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Outline

Outline
• Theoretical framework (key equations)

• The role of H(t)
◦ governs unitary time-evolution
◦ not observable and not the energy operator

• Solutions procedures for Dyson operator

• Special features and concrete models

• Conclusions
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Theoretical framework (key equations):
Time-dependent Schrödinger eqn for h(t) = h†(t), H(t) 6= H†(t)

h(t)φ(t) = i~∂tφ(t), and H(t)Ψ(t) = i~∂tΨ(t)

Time-dependent Dyson operator

φ(t) = η(t)Ψ(t)

⇒ Time-dependent Dyson relation

h(t) = η(t)H(t)η−1(t) + i~∂tη(t)η−1(t)

⇒ Time-dependent quasi-Hermiticity relation

H†ρ(t)− ρ(t)H = i~∂tρ(t)

[from conjugating Dyson relation and ρ(t) := η†(t)η(t))]
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H(t) governs unitary time-evolution:
Hermitian:

φ(t) = u(t, t ′)φ(t ′), u(t, t ′) = T exp

[
−i
∫ t

t′
dsh(s)

]
with

h(t)u(t, t ′) = i~∂tu(t, t ′), u(t, t ′)u(t ′, t ′′) = u(t, t ′′), u(t, t) = I〈
u(t, t ′)φ(t ′)

∣∣∣u(t, t ′)φ̃(t ′)
〉

=
〈
φ(t)

∣∣∣φ̃(t)
〉

Non-Hermitian:

Ψ(t) = U(t, t ′)Ψ(t ′), U(t, t ′) = T exp

[
−i
∫ t

t′
dsH(s)

]
H(t)U(t, t ′) = i~∂tU(t, t ′), U(t, t ′)U(t ′, t ′′) = U(t, t ′′), U(t, t) = I〈

U(t, t ′)Ψ(t ′)
∣∣∣U(t, t ′)Ψ̃(t ′)

〉
ρ

=
〈

Ψ(t)
∣∣∣Ψ̃(t)

〉
ρ
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Relation between u(t, t ′) and U(t, t ′):

U(t, t ′) = η−1(t)u(t, t ′)η(t ′)

or the generalized Duhamel’s formula

U(t, t ′) = u(t, t ′)−
∫ t

t′

d

ds
[U(t, s)u(s, t ′)] ds

= u(t, t ′)− i~
∫ t

t′
U(t, s) [H(s)− h(s)] u(s, t ′)ds

Relation between Green’s functions:

Gh(t, t ′) := −iu(t, t ′)θ(t − t ′) GH(t, t ′) := −iU(t, t ′)θ(t − t ′)

GU(t, t ′) = Gu(t, t ′) + i

∫ ∞
−∞

GU(t, s) [H(s)− h(s)]Gu(s, t ′)ds
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H(t) is nonobservable and not the energy operator

Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = η(t)O(t)η−1(t) .

Then we have

〈φ(t) |o(t)φ(t)〉 = 〈Ψ(t) |ρ(t)O(t)Ψ(t)〉 .

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H̃(t) = η−1(t)h(t)η(t) = H(t) + i~η−1(t)∂tη(t).
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Three scenarios:

1. ∂tη = 0 , ∂tH 6= 0, ∂th 6= 0

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]

2. ∂tη 6= 0 , ∂tH = 0, ∂th 6= 0

Alternative representation:

◦ Heisenberg picture: time-dependent observables
◦ Schrödinger picture: time-dependent states
◦ Metric picture: time-dependent metric operators

3. ∂tη 6= 0 , ∂tH 6= 0, ∂th 6= 0

◦ Solve full quasi-Hermiticity relation for ρ(t)
⇒ η(t) from ρ(t) := η†(t)η(t)

◦ Solve full time-dependent Dyson equation η(t)
⇒ ρ(t) from ρ(t) := η†(t)η(t)

Andreas Fring Time-dependent non-Hermitian systems - a status update 7/24

7/24



Three scenarios:

1. ∂tη = 0 , ∂tH 6= 0, ∂th 6= 0

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]

2. ∂tη 6= 0 , ∂tH = 0, ∂th 6= 0

Alternative representation:

◦ Heisenberg picture: time-dependent observables
◦ Schrödinger picture: time-dependent states
◦ Metric picture: time-dependent metric operators

3. ∂tη 6= 0 , ∂tH 6= 0, ∂th 6= 0

◦ Solve full quasi-Hermiticity relation for ρ(t)
⇒ η(t) from ρ(t) := η†(t)η(t)

◦ Solve full time-dependent Dyson equation η(t)
⇒ ρ(t) from ρ(t) := η†(t)η(t)

Andreas Fring Time-dependent non-Hermitian systems - a status update 7/24

7/24



Three scenarios:

1. ∂tη = 0 , ∂tH 6= 0, ∂th 6= 0

Technically reduces to time-independent case.
[C. Figueira de Morisson Faria, A. Fring; J. of Phys. A 39 (2006) 9269]

2. ∂tη 6= 0 , ∂tH = 0, ∂th 6= 0

Alternative representation:

◦ Heisenberg picture: time-dependent observables
◦ Schrödinger picture: time-dependent states
◦ Metric picture: time-dependent metric operators

3. ∂tη 6= 0 , ∂tH 6= 0, ∂th 6= 0

◦ Solve full quasi-Hermiticity relation for ρ(t)
⇒ η(t) from ρ(t) := η†(t)η(t)

◦ Solve full time-dependent Dyson equation η(t)
⇒ ρ(t) from ρ(t) := η†(t)η(t)

Andreas Fring Time-dependent non-Hermitian systems - a status update 7/24

7/24



Making sense of the broken PT -regime:
Two-level system

H = −1

2
[ωI + λσz + iκσx ]

with eigensystem

E± = −1

2
ω ± 1

2

√
λ2 − κ2, ϕ± =

(
i(−λ±

√
λ2 − κ2)

κ

)

with PT -symmetry PT = τσz ; τ : i → −i

[PT ,H] = 0, and PT ϕ± = e iφϕ± for |λ| > |κ|

with broken PT -symmetry PT = τσz ; τ : i → −i

[PT ,H] = 0, PT ϕ± 6= e iφϕ± |λ| < |κ|

Claim: This system has real energies for |λ(t)| < |κ(t)|!
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Two-dimensional system with infinite dimensional Hilbert space

HK = aK1 + bK2 + iλK3, a, b, λ ∈ R

with Lie algebraic generators

K1 =
1

2

(
p2x + x2

)
, K2 =

1

2

(
p2y + y 2

)
, K3 =

1

2
(xy + pxpy )

K4 =
1

2
(xpy − ypx)

[K1,K2] = 0, [K1,K3] = iK4, [K1,K4] = −iK3,
[K2,K3] = −iK4, [K2,K4] = iK3, [K3,K4] = i(K1 − K2)/2

• HK is PT -symmetric: [PT ±,HK ] = 0
PT ± : x → ±x , y → ∓y , px → ∓px , py → ±py , i → −i

• HK is quasi-Hermitian: hK = ηHKη
−1

hK =
1

2
(a + b) (K1 + K2) +

1

2

√
(a − b)2 − λ2 (K1 − K2)

with η = e2θK4 , θ = arctanh[λ/(b − a)]
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Spontaneously broken PT -symmetry for a = b:

Eigenenergies:

En,m = E ∗m,n = a(1 + n + m) + i
λ

2
(n −m)

Eigenfunctions:

ϕn,m(x , y) =
e−

x2

2
− y2

2

2n+m
√
n!m!π

[
n∑

k=0

(
n

k

)
Hk(x)Hn−k(y)

]

×

[
m∑
l=0

(−1)l
(
m

l

)
Hl(y)Hm−l(x)

]

Claim: This system has real energies for a(t), λ(t)!
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Time-dependent system:

H(t) =
a(t)

2

(
p2x + p2y + x2 + y 2

)
+i
λ(t)

2
(xy + pxpy ) , a(t), λ(t) ∈ R

Ansatz:

η(t) =
∏4

i=1
eγ i (t)Ki , γ i ∈ R

Time-dependent Dyson equations is satisfied when
Constraint:

γ1 = γ2 = q1, γ̇3 = −λ cosh γ4, γ̇4 = λ tanh γ3 sinh γ4,

h(t) = a(t) (K1 + K2) +
λ(t)

2

sinh γ4
cosh γ3

(K1 − K2)

Solution: γ4 = arcsinh (κ sech γ3) , χ(t) := cosh γ3, κ = const
with dissipative Ermakov-Pinney equation

χ̈− λ̇

λ
χ̇− λ2χ =

κ2λ2

χ3
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χ̈− λ̇

λ
χ̇− λ2χ =

κ2λ2

χ3
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Time-dependent system:

H(t) =
a(t)

2

(
p2x + p2y + x2 + y 2

)
+i
λ(t)

2
(xy + pxpy ) , a(t), λ(t) ∈ R
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i=1
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Lewis Riesenfeld invariants:

dIH(t)

dt
= ∂t IH(t)−i~ [IH(t),H(t)] = 0, for H = h = h†,H 6= H†

The invariants IH is quasi-Hermitian:

Ih(t) = η(t)IH(t)η−1(t)

Solution to time-dependent Schrödinger equation:

IH(t) |φH(t)〉 = Λ |φH(t)〉 , |ΨH(t)〉 = e i~α(t) |φH(t)〉
α̇ = 〈φH(t)| i~∂t −H(t) |φH(t)〉 , Λ̇ = 0

Procedure:

1. Construct Ih(t)

2. Construct IH(t)

3. Find η(t) from similarity transformation
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With Ansätze:

IH(t) =
4∑

i=1

αi(t)Ki , Ih(t) =
4∑

i=1

β i(t)Ki , h(t) =
4∑

i=1

bi(t)Ki ,

where αi = αr
i + iαi

i ∈ C, bi , β i , α
r
i , α

i
i ∈ R.

We find

γ3 = arctan


tanh

[
q2 −

∫ t

0

λ(s)ds

]
√

1− q2
3 sech

[
q2 −

∫ t

0

λ(s)ds

]2


γ4 = − arccot

[
1

q3
cosh

[
q2 −

∫ t

0

λ(s)ds

]]
q2, q3 = const
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With γ3 we obtain a solution to the Ermakov-Pinney equation

χ(t) = cosh γ3 =

√√√√√cosh2

[
q2 −

∫ t

0

λ(s)ds

]
− q2

3

1− q2
3

where κ = q3/
√

1− q2
3 , |q3| < 1.

We did not solve any 2nd order differential equation directly!
Explicit form of the Hermitian Hamiltonian:

h(t) = f+(t)K1 + f−(t)K2

with

f±(t) = a(t)± q3
√

1− q2
3λ(t)

1 + cosh

[
2q2 − 2

∫ t

0

λ(s)ds

]
− 2q2

3
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Solution for time-dependent Schrödinger equation
Solution for h̃(t) = a(t)K1, a(t) ∈ R
in [I. A. Pedrosa, Phys. Rev. A 55(4), 3219 (1997)] :

ϕ̃n(x , t) =
e iαn(t)√
κ(t)

exp

[(
i

a(t)

κ̇(t)

κ(t)
− 1

κ2(t)

)
x2

2

]
Hn

[
x

κ(t)

]
with phase

αn(t) = −
(
n +

1

2

) ∫ t

0

a(s)

κ2(s)
ds

where

κ̈ − ȧ

a
κ̇ + a2κ =

a2

κ3

The dissipative Ermakov-Pinney equation has re-emerged!
We compute

〈ϕ̃n(x , t)|K1 |ϕ̃m(x , t)〉 = 2n−2n!(2n + 1)
√
π
a2(1 + κ4) + κ2κ̇2

a2κ2
δn,m

〈ϕ̃n(x , t) |ϕ̃n(x , t)〉 = 2nn!
√
π := N
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right hand side does not depend on t:

d

dt

[
a2(1 + κ4) + κ2κ̇2

a2κ2

]
=

2κ̇
a2

(
κ̈ − ȧ

a
κ̇ + a2κ − a2

κ3

)
= 0

take previous solution

κ(t) =

√
κ̃ cos

[
2

∫ t

0

a(s)ds

]
+
√

1 + κ̃2

a2(1 + κ4) + κ2κ̇2

a2κ2
= 2
√

1 + κ̃2

For ϕ̂n(x , t) = ϕ̃m(x , t)/
√
N we compute

〈ϕ̂n(x , t)|K1 |ϕ̂m(x , t)〉 =

(
n +

1

2

)√
1 + κ̃2δn,m
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a
κ̇ + a2κ − a2

κ3

)
= 0

take previous solution

κ(t) =

√
κ̃ cos

[
2

∫ t

0

a(s)ds

]
+
√

1 + κ̃2

a2(1 + κ4) + κ2κ̇2

a2κ2
= 2
√

1 + κ̃2

For ϕ̂n(x , t) = ϕ̃m(x , t)/
√
N we compute

〈ϕ̂n(x , t)|K1 |ϕ̂m(x , t)〉 =

(
n +

1

2

)√
1 + κ̃2δn,m

Andreas Fring Time-dependent non-Hermitian systems - a status update 16/24

16/24



right hand side does not depend on t:

d

dt

[
a2(1 + κ4) + κ2κ̇2

a2κ2

]
=

2κ̇
a2

(
κ̈ − ȧ
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Solution for
h(t) = f+(t)K1 + f−(t)K2

f±(t) = a(t)± q3
√

1− q2
3λ(t)

1 + cosh

[
2q2 − 2

∫ t

0

λ(s)ds

]
− 2q2

3

Ψn,m
h (x , y , t) = ϕ̂+

n (x , t)ϕ̂−m(y , t)

with a→ f ±, κ → κ±, κ̃→ κ̃±, αn → α±n
gives real instantaneous energy expectation values

E n,m(t) = 〈Ψn,m
h (t)| h(t) |Ψn,m

h (t)〉 = 〈Ψn,m
H (t)| ρ(t)H̃(t) |Ψn,m

H (t)〉

= f+(t)

(
n +

1

2

)√
1 + κ̃2+ + f−(t)

(
m +

1

2

)√
1 + κ̃2−

for any given fields a(t), λ(t) ∈ R, constants κ̃± ∈ R, |q3| < 1
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Symmetry ensuring reality of E (t)

Back to time-dependent two-level system

H(t) = −1

2
[ωI + ακ(t)σz + iκ(t)σx ] h(t) = −1

2
[ωI + χ(t)σz ]

either known κ(t) unknown χ(t) or unknown κ(t) known χ(t).

Energy operator

H̃(t)=−1

2

{
ωI +

χ

δ

[
i (αξ − 1)σx + i

(
ξ̂
√

1− α2
)
σy + (ξ − δ)σz

]}
with instantaneous expectation values

Ẽ±(t) =
〈
ψ±(t)

∣∣∣H̃(t)η2ψ±(t)
〉

= −1

2
[ω ± χ(t)]
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Time-dependent P̃T -symmetry
Solve [

P̃T , H̃
]

= 0, P̃T ϕ̃± = e iω̃±ϕ̃±, P̃T
2

= I.

We find

P̃T =
1√

(ξ − δ)2 + (α2 − 1)ξ̂
2

[
i
(√

1− α2ξ̂
)
σy + (ξ − δ)σz

]
τ

ϕ̃± ∼
(

(1∓ 1)δ − ξ√
1− α2ξ̂ + i(1− αξ)

)

ω̃+ = arctan

[
2
√

1− α2(1− αξ)ξ̂

1 + ξ(ξ − 2α + ξα2) + (α2 − 1)ξ̂
2

]
,

ω̃− = arctan

[ √
1− α2(1− αξ)ξ̂

2δ2 − 3δξ + ξ2 + (α2 − 1)ξ̂
2

]
+ π
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Hamiltonians of Euclidean-Lie algebraic type
E2 : [u, J] = iv , [v , J] = −iu, [u, v ] = 0

PT -symmetries:

PT 1 : J → −J , u → −u, v → −v , i → −i
PT 2 : J → −J , u → u, v → v , i → −i
PT 3 : J → J , u → v , v → u, i → −i
PT 4 : J → J , u → −u, v → v , i → −i
PT 5 : J → J , u → u, v → −v , i → −i

Invariant Hamiltonians:

HPT i
(t) = µJJ(t)J2 + µJ(t)J + µu(t)u + µv (t)v + µuJ(t)uJ

+µvJ(t)vJ + µuu(t)u2 + µvv (t)v 2 + µuv (t)uv

PT 1 : (µJ , µu, µv ) ∈ iR, (µJJ , µuJ , µvJ , µuu, µvv , µuv ) ∈ R,
PT 2 : (µJ , µuJ , µvJ) ∈ iR, (µu, µv , µJJ , µuu, µvv , µuv ) ∈ R,
PT 3 : (µJJ , µJ , µuv ) ∈ R, µu = µ∗v , µuJ = µ∗vJ , µuu = µ∗vv
PT 4 : (µu, µuJ , µuv ) ∈ iR, (µJ , µv , µJJ , µvJ , µuu, µvv ) ∈ R,
PT 5 : (µv , µvJ , µuv ) ∈ iR, (µJ , µu, µJJ , µuJ , µuu, µvv ) ∈ R
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Solution for time-dependent Dyson relation:
Ansatz:

η(t) = eτ(t)veλ(t)Jeρ(t)u

hPT 1 = J2µJJ +
[µvJ tanhλ− µJµvJ ] sinhλ

2µJJ

u − µJµuJ tanhλ sechλ

2µJJ

v

+

(
µuu −

µ2
uJ tanh2 λ

4µJJ

)
u2 +

(
µuu +

cosh2(λ)µ2
vJ − µ2

uJ

4µJJ

)
v 2

+µuvuv +
µuJ

2
sechλ{u, J}+

µvJ

2
coshλ{v , J}

with 7 constraining relations

µv = µJµvJ−µ̇vJ tanhλ
2µJJ

− µuJ
2

τ = µvJ sinhλ
2µJJ

ρ = µuJ tanhλ
2µJJ

µu = µJµuJ−µ̇uJ tanhλ
2µJJ

+ µvJ
2

µvv = µuu +
µ2vJ−µ

2
uJ

4µJJ
µuv = µuJµvJ

2µJJ

λ = −
∫ t

µJ(s)ds
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Systems solved so far:
• non-Hermitian Swanson model

• one-site lattice Yang-Lee model

• non-Hermitian spin 1/2, 1 and 3/2 models

• two dimensional system with infinite Hilbert space

• general E2-Lie algebraic Hamiltonians

• quasi-exactly solvable models of E2-Lie algebraic type
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Conclusions
• Non-Hermitian quantum mechanical systems with

time-dependent metric operators are consistent.

• The time-dependent Dyson equation can be solved exactly.

• The dual nature of the Hamiltonian is no longer valid.
◦ H(t) governs the time evolution.
◦ H(t) is not an observable.

• Instantaneous energies can be real even in the broken
PT -regime of the non-Hermitian Hamiltonian.

• Metric representation allows to solve h(t)-system
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Thank you for your attention
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