b¢)+ (3.1)

/ dTMleb¢‘a:O +/ dTM2eb¢‘a:7r y
— 0 —00

where My and M, are the corresponding boundary cosmological
constants.
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One-point Correlation functions in BLFT

In the presence of the boundary with the cosmological constant M
the primary fields V,, have the one-point functions [v. Fateev,

A. B. Zamolodchikov and A. B. Zamolodchikov, hep-th/0001012]:

Uy ()

(0|Va(z, 2)|0) = [z = 22Aa

(3.2)

where
Up) = 2 (mpry (82))( @212 (3.3)
M1 —b(Q —2a))I(—b71(Q — 2a)) cos(m(20 — Q)(2a — Q))

and the parameter o is related to the boundary cosmological
constant M by the relation:

M = ﬁ cosmhb (20 — Q) . (3.4)
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Two-point Correlation functions in BLFT
Besides the bulk primary fields, in boundary conformal field theory
exist also boundary condition changing operators, parameterized by
the types of the switched boundary conditions and conformal
weights. In the case of the BLFT they are given by the fields ng
with the conformal weight Ag = 8(Q — /). They have the
two-point function:
6(B2 + 51— Q) + S(B1,02,01)8(B2 — B1)
|2A/31 ’
(3.5)

OV ()VE™ (0)10) =

|x

where
Q—28

S(8,02,01) = (mua ()2 72) % (3.6)
" M5(28 — Q) Sp(o2 + 01— )Sp(2Q — 02 — 01 — fB)
Mp(Q@ —28)  Sp(o2 — o1+ B)Sp(o1 — 02 +13)
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Three-point Correlation functions in BLFT

and the three-point function [B. Ponsot and J. Teschner, hep-th/0110244]

<0|nga3(x3)wgzaz(X3)wgial(x3)|0> _ (3.7)

(939201
B36281
|X21 |A1+A2*A3 ‘X32 ‘ Ax+A3—Aq |X31 |A3+A1*A2 !

030201 __ ,~030201
Cﬁ:&\ﬁzﬁl = CQ*ﬁa,ﬁzﬁl ’ (3-8)

— Ba B ] [ dr Ba P
Cﬁjﬁiﬁll_R@ﬁa[% o1 S| oy oy |0 39

—joo

where
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Three-point Correlation functions in BLFT

03 01
M(2Q — B1 — B2 — B3) (B2 + B3 — B1)T(Q + 2 — 1 — (3)
M5(2683 — Q)p(Q — 262)T(Q — 281)Mb(Q)
Mo(Q + B3 — B2 — B1)Sh(B3 + 01 — 03)Sp(Q + B3 — 03 — 01)
Sp(B2 + 02 — 03)Sp(Q + B2 — 03 — 02)

Roz.6: [ - o ] = (mpy(B?) 22 )PP ) (3.10)

X

and
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Three-point Correlation functions in BLFT

[ B2 P ] _ Sp(Ur + 7)Sp(Ua + 7) Sp(Us + 7)Sp(Us + 7)
72,83 " Sp(Vi + 1)Sp(Va + 7) Sp(Vs + 7)Sp(Va + 7)

03 01

Ui =02+ 01— f1, Vi=Q+o2+pB3—p1—o3, (311
U = Q+ 02— f1 — 01, Vo =2Q+o02—f3—03—f1,

Us =02 + B2 — 03, V3 =207,

Up = Q+ 02— B2 — 03, Va=Q.
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Double Gamma and Sine functions

I'p(x) can be defined by means of the integral representation

0t e Xt _ e—Qt/2
087000 = | =iy — o (312)

(Q—2x)2 B Q — 2x
8et t

].

Important properties of ',(x) are
© Functional equation: Th(x + b) = v2rb> 2T~ (bx)b(x).

@ Analyticity: I'p(x) is meromorphic, poles:
x=—nb—mb~t n me 720

© Self-duality: [p(x) = I';/5(x).
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Double Gamma and Sine functions
The T4 and S, may be defined in terms of ', as follows
1 rb(X)
. 5 (x) = ——2—.
Fo()M(Q — X) b(x) M(Q — x)

For b — 0 the double Gamma T',(x) and double Sine Sp(x)
functions have the asymptotic behaviour :

Th(x) = (3.13)

Sp(bx) — (2rb2)"2[(x), S (2113 + bx> 5272, (3.14)

1 2m(2wb?)* "2
Sp (b + bx) — CT(1—x) p(bx) — (27Tb3) ((;)15)
Mo(Q — bx) — \/ﬂ(%rb)%(%_x) . (3.16)
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Mini-superpspace limit of boundary two-point function

Consider the minisuperspace limit of the boundary two-point
function (3.6). Let us take the limit b — 0 and scale the
parameters 5 and o in the foIIowing WaY [Z. Bajnok, C. Rim, Al. Zamolodchikov,

Q

arXiv:0710.4789] .

,B:E—Hkb (3.17)
and
L b, L b (3.18)
01 = 2h P1 02 4b P2 .

Using asymptotic properties of the double Gamma and Sine
functions one can obtain easily:

arp\ T T(2ik) T (o1 +p2 — 3 — ik)
5(B,02,01) = .
(5:02.01) < 2 > M(=2ik) T (p1 + p2 — § + k)

. (3.19)
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Mini-superpspace limit of boundary three-point function
To compute the mini-superspace limit of the boundary three-point
function we will use the ansatz (3.18) for all the three boundary
condition parameters:

1 1 1
b, b, b. (3.20
o1 = 4b+P1 02 = 4b+Pz 03 = 4b+f73 (3.20)
For the primary fields parameters we will use the ansatz used for
calculation of the mini-superspace limit of the bulk three-point
function:

b1 = g +ikib, pa=nb, (3= 9 + ikob . (3.21)

It is convenient to denote
prtp=1=-X, p—p3=§, pr+p3=1-A-¢. (3.22)
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) (ika—iki—n)/2

B3]B261 - Ckz\nkl b2 = (3-23)

M+ X — ikp)

sinm(iks + & + N (iko)(—2ik) (% — ikp — A —€) |
[(2iko )T (iky — ik + ) (—iky — iko + )T (3 — :k2 I
M(—ike + 2 + X+ (—iko + 3 = X+ )ik + 5 + X — n)

JF) ( —iky — l'k2+77_7/'/<11— ik2+_77,%+)\+§—/k2; ) n

1—-2iky, 5 +A—iko+m:1

F(—2iko) T (iky + ik + n)r(—ikl +iko + )T (3 + Ik2 —A-8)

Miko + 3 + A+ (ike + 2 =X+ ) (—iko + 3+ X — 1)

E ikl—|—ik2+77,—ik1—|—Ik2—|—7],§—|-)\—|-f+lk2,
372 1+ 2iko, 3 + X+ iko+1: 1 '

(939201 AE <47T,u
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Here 3F; is the generalized hypergeometric function:
a, b, c; 2. (a)n(b)n(c)n x"

3/:2 ’ 7. ' — Z n n n~x- ’
d,e:x prd (d)n(e)n n!

where Fatn)
a n
@ ="y

is the Pochhammer symbol.

(3.24)
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For & = —n eq.(3.23) simplifies and takes the form:

(iky—iky—17) /2
A-n) _ (4mp
Colnks = <b2) X (3.25)

F(3+X—ik) y
sin(iky + 5 + A (k)M (—2ike )T (5 — iko — A+ 1)
[(2iko )T (iky — ik + 1)T (—iky — iky + 1)
[(—ike + 2 + X+ ) (ike + 1 + X =)
) ( —iky — l'k2+77_7ik11— ik2+?7,%+)\—77—ik2; > n
1—-2iky, 5 +A—ika+m:1
I'(—2ik2)r(ik1 + iko + n)F(—ikl + iko + 7])
M(iko+ 5 + A+ 0 (—ika + 5+ A=)

E ikl+ik2+T),*ik1+ik2+77,%+)\*’l7+ik2;
32 1+ 2ike, 3+ A +ike +1: 1 '

X
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Let us consider the limit S» — 0 and correspondingly n — O.
It is straightforward to show that:

limy, o Colo 7 = d(ka — ko) + (3.26)

Arp\ TR T(2iky) T (3 — X — ki)
: S(ky + k
<b2) F(—2k) T (2= A ily) )

in agreement with (3.19).
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Morse potential Eigenfunctions

In the mini-superspace limit the boundary Liouville field theory is
described by the Hamiltonian with the Morse potential (z. Bajnok, c. Rim,
Al. Zamolodchikov, arXiv:0710.4789 and H. Dorn, G. Jorjadze, arXiv:0801.3206]. | he corresponding
eigenfuntions satisfy the Schrodinger equation:

2
a¢w + mpe?Py o (My + Mo)eP%p = k2% . (4.1)

The relation between parameters M;, appearing in the Schrodinger
equation, and parameters p;, used in the previous section, can be
found using (3.20) and (3.4) and taking the limit b — O0:

M; = MSin b2 (2pi — 1) = +(um)Y?b(2p; — 1) . (4.2)
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The solution of the eq. (4.1) is given by the Whittaker functions

W,u,u()/):
A (4.3
. r(—2ik My + M
e zyk (=2ik) 1F1 (+,’k+1+271+2ik,y)+
r(3 i+ 4te) \2 2bymh
o4y ik I (2ik) F 1—ik—&—M 1—2ik,y
r(l+ik+ M1+M2)1 \2 2by/7p ’
2 2by/Tp
_1
ENW_M1+M2 ,.k(y)y 2,
by’
where

2,/
y= e (44)
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N is the normalization and 1Fi(a, c, z) is the confluent
hypergeometric function:

. (4.5)

Now we wish to compute matrix elements of the “vertex operator”
eb%0 between the wave functions corresponding to the boundary
condition changing operators. According to this solution to the

: 1
operator \Ilgfal corresponds the wave function N1 W, i, (v)y ™2

with
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My + My
- - f 4\ 4.6
X1 b (4.6)

and to the operator \Ug;“ corresponds the wave function

1 .
NoWy, ik, (y)y ™2 with

My + M
Y2 = _22;@3 — (A +6). (4.7)

The corresponding integral has the form:
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_1
iﬁ(i(é NlNz / X1, lkl WXZ,*I/Q (y)y 2g"1b%0 doo = (48
NING 47Tu —n/2 -
- b - / Xl:’kl Wy,, *lkz()/)y?7 2dy =

N1N2*(47T,ub 2)y=n/2p=1
F(ik1 iko + n)r(—ikl iko + n)F(2ik2) «
M3 —x2+ k)T (3 — x1 — ik + 1)

35( —iky = kg + 1, iky — ik + 1. 5 = X2 = ke >+
1—-2iky, 5 —x1—iko+mn:1
M(iky + ika + )T (—iky + iko + )T (—2ikz) o
(3 —x2— k)l (3 — x1 + ik + 1)
iky + iko +n, —iky + ik + 1,5 — X2 + iko;
1+ 2iko, 3 —x1 4+ iko+1:1

3f
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Comparing (4.8) with (3.25) we see that they coincide if we set:
X1 = —A ) (49)

X2 =—-A+1n, (4.10)
(4mpb=2)~H/2p/2 T (3 + X — iky)
sin (5 +iki+2)  T(=2iki)

Ny = (4.11)

1 . 1 M(3+X—n—ik)

— Z(4nub2)ke/2p1/2 g S ko — ) 2

N> 7r( Tub™?) sinm | 5 + iko +n F(—2iky)
(4.12)
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This result leads us to the following conclusion on a role of the
exponential operator e?%0.

Combining (4.6) and (4.7) with lower signes, as indicating in (4.9)
and (4.10), and also remembering (3.20) and (3.22) one has

Mz — My
2,/

Therefore recalling also that the exponential operator €% should
correspond to a boundary condition changing operator \Ilgzgz, one

=bl =—-bn=0y—03. (4.13)

concludes that the operator €% in the semiclassical limit
produces change of the boundary condition given by (4.13).
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It is instructive to compare the normalizations of the wave
functions found here with those used in (z. Bajnok, C. Rim, Al. Zamolodchikov,

arXiv:0710.4789)].
Let us compute for this purpose the matrix element (4.8) for
n — 0 and x1 = x2. In this limit we obtain:

NING b= (2iky )T (—2iky)
M3 —xa+ k)5 — x1 — ik1)

NING b (2iky )T (—2ik

patab TERITE20) 5040 4 4g)
I'(§ — X1 — Ikl)r(§ — X1 + Ikl)

0(ky — ko) +(4.14)

X1X1 __
MOkle -

Gor Sarkissian BLTP,JINR,Dubna, Russia

Onm perspace limit of boundary three-point func ouville field theory.



Morse potential quantum mechanics
00000000e

For x1, x2, N1, N2, chosen as in (4.9)-(4.12), with n = 0, the
expression (4.14) surely coincides with the two-point function
(3.26). But note that for

, F(3—A—ik)
_ —2\—iky/241/2° \2
Ny = (4mub™7) b M2k (4.16)
. F(3—\—ik)
No = (drpb=2)~ke/2pl/2- 32~ 2/ (4.17)

M(—2iky) ’
the expression (4.14) again coincides with the two-point function
(3.26). This was established in [z. Bajnok, c. Rim, Al Zamolodchikov, arXiv:0710.4789].
This shows that passing from one branch of the square root to
another introduces additional sine factors in the normalization of
the wave functions in a way to keep unchanged the two-point

functions.
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