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Theoretical framework (key equations):
Time-dependent Schrodinger eqn for h(t) = h'(t), H(t) # H(t)

h(t)p(t) = ihdrp(t), and H(t)W(t) = ihoV(t)
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Theoretical framework (key equations):
Time-dependent Schrodinger eqn for h(t) = h'(t), H(t) # H(t)

h(t)p(t) = ihdrp(t), and H(t)W(t) = ihoV(t)

Time-dependent Dyson operator

= Time-dependent Dyson relation

h(t) = n(t)H(t)n = (t) + ihden(t)n " (t)
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Theoretical framework (key equations):
Time-dependent Schrodinger eqn for h(t) = h'(t), H(t) # H(t)

h(t)p(t) = ihdrp(t), and H(t)W(t) = ihoV(t)

Time-dependent Dyson operator

= Time-dependent Dyson relation

h(t) = n(t)H(t)n ™ (t) + ihden(t)n " (t)

= Time-dependent quasi-Hermiticity relation

H'p(t) — p(t)H = ihdep(t)

[from conjugating Dyson relation and p(t) := n'(t)n(t))]
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H(t) governs unitary time-evolution:
Hermitian:

o(t) = u(t, t)o(t), u(t,t') = Texp {—i/ﬂt dsh(s)}

with

h(t)u(t,t') = ihdeu(t, t'), u(t, t)u(t',t") =u(t, t"), u(t,t)=1

u(e, )3(¢)) = (o(1)|3()

(u(t, t)a(t)




H(t) governs unitary time-evolution:
Hermitian:

o(t) = u(t, t)o(t), u(t,t')y = Texp {—i/ﬂt dsh(s)}
with
h(t)u(t,t') = ihdeu(t, t'), u(t, t)u(t',t") =u(t, t"), u(t,t)=1

(ut )o(t) |u(e, )B(t)) = (a(8) [3(1))

Non-Hermitian:

V(t) = U(t, t)V(t), U(t,t') = Texp {—i t,t dsH(s)]




Relation between u(t,t') and U(t,t'):

U(t, t') = (t)ut, £ )n(t)

or the generalized Duhamel’s formula
td
Ut t) = u(tt)— / (e S)uls, )] ds
t/

= u(t,t')— ih/tlt U(t,s)[H(s) — h(s)] u(s, t')ds

5
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Relation between u(t,t') and U(t,t'):

U(t, t') = (t)ut, £ )n(t)

or the generalized Duhamel’s formula
td
Ut t')y = u(t,t) —/ — [U(t, s)u(s, t')] ds
p ds
t
= u(t,t')— ih/ U(t,s)[H(s) — h(s)] u(s, t')ds
t/

Relation between Green's functions:

Gh(t, t") = —iu(t, t)0(t — t')  Gu(t,t') :=—iU(t, t)(t — t')

o
Gu(t,t') = Gu(t, t')+i / Gu(t,s) [H(s) — h(s)] Gu(s, t')ds
—00
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H(t) is nonobservable and not the energy operator

Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = n(t)O(t)n~'(t).
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H(t) is nonobservable and not the energy operator

Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = n(t)O(t)n~'(t).

Then we have

(0(2) lo(t)o(t)) = (W(2) [p(£)O(£)¥(2)) -
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H(t) is nonobservable and not the energy operator

Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = n(t)O(t)n~'(t).

Then we have

(0(2) lo(t)o(t)) = (W(2) [p(£)O(£)¥(2)) -

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H(t) =~ (t)h(t)n(t) = H(t) + il (£)0u(t).
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Three scenarios:
1. atT]ZO,atH%O, ath?éo

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]
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Three scenarios:

1. atT]:O,atH%O,ath#O

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]
2. th#o,atHZO, Oth#o

Alternative representation:

o Heisenberg picture: time-dependent observables
o Schrodinger picture: time-dependent states
o Metric picture: time-dependent metric operators

3. 0m A0, 0,H+£0, dh#0

o Solve full quasi-Hermiticity relation for p(t)
= 1(t) from p(t) := ' (t)n(t)

o Solve full time-dependent Dyson equation 7(t)

= p(t) from p(t) := ' (t)n(t)
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Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + ko]

with eigensystem

s 2_ 2
Ei:—lwil 2 — g2, S%:(I( AEVA “))
K

2 2
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Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + iKkoy]

with eigensystem

s 2_ 2
Ei:—lwil 2 — g2, S%:(I( AEVA “))
K

2 2
with PT-symmetry PT =70, 71 — —i

[PT, HI=0, and PTo.=e"p.  for [\ >]x|

8
/24‘

Andreas Fring Time-dependent non-Hermitian systems - a status update



Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + ko]

with eigensystem

o /N2 2
Ei:—%w:tl )\2_/{2’ SOi:(’( )\:t >\ '%))
K

2
with PT-symmetry PT =710, 7:1 — —i
[PT,H] =0, and PTp,=¢e%p,  for [A > |k
with broken PT-symmetry PT =710, 7 :i — —i

[PT.H =0,  PTo.#e% N <Isl [ES
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Making sense of the broken P7T -regime:

Two-level system
1
H= ~3 [WL+ Ao, + ko]

with eigensystem

o /N2 2
Ei:—%w:tl )\2_/{2’ SOi:(’( )\:t >\ '%))
K

2
with PT-symmetry PT =710, 7:1 — —i
[PT,H] =0, and PTp,=¢e%p,  for [A > |k
with broken PT-symmetry PT =710, 7 :i — —i

[PT.H =0,  PTo.#e% N <Isl [ES

Claim: This system has real energies for |A(t)| < |r(t)]!
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Two-dimensional system with infinite dimensional Hilbert space
Hk = aKi + bK; + iAK3, a,bAeR

with Lie algebraic generators

1 1 1

Kio= 3 (PE+x%), K= 5 (P} +y%), K= 5 (v + pepy)
1

Ko = 3 (xpy — yPx)

[K17 K2] - 07 [Kla K3] = iK47 [K17 K4] = _iK37

[K27 K3] = _iK47 [K27 K4] = iK37 [K3a K4] = I(Kl - K2)/2
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Two-dimensional system with infinite dimensional Hilbert space
Hk = aKi + bK; + iAK3, a,bAeR

with Lie algebraic generators

1 1 1

Kio= 3 (PE+x%), K= 5 (P} +y%), K= 5 (v + pepy)
1

Ko = 3 (xpy — yPx)

[K17 K2] - 07 [Kla K3] = iK47 [K17 K4] = _iK37

[K27 K3] = _iK47 [K27 K4] = iK37 [K3a K4] = I(Kl - K2)/2

e Hy is PT-symmetric: [PT ., Hk] =0
PTiL:ix—xEX, ¥y = Fy, px = FPx, Py = E£py, I = —i
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Two-dimensional system with infinite dimensional Hilbert space
Hk = aKi + bK; + iAK3, a,bAeR

with Lie algebraic generators

1 1 1
Kio= 3 (PE+x%), K= 5 (P} +y%), K= 5 (v + pepy)
1
Ko = 3 (xpy — yPx)
[K17 K2] - 07 [Kla K3] = iK47 [K17 K4] = _iK37

[K27 K3] = _iK47 [K27 K4] = iK37 [K3a K4] = I(Kl - K2)/2

e Hy is PT-symmetric: [PT ., Hk] =0
PTiL:ix—xEX, ¥y = Fy, px = FPx, Py = E£py, I = —i
e Hy is quasi-Hermitian: hx = nHxn™!

hg = %(a—|—b)(K1 + Ky) + %\/(a— b)2 — A (K; — K>)

with n = €24 0 = arctanh[\/(b — a)]

Time-dependent non-Hermitian systems - a status update

Andreas Fring



Spontaneously broken PT-symmetry for a = b:

Eigenenergies:

A
Enm=E,,=a(l+n+m)+ iE(n —m)

Eigenfunctions:

Pom(X,y) = 2n+mx2_y2 LZO (Z) H,- k()’)]

o
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Spontaneously broken PT-symmetry for a = b:

Eigenenergies:

A
Enm=E,,=a(l+n+m)+ iE(n —m)

Eigenfunctions:

2 2

o) = o [Z (7) Hk(x)Hn_km]

k

x [i(—l)'(’}”’) H/<y)Hm_/(x)]

1=0

Claim: This system has real energies for a(t), A(t)!

o
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Time-dependent system:

H(t)_%(PX—FPy-FX +y?)+i

M9 (g 4 pup,). a(1).A(0) € R
Ansatz: .

o) =1 _ @  ~eRr

1
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Time-dependent system:

H(t):ﬂ(px+py+x +y?)+i )

A (v + ppy)» a(8), (1) € R

At)
2
Ansatz: .

ﬁ(t) — H,-fl e'Yi(t)Ki’ v, €R
Time-dependent Dyson equations is satisfied when
Constraint:

Y1 ="72=G1, 73=—Acoshy,, “,= Atanhyzsinh~y,,

A(t) sinh~,
h(t) = a(t) (K1 + K: —— (K1 — K;
(6) = a(8) (K + o) + =5 S0 (s~ )
Andreas Fring Time-dependent non-Hermitian systems - a status update H /24‘



Time-dependent system:

H(t):ﬂ(px+py+x +y?)+i )

A (v + ppy)» a(8), (1) € R

At)
2
Ansatz: .

n(t) — H,-fl e'Yi(t)Ki’ v, €R
Time-dependent Dyson equations is satisfied when
Constraint:

Y1 ="72=G1, 73=—Acoshy,, “,= Atanhyzsinh~y,,

h(t) = a(t) (K1 + K2) + ?(ﬂ}ﬁ (K1 — K3)

Solution: 7, = arcsinh (ksech~;), x(t) := cosh~s, k = const
with dissipative Ermakov-Pinney equation

2
D S5
X—3X—AX="—3
X
11 /
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Lewis Riesenfeld invariants:

dhy(t
Z}E ) = Oy (t)—ih[hy(t), H(t)] =0, for H=h=h' H#H
Andreas Fring Time-dependent non-Hermitian systems - a status update 12/24‘



Lewis Riesenfeld invariants:

dhy(t)
dt

The invariants Iy is quasi-Hermitian:

In(t) = n(t) (t)n~*(t)

= Oy (t)—ih[hy(t), H(t)] =0, for H=h=h' H#H
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Lewis Riesenfeld invariants:

dhy(t)
dt

The invariants Iy is quasi-Hermitian:

In(t) = n(t)lu(t)n = (t)

Solution to time-dependent Schrodinger equation:

h(t) on(t)) = Alow(t)), Wi (1)) = €™ |y, (1))

& = (fy(t)]ind: — H(t)|py(t)),  A=0

= Oy (t)—ih[hy(t), H(t)] =0, for H=h=h' H#H
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Lewis Riesenfeld invariants:

dhy(t)
dt

The invariants Iy is quasi-Hermitian:

In(t) = n(t)lu(t)n = (t)

Solution to time-dependent Schrodinger equation:

h(t) on(t)) = Alow(t)), Wi (1)) = €™ |y, (1))

& = (fy(t)]ind: — H(t)|py(t)),  A=0

= Oy (t)—ih[hy(t), H(t)] =0, for H=h=h' H#H

Procedure:
1. Construct /5(t)
2. Construct Iy(t)

3. Find n(t) from similarity transformation 7
Andreas Fring Time-dependent non-Hermitian systems - a status update /24‘



With Ansatze:

4 4 4

In(t) =Y _ai()Ki,  I(t) =) Bi(t)Ki.  h(t) = b(t)K;,

i=1 i=1 i=1

where a; = af + iaf e C, bi76i7a;7a5 €R.
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With Ansatze:

4 4 4

In(t) =Y _ai()Ki,  I(t) =) Bi(t)Ki.  h(t) = b(t)K;,

i=1 i=1 i=1

where a; = af + iaf e C, bi76i7a;7a5 cR.

We find
t
tanh {qz —/ )\(s)dsl
0

Vl st o~ [ aor]

1 t
V4 = —arccot {— cosh {qz —/ )\(s)dsH
a3 0
const

q2,q3 =
13/2
Andreas Fring Time-dependent non-Hermitian systems - a status update 4‘
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With ~y; we obtain a solution to the Ermakov-Pinney equation

t
cosh? {qg —/0 )\(s)ds} —q3

1-q3

x(t) = coshy; =

where kK = g3/\/1 — q¢3, |g3] < 1.

4
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With ~y; we obtain a solution to the Ermakov-Pinney equation

t
cosh? {qg —/0 )\(s)ds} —q3

1-q3

x(t) = coshy; =

where kK = g3/\/1 — q¢3, |g3] < 1.

We did not solve any 2"/ order differential equation directly!
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With ~y; we obtain a solution to the Ermakov-Pinney equation

t
cosh? {qg —/0 )\(s)ds} —q3

1-q3

x(t) = coshy; =

where kK = g3/\/1 — q¢3, |g3] < 1.

We did not solve any 2"/ order differential equation directly!
Explicit form of the Hermitian Hamiltonian:

h(t) = f.(t)K1 + f-(t)Ka

with
V31— g3\t
fu(t) = a(t) BV~ GAD)
1 + cosh {2q2 — 2/ )\(s)ds] —2qg3
0
Andreas Fring Time-dependent non-Hermitian systems - a status update 14/24‘



Solution for time-dependent Schrodinger equation
Solution for h(t) = a(t)Ky, a(t) € R
in [I. A. Pedrosa, Phys. Rev. A 55(4), 3219 (1997)] :

s
/24‘
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Solution for time-dependent Schrodinger equation
Solution for h(t) = a(t)Ky, a(t) € R
in [I. A. Pedrosa, Phys. Rev. A 55(4), 3219 (1997)] :

st S (0 )]

with phase
1 £ oa(s)
an(t)=—1(n+= >~ d
2 o #2(s)
where 5
. 2 a
H——xtax=_—
a Ve
15
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Solution for time-dependent Schrodinger equation
Solution for h(t) = a(t)Ky, a(t) € R
in [I. A. Pedrosa, Phys. Rev. A 55(4), 3219 (1997)] :

st S (0 )]

with phase t
ant) == (n+3) [ Xl

2

where .
. a. 5
H——xtax=_—
a >
The dissipative Ermakov-Pinney equation has re-emerged!

s
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Solution for time-dependent Schrodinger equation
Solution for h(t) = a(t)Ky, a(t) € R
in [I. A. Pedrosa, Phys. Rev. A 55(4), 3219 (1997)] :

e S (0 Y]

with phase t
ant) == (n+3) [ Xl

: 2
. a. 5
H——xtax=_—
a >
The dissipative Ermakov-Pinney equation has re-emerged!

We compute

where

(@,(x, t)| Ky |, (x, 1)) = 2"2nl(2n + 1)ﬁa (1 + 2¢*) + %3¢

(@alx, 1) [Ba(x, 8)) = 2"nly/7 = N

Andreas Fring Time-dependent non-Hermitian systems - a status update
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right hand side does not depend on t:

d 32(1—1—%4)—1—%2'%2} 2%( a. 32)
=—|(x——-xn+a»x——|=0
a

dt a2 a2 23

6
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right hand side does not depend on t:

d [a(1+x*) 422 25 (. a. ) a _0
o 2502 S\ 5=

take previous solution

(t) = \/Escos {2 /Ot a(s)ds} V1R

a%(1 + »*) + »%3¢2 /112 e

a2

6
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right hand side does not depend on t:

d [a(1+x*) 422 25 (. a. ) a _0
o 2502 S\ 5=

take previous solution

(t) = \/E:cos {2 /Ot a(s)ds} V1R

a?(1 + »*) + 5252 /112 e

a2

For &, (x,t) = $,.(x, t)/v/N we compute

(@06, )] K [P, 1)) = ( ) Vit %

6
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Solution for
h(t) = f.(t)Ki + f-(t) K>

F() = a(t) + qax/l—q%A(t)
1 + cosh {Zqz — 2/ )\(s)ds] — 243

7
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Solution for
h(t) = f.(t)Ki + f-(t) K>

F() = a(t) + qax/l—q%A(t)
1 + cosh {Zqz — 2/ )\(s)ds] — 243

V" (x,y 1) = &y (x, £)Pp(y, 1)

with a = %, ¢ — 50, k — Ry, o, — aF

7
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Solution for
h(t) = fi(t)K1 + f-(t) Kz

a(t) + 4v/1 — G3A(1)

t
1 + cosh [2q2 — 2/ )\(s)ds] —2qg3
0

V" (x,y 1) = &y (x, £)Pp(y, 1)

: + ~ +
with a = f*, e = 2, K — Ry, oy = Q;,
gives real instantaneous energy expectation values

E™M(t) = (VR ()| h(t) [Wp™(2) = (Wi ()| p(t) (t) [WE™(2))
= f.(t) (n+%) 14+ R+ f () (m—i— %) A1+ 7’2
for any given fields a(t), A(t) € R, constants i+ € R, |g3] < 1

7
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Symmetry ensuring reality of E(t)
Back to time-dependent two-level system
H(E) = — WL+ an(t)o + in(B)o]  h(t) = 3 [T+ (D))

either known £(t) unknown x(t) or unknown r(t) known x(t).

s
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Symmetry ensuring reality of E(t)
Back to time-dependent two-level system
H(E) = — WL+ an(t)o + in(B)o]  h(t) = 3 [T+ (D))

either known £(t) unknown x(t) or unknown r(t) known x(t).

Energy operator

) =3 {o1 + £ [i(a€ = Do+ (BVT=a) o, + (¢ =)o

with instantaneous expectation values

Ev(t) = (wale) [AlIPYa()) = 3 o £ x(2)

s
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Time-dependent P -symmetry

Solve

[7/)\71’ Fl} =0, 73\7/?% = e“*p,, 73\7/'2 =1L
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Time-dependent P -symmetry

Solve
PT.H| =0, PTp.=e™p,, PT =1
We find
PT = ! i (VI=a%) o, + (6= 0)o| 7

ViE— o2+ (02— 1)
( (I1F1)5-¢ >
V1—=a2é +i(1— af)
2v1 — a2(1 — a&)é ]

14 £(€ — 20+ £a2) + (a2 = 1)E
[ V1—a2(1-ag)t
386+ 24 (a2 — 1)E

@, = arctan

+

w_ = arctan
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Hamiltonians of Euclidean-Lie algebraic type
E;: [u,J] = iv, [v,J] = —iu, [u,v] =0
PT-symmetries:

PTi: J——J, u——u v——v, = —i
PTr: J——J, u—u, Vv, P— —i
PTs: J—=J, u—v, v — u, = —i
PTa4: J—=J, u— —u, V-—v, i— —i
PTs : J—J, u— u, vV — —v, = —i

Invariant Hamiltonians:
Hpr(t) = pyy(8)J% 4 py(0)d + p(E)u + p, (£)v + puyy(t)ud
+/j“vj(t) VJ + /j‘uu(t)u2 + IU“vv(t)V2 A ,U/uv(t)UV
PTI : (l’l’JJ Hys :U/v) S IRu (MJJJ Hoygs Hygs Foyys Hyys :uuv) S Ru
PT2 : (MJ? Ky, :qu) S ’]R (:uu’ Hovs gy Byys By Muv) S R?
(
(

PTs: (1, 1y Pw) € fy = [y By = gy Buu = Hiy
737#4 : :uu’:ouHuuv) € IR (lthuwH’JJ?lqu?H’uunu’vv) € Rv

PT5 : € IR,
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Solution for time-dependent Dyson relation:
Ansatz:
n(t) _ eT(t)ve)\(t)Jep(t)u

hor = P, + [ty tanh A — pypug)sinh A - jugp,y tanh Asech A

v
2144y 214y
2 tanh? )\ cosh®’(\)u2, — 2
+ (H’uu o Huy ) u2 + (Muu + ( ):qu :ou) V2
Ay, Apy,
+puv + ,uqu sech \M{u, J} + Mz"J cosh \M{v, J}

with 7 constraining relations

Byl =Ry tanh Ay _ Hyysinh A _ Hyytanh A

Py = 2pyy 2 2y » {2 P= "2,
— /’LJ:U'uJ_p/uJ tanh A Hvy — Koy~ Huy _ KMy
fu ™ t 2H1s TR M = T Ay Fuv = S,

A= —/ w,(s)ds
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Systems solved so far:
non-Hermitian Swanson model
one-site lattice Yang-Lee model

non-Hermitian spin 1/2, 1 and 3/2 models
two dimensional system with infinite Hilbert space

general Ep-Lie algebraic Hamiltonians

quasi-exactly solvable models of E-Lie algebraic type
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Conclusions

Non-Hermitian quantum mechanical systems with
time-dependent metric operators are consistent.
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Thank you for your attention
Cnacubo 3a BHUMaHue
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