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POWER-SERIES EXPANSION OF
MULTI-CHANNEL JOST MATRIX



Taylor-type power-series
: 2041 2
expansion k*“+1 cot e E Conk™™
In scattering theory:
short-range potential

Effective-range expansion

1 1 -
kcot do(k) = —— 4 Jrok® — Prok? + Qrik® +
a
£=0 A N\
Scattering length Effective radius
Limitations :

» valid near k=0 (low energies)
* single-channel problem

generalization » Expansion near any complex E
* N-channel problem

Present work



Multi-channel Schrodinger equation

h?
2—A - ( )] 71bﬂ; E ??) Z unn’ wn’( )
i =1 ‘ [ (B, 7))
. U(E,7) = ¢2(?:«T)
UVn(E,T) MY%%(BNP)

Vo (1) = =3 [ Yy (8, @)Ut (F) Yo, (0,90) A% | Fn =/~ (B — En)

h? £nmn

V. ry — 0 exponentiall
v (T) o I Y channel momentum



2N linearly independent solutions; N of them are regularat r=0

fundamental (Gf’u(Ea r) ¢n(E,r) - Oin(E, T’)\

matrix of qbgl(E,?‘) ¢22(E,?‘) ¢52N(Ea"‘)
regular (E,r) = . . . .

solutions : : : :
(the basis) \Gf’Nl(EaT) dn2(E,7) - GbNN(EaT))

/’Uq\ /@511\ /53512\ /¢1N\
Physical Uz P21 P22 o P2N
solution : ; :

\u}v ) \m ) \qt:}\rz ) \qb&N )

Regularat r=0

C,, are chosen to give certain asymptotics 7 — oC (bound, resonant, scattering)



Multi-channel Jost matrix

(6, + 1)

2 un(E,7) =0, whenr — oo

02 + k2 —

h(i) (kn’r) Riccati-Hankel

Equations decouple; their solutions are known: .
functions

2N linearly independent column-solutions can be grouped in two square matrices:

/h (kyT) 0 o 0 \ in-coming

| 0 hy ) (kor) - 0 and
W (i) — , | | , out-going
: : : : spherical

\ 0 0 5 h,( )(RNT)/ waves

hi (K 0 0
/L (k1) (+) \ These
0 e, (kor) - 0 2N columns

(out) __
w o form a basis in

' | the space of
: +)
\ 0 0 i hu(eN (kN"")/ solutions




Each column of ®(F.7) at large distances becomes a linear combination of
the basis columns

®(E,r) — WEN(E,r)F™(E) + WC"(E,r)FC"(E)

T

Jost matrices T T
S(E) = FC"(E) [F™(E)] ™
spectral points: E = &,, (bound states and resonances)

det FiW(£,) = 0




Transformation of the Schrodinger equation

®(E,r) — WENE,r)F™(E) + WC"(E,r)FC"(E)

rTr—00

\ d(E,r) = WN(E,r)FMN(E,r) + WE(E, r)FO (B, r) |

variation parameters method

" & . . O _iou Lagrange
WEN(E, r)——F (B, r) + W(E, r)——F(E, 7) = 0

—iK_IW(OUt)V [W(in)F(in) + W(out)r(out)} ky 0 --- 0
; 0 ky -+ 0
22 K=

1 . . . . . . .
?K—lw(ln)v [W(IH)F(IH) 4 W(out}F(out)] 0 0 --- ky
1

boundary
+ — e
h,i }(z) + h,g )(z) = 2je(2) conditions

in ou 1 él i ;
F( )(E,O) — F( t)(E}o) — EI l F(m/DUt)(E,T) N F(m/out)(E) ‘

r—o0




Riemann surface

channel momenta —> f _ i\/m(g —E,) ., n=12,..

matrices F0/°U)(E)  have 2N different values

Riemann surface of
the energy for a
single-channel problem




2(tn
ke = + %(E—En), n=1,2

Schematically shown interconnections of the layers of the Riemann
surface for a two-channel problem at three different energy intervals.
The layers correspond to different combinations of the signs (indicated

In brackets) of Ty g, and Im k-,

FE < E; Fi < E < Es E > FE,




In the present work, we construct the Jost matrices in such a way that in their
matrix elements the dependences on odd powers of all channel momenta are

factorized analytically

hiE (2) = jo(2) £ iye(2)

[ e, (k1r) 0 0
J = 1 [W(in) 4+ W(Dut)} _ 0 .}Ez(k‘z’f‘) “ .. 0
9 . . . E

\ O 0 jew (nt) )

/y£1(k1r) 0 0 \
y = & _ypreuo = | Yes (Kar) 0
2 5 5

\ 0 0 Ve (knt) )

FO (B, 1) + F (B, 1)

P
E
[

i [FO(E,r) — FCO(E,r)]

=
[
[



O(E,r) = WN(E,r)FON(E, r) 4+ WEW(E, r)FOEW(E, 1)

U

&(E,r) = J(E,r)AE,r) — Y(E,r)B(E,r)

= —K 'YV (JA-YB) Boundary conditions
A(E,0) = I
—K~LJV (JA - YB) B(E,0) = 0

AE,r) — A(E) , B(E,r) 1::: B(E)

T—00

FO9(B) = _[A(E) —iB(E)] ,  FC*)(E) = _[A(E) + iB(E)



Factorization

: ~ [(kr R (—1)™y/m kr 2'"’_ 1=
n(kr)-( ) R Ty e (2) — KB, 1)

n=>0

2 £ oo 1)11,—{—2—{—1 kr 2n
. — k:_gh E.r
Ye(kr ( 'r) ZI‘ £—|—1/2—|—n)n' (2) Ye(E,)

=0

3




F(in)

F(Dut)

Symmetry of the Jost matrices

FU(—fy, —ko,..

Spm = (1) P (kL

reﬂ +1
kﬂ

2folm +1

i‘eﬂ +1
kﬂ

2l +1

a_kN) —

1 8o 1uln 1
B zkm kn B
TR TrTe
2
1., 1.8, 1
ikbm fEn 1

(—1)bm T PO (k) ko, ..

,—kn) [F™ (K, ko, ...



Power-series expansion
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n=>0

J(E,r) = i(E — Eo)"vn(Eo,7) |  A(E,T) Y (E — Eg)"an(Ey, 1)
n=>0

S (E — Eo)"nn(Eo,7) . | B(E,r) = Y (E — Eo)"Bn(Eo.7)

n=0 n=>0

=
IS

-
[

Boundary conditions
it+jtk=n an(Fo,0) = dp0l

BH(ED-: 0) =0

— Y V(v — 168
itjth=n

an(EGET) — a’n(ED)ﬁ and ﬁn(EﬂaT) 1:c: bn(Eﬂ)

T—00



Boudary conditions
len(E{},, U) — (Sn[}I
Brn(Eo,0) =0

ikelm felnt1
2

(a‘j)mn T

(bj)mn}

-1l b1
zk:m kn

2

(@5)mn +

(b5) mn]



Example

Two-channel model

Im E -
§ Re FE
r—v—v—|—v—v—v—v—‘—v—v—v—v—|—v—r'r'|":'||||j|h||‘

vor= (3

—7.5
X rle="
7.5 )

p1 = pg = he =1

FE{ =0and E; = 0.1
b, = €5, = 0.

E, Ir
-2.314391 0
-1.310208 0
-0.537428 0
-0.065258 0

4. 768197

0.001420

7.241200

1.511912

S 171217

6.508332




_ 0.02 -
exXpansion
3 - |
| 0.01 -
| |'
2 - |
|I FI IIIIIII|I|
1 4.765  4.775

15 Re F

B ™

- E, T
-5 1

i -2.314391 0

®
- -1.310208 0
i -0.537428 0
—10 — * -0.065258 0
i | 1.768197 | 0.001420

S-matrix poles :

- . 7241200 | 1.511912
ImE | 8171217 | 6.508332




o(l — 2)
expansion

0.5 0.05

0.3 - T TTTTTT]

4.765 4.775

0.2

0.1




5(2—3- 2) N

| expansion
5 1.5
I
] I
1 1.0
|
I
III 0-'5 ]

4.765 4.775




ImFE
Eog=5-4+10 M =5
1
3
0 ~
—1
First resonance = Expansion (M=5): E =4.768178-10.000686

Exact value;

E =4.768197-10.000710




ImFE

Re F

Two resonances

v

E =7.241200 —i0.755956
E=7.131204-i0.768670

E = 8.241795 - i2.982867
E=8.171217 - i3.254166



SUMMARY

odd powers of the channel momenta in the
Jost matrices are factorized

for the remaining energy dependent factors,
a system of differential equations is obtained

these energy dependent functions are
expanded in power series

the expansion coefficients are determined by
a system of differential equations



