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5-graded decomposition

2Every simple Lie algebra F (except for su(1,1)) admits 5-graded decomposition with
respect to a suitable generator Lo € F:

F=f1®f_1®fo®f1 &h

.. 1
[fiafj] C fiuj for i,j € {_17_57

[fi,fi] =0 for |i +j|>1

1 -
07571}7 |I +J|§ 1

We can choose

f+1 =Cl+1, fo=H®Clo
where H C F is a Lie subalgebra and Lo commutes with H. A basis for fi% is given by
generators Gﬁl which carry an irreducible representation of .

Here only real Lie algebras and groups are considered so a real forms of 7 and H have to
be picked.

Compatibility with the 5-grading requires this real form to be non-compact hence

(L-1, Lo, L1) generate the su(1,1) subalgebra of F.
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Coset building

Let F, H, SU(1,1) be generated by F, #, su(1,1), then a symmetric space can be build

as follows:
F

H x SU(1,1)

The main idea of the construction is to enlarge the coset by reducing the stability
subgroup:

W =

H x SU(1,1) = H x Bsya,i
where Bsy(1,1) is generated by (Lo, L1). That gives

B F
H X Bsya,1y
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Coset parametrisation

W can be parametrised as follows:

2 u(t)-G v(t)-G
g= et(l—1tw Ll)e() 1 (t) 1

where - implies summation over A. The standard definition of the Cartan forms ({hs}
form a basis of H):

1dg— Z wil; + ij G+thhs
i=—1,0,1 j=t1
One can see, that the equations

Wwhi =0, A=1,....d (1)

Nl

are invariant under the transformations of the coset, realised by left multiplication by the
elements of F. Using this equation we can express the Goldstone fields v(t) via the
Goldstone fields u(t) in a covariant fashion (inverse Higgs phenomenon).

After that one can impose additional constraints:

wgzo A=1,....d 2)

which are invariant only when (1) are satisfied. Thus the equations (1) and (2) are
invariant equations of motion.
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The algebra

The algebra SO(3,4) may be defined by the following commutation relations:

[L'H Lm] = (n - m)L'H—'m n,m=-1,0,1
[Mn: M'T'] = (n - m)Mﬂ+m7 n,m=-1,0,1
[Pny Pm]l = (n— m)Prim, n,m=-1,0,1
[L’HG’ya,b]:(n_r)Gﬂ‘Fﬂa,b? nar:_]-?ovla aab:_%vé
n 11
[MmGr,a,b] = (5 _a)Gr,n+a,b7 nr=-1,01, a}b: _575
n 11
[P"7Gf73,b] - (E 7b)G",37"+b7 n,r= 7170517 aab_ 7575

[Gr,a,ba Gr’,a',b’] = 6r+r’,05b+b’,0b(_1 + 3r2)Ma+a’+
+6r+r’,058+a/,03(_1 + 3r2)Pb+b’ + 25a+a/,05b+b/,03b(r - r/)Lr+r’
11
"= -1,0,1,a,a,bb = —=, >
r? r 707 9 a7 a 9 ) 2 ) 2
The reason this algebra has been chosen for consideration is that it has 3 su(1,1)
subalgebras (generated by L,, M,, and P,) which allows construction of different
actions. Every su(1,1) generator rotates G, by the corresponding index.
In case of [Gy s, G 2 .1v] = 0 we get the Galilei algebra.
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The coset

The coset is built as follows:

W= 50(3,4)
©SU(1,1) x SU(L,1) x Bsy,1)
One of the possible parametrisations is

g = et(M,1+w2 My)

u1 G 1 _1+u2G 1 1+usGy 1 _1+uaGy 1 1+usG, 1 _1+tueG, 1 1
o1 -3.-3 -1,-1.1 0,-1,-1 0,-1,1 1 1,-1,
V1G71 1 l+v2G71 1 A+V3G° 1 71+V4G° 1 1+ng1 1 1+V561 11
e 12072 1202 2072 1202 12072 2032
The Cartan forms:

g_ldg = ZUJL,,I—n + ZwMaMa + ZwaPb + Z Wr,a,bGr,a,b
n a b

r,a,b
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Linearised Cartan forms

The linearised Cartan forms can be written as follows:

(gildg)lin = (dU1 - dtVl)G,l’,%’,% + (dU2 — dtVz)G71’7; 1+

2’2
+ (dU3 — dtV3)G ’_%,_% + (dU4 — dtV4)G ’_%,%-l-
=+ (dU5 — dtvs)Gl’_%,_% + (dU5 — dtVG)Gl’_%,%-‘r
+(dvi +dtw®un)G_y 1 1+ (dva + dtw’in) Gy 1 1+

+ (dvs + dtw’u3) G, 1+ (dva + drw2u4)60,%,%+

1
i3
+ (dvs + dthus)GL%_% + (dve + dthus)GL%,%
It corresponds to the Galilei algebra where [G; 55, G,/ 2 1] =0 for r,r' = —1,0,1,
a,a,bb=-3 1
The system
du; — dtv; =0
dv; + dtw?u; =0

transforms to
. 2
Ui +wu=0

where i =1,...,6.
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In order to shorten the following formulae, let us introduce the new variables

111 112 121 122
U = u1, U = u2, U = us, U = Ua,

V111 = v, V112 = va, V121 = va, V122 = va,
Also, the following shortcuts are used:
(AB) = A7 By,
(ABC)T™ = AP BysCH™
(ABCD) = A" B;jsC"" Dyyo

221 222
U = Us, U = Ue

221 222
%4 = Vs, Vv = Ve
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Equations of motion

By nullifying Cartan forms w; ., we gain equations of motion:
ZEn %(UVV)U"‘ - 1(VUV)"J'“Jr
1 1 . e
+§ (1 + f(UU) 128w (UUUU)) (Vwv)'e+
+w? (U”a + (VUU)”“ + = (UUV) ((UUU)VV)”Q — —(V(UUU)V)”“) =0
where

U"fa + jw?(UUU)’™
LUU) — wr(Uuuv)

128

o

In the w = 0 the equations simpllfy to

gie (1 + % (UU)) 312 (v(vo0)) o - % (UUU)W =0 3)
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Transformations

The transformations are defined by the following expression:
go-g=E&h

where h is from the stability subgroup, g and g € W.
In the case of SO(3,4) under consideration the following transformations have been
calculated

gaM,1+bM°+cM1et(M,ﬁszi)e“'G_% e"'G% _

e(t+6t)(M,1+w2 Ml)e(“+5”)‘ 61 e(V+5V)~G%

A. Provorov in collaboration with S. Krivonos Deformed oscillators with so(3,4) symmetry S1S'18, Dubna, 16.08.18 10 / 16



Transformations

We will use the function f:
1 + cos(2wt) n sin(2wt)

n 1 — cos(2wt) c

A L 2u2
. . . . i - 2 _
which satisfies the equation d f+4wf) =0.
Then
5t 1. (Vo)

T 64 —4+ Lw2(UUUU)
4fUT™ + F(UUU)T™ — L2 F(UU(UUD))T
2(—4 + 5w2(UULL))
B 1
2(—4 + 5;w2(UULL))

f(uuv)ie 4 %f(VUU)”a - %wzf(V(UUU)U)"fO‘)

suie =

R (4FUT —4f VI 4
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Construction of the action

In order to construct an action let us expand the coset:

S50(3,4)
SU(I, 1) X SU(I, 1) X %SU(I,l)

S0(3,4)

W =
SU(l,l) X U(l) X %Su(l,l)

— Wimp =

then a coset element changes to:

Gimp = ge/\—1P—1+/\1P1
imp —

The new Cartan forms are:

glmpdglmpszLnL +ZQM3M +ZQPbe+ZQUa _1 Ua-f—ZQUaGl ija

jo jo
ua lea Qija _ jSa
u v - v

and Qu, = ww,-
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Construction of the action

As follows from this equation

—A_3P_3—NA1P1, i A_1P_31+A1P
—e 1P—1 11w304G 1P—1+MP1

1 e

jja
Q G—%,ija —3.ija

ij —A_gP_y—AiPy jj
Q%G ;, = e T ATGIYG

eh-1P-1tM Py
3 o

Lje
we have
w=wl"=0 = QI*“=Q!“=0

The opposite statement, however, is not always true. Next let us introduce the new

variables:
tan \//\_1/\1 A tan \//\_1/\1 A

A_ f—
YT VA N VA A

-1 >\1 -
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Construction of the action

Then equations for Ay are:

1
QP_1 = m(wP_l + )\71<JJP° + )\2—le1 + d)\—l) =0
1
QPl = m(wﬂ - )\IWPO + )\in_l + d)\l) =0

They are needed to get rid of the A terms in the previous equations to acquire the
required ones.
One can build an invariant action using p,:

S=- / Qp, =

1

_ / m(x,lw” — ™+ (1= AW + (A_1dA — AdA_q))
—1A11

where

11 12 22
W =2wp_,, W =wpy, w =2wp
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Another parametrisation

Another possible coset parametrisation is built as follows:

2 u1 G 1 _1+tuwG 1 1 w16 1 1+v2G 11
etM-1+w M) 1171, -4 -4 22 L7202 L2232
’IGO,L l+"260 11 51607l l+52G0 11 X:IGI 1 7l+><261 11
e —3:—3 33 ¢ =33 33 e —3:—3 13— 3
y1Gy 1 1+y26; 1 1
e T202 1202

The Cartan forms:

g ldg = ZGJL,, L, + ZQJMa M, + ZUTJPL, Py + Z @r.a,6Grab
n a b

r,a,b

Nullifying all the forms &, , 1 yields these equations for 6 non-interacting harmonic
oscillators:

Ww+wiw=0

where w = u1,v1, 1, 1, x1, y1.

A. Provorov in collaboration with S. Krivonos Deformed oscillators with so(3,4) symmetry S1S'18, Dubna, 16.08.18 15 / 16



Conclusion

The method of nonlinear realisations in application to the Lie algebra SO(3,4) has been
considered and equations of motion have been obtained. Also the transformation leaving
the equations invariant have been gained and a corresponding action has been built. As it
has been mentioned, the chosen algebra admits building of a second action which is left
for the further research. It has also been acquired, that the system of 6 harmonic
oscillators admits symmetry under the action of the so(3,4) group.
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