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Faddeev Equations: Algebraic scheme Three-body, theory
formalism

Let us deal with Hamiltonian of the form H = Hg +V with V =V, +V, +V,

Equation HY = EW is equivalent to the Lippman-Schwinger eq.
¥ =-G,(ENY¥ =-G,(E)) V,¥

We introduce the vectors a=1

[ O = —GO(E)VQ‘P Definition of the Faddeev components}

3
and note, -

Zcpa =Y
Meanwhile, applylng (H e E) to both sides of vectors definition one obtains

(Hy= E)D e\ Y= Zcp
Or, after transfer of (I) fromr.h.s. to l.h.s.:
[ (Ho +V, — E)(Da =-V, Z(D,B Faddeev equations }
p#a

In the form @, =—(H,+V, —E)"\V, ch)ﬁ they were introduced by L.D.Faddeev in 1960
P+
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Three-body, theory
formalism

In describing the three-body system we use the standard Jacobi coordinates [4] @, . Y.
o = 1,2, 3, expressed in terms of the position vectors of the particles 7; € R® and their

masses ni;,

- 1/2
2mgm,, / ( )
Loy = Tg— Ty ¢
| mg +m, 5 T
[ 2m, (mg +m.,,) 1/2 Mmagrg +m.,r =2
Yo = a \"I'B Y A y'y ~%
o — o
| My +mg +m,, mg —+ m,

i

where (o, 8. y) stands for a cyclic permutation of the indices (1,2.3). The coordinates
T, .Y, fix the six-dimensional vector X = (a,.vy,) € R®. The vectors g, Yp corresponding
to the same point X as the pair x,. y, are obtained using the transformations

Lg = CuyLy + Spa¥Ya Ypg = —SgaLa F Ca¥Ya
where the coefficients cg, and sg, fulfil the conditions —1 < ¢, < +1 and sia =1 - cﬁﬂ
with €, = €gy. Sep = —Spo. B # « and depend only on the particle masses [4]. For equal
masses Cgq = —x.

[4] - L.D.Faddeev,S.P.Merkuriev, 1993, Quantum scattering theory for several particles
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Three-body, theory
formalism

The potential energy is invariant with respect to rotation and it makes possible to separate out the
degrees of freedom corresponding to rotation of the system expanding the Faddeev components

in term of the Wigner functions = Lmn ( )
X(Z ] ya ] Za
CHAEDY O (9)

When the total angular momentum L of the system is fixed, the three-body dynamics is
constrained onto three-dimensional internal space [5], which can be parametrized by coordinates

Xa :l Xa |7 ya :l ya |’ Za :COSHQ :()/Zcﬂ S\/a)

L,m,n alta

For zero angular momentum the Faddeev equations in internal space are given by the set of
three coupled three-dimensional equations

(Ho+V, —E)F,(X,.Y,.2,) =V, > Fy(X;,¥,5.2,)

p#a
X _\/C,Ba a y +2Cﬁa Po ayaza H o az B 82 _( 1 N 1 ) a (1_2 ):Uzﬁ
\/Sﬁa o +Cﬁay 2Cﬂa o X,Y,Z, 0 aXaZ ayaZ Xa2 yaz aza a aza
X,Y,2, = \/(cﬁa —S2 )X, Vo2, —ChSp (X, =Y, 7)
: exp(ivE
Asymptotic conditions F(x.y,2) = v,y (x)exp(ipy)a,(z;E)+ pfofp) A(X,Y,Z;E)

[5] - V.V.Kostrykin,A.A.Kvitsinsky,S.P.Merkuriev, Few-Body Syst. 6 (1989) 97
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Three-body, theory
computer code

The purpose of the code is performing quantum calculation of scattering and

bound states of atomic three-body systems.

The code consists of two parts. The first part is a configurator that simplifies

composing the necessary configuration files.

The second part is the 3-body computational kernel that performs the actual

calculations.
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4He3 Three-body, theory

e —————— " = computer code
B rewhodyConhignrator: (2 [E]> ks
File About

Properties of the particles

Description Masses (a.u.m) Identical

He | mi1=[s.002603 |
m2= e
m3= -

[ Pair 1(23) [ Pair2(31) | Pair3(12) |

The potential |Im2m2Potential w | (@ Symmetric ' Antisymmetric

Reduced mass (me)=3648.149459363227

Xmax (a.u.)= ’1000.0 ‘ Generate the grid

The grid is set to Im2m2Potential_1000.0_3648,149459.grd

Number of points Nx= 150 Ny= ISU l Nz= |5
Ymax= IZUUU.U

Java code
by V.Roudnev

2nd South Africa—JINR Symposium, September 8 — 11, 2010




4H62 Two-body, theory
+ Potential models: Aziz et al. - HFD-B (1987), LM2M2 (1991),Tang et al. — TTY (1995)

Vi(r) = eVi(Q) + Val(C),

where ¢ = I;’T‘m.

Ce Cg Chp
ARG

Vi(¢) = Aexp(—ag + A¢) - [ ] F(C).
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“H e, Two-body, theory

+ Potential models: Aziz et al. — HFD-B (1987), LM2M2 (1991),Tang et al. — TTY (1995)

b | |
10 - -
V. K y, (), the dimer
o mm—me  «— wave function
5 - Ve e _M\\\ |
1 B=131-10%K T
0 i I e i ———— S
-5 - -
-10 - -
“He — “He potential (LM2M2)
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4|_|e _ 4He Two-body and three-body, experiment

¢ First observation by Luo et al. (1993) and Schollkopf, Toennies (1994)
¢ First measurement of the bond length byOGrisenti et al.(2000)

<R>=52+4A

+ Estimation of the binding energy and scattering length
+0.3

g, =11_.mK |_=104"% A

4He ). 4He < 4He 1mK =10" eV

Experiment — Toennies et al. JCP 104, 1155 (1996), JCP 117, 1544 (2002)
+0.4

Trimer pair distance 0 = 1.1_0.5 nm

Theory — variational, hyperspherical, Faddeev equations (integral, differential)

E = 126 mK Eex = 2.28 mK

g
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Two-body, theory
“He - ‘He results

+ Potential models: Aziz et al. - HFD-B (1987), LM2M2 (1991)
Tang etal. = TTY (1995)

TABLE 1. Dimer energy e, wave length 1/x?, and “He—*He

scattering length fg) for the potentials used, as compared to the

experimental values of Ref. [ 5] R Grisenti, W. Schollkopf, J. P. Toennies, G. C. Hegerfeld, T.
Kohler, and M. Stoll, Phys. Rev. Lett. 85, 2284 (2000).

eq (mK) € P(A) Potential e, (mK) 1/x2 (A) ¢2 (&)

LM2M2 —1.30348 9643  100.23
Expt. 1.1703 10473, TTY -1.30962 9620  100.01
HFD-B —1.68541 84.80  88.50
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“He - 4He Two-body, theory

Helium dimer results
Potentials HFD-B [16] HFDHE2 [17] 6]
G 28] [29] - 28] | [29] | skcm.
24|, MK 1,685 | 1,685 | 1,685 | 0,830 | - | 0,830 | 1,157
<R>,A /46,178 | 46,466 | 46,18 | 64.201 | - | 64,21 | 52+4
V< R2>, A | 62,706 | 62,971 | 62,71 | 88.160 | - | 88,18 | -
Potentials LM2M2 [18] TTY [19] 6]
< 28] 29] H [28] [29] 9KCII.
|a], MK 1,304 | 1,308 | 1,304 | 1,310& - SF3a8% 13128 (5] 1505
<R>,A | 52.001 | 51,838 | 52,00 | 51.889 | 51,658 | 51,84 | 52+4
V< R?2>, A | 70.926 | 70,327 | 70,93 | 70.768 | 70,115 | 70,70 <

[28] Barletta P. Kievsky A. // Phys. Rev. A. 2001. V. 64. P. 042514(9).
[29] Roudnev V., Yakovlev S.// Chem. Phys. Lett. 2000. V. 328. P. 97.

2nd South Africa— JINR Symposium, September 8 — 11, 2010




4 Tree-body, theory
H 63 results

Convergence of the binding energy on number of grids x,y

E, mK | ! | ! | ! | ! | ! | ! |
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4 Three-body, theory
H eB results

Tabmuma 1: Results for binding energies of the *Heg trimer. LM2M2 Potential.

* (1] 2] (3] [4] 15] 6] 71 [8] [9]
|Bspe,| (MK) 126,507 125.2 126.45 125.52* 12641 126.3(9)* 126.15 126.2 126.39 125.6*
|Blge,| (mK) 2277 2260  2.28 2.271 2.274 2.268  2.245°

3In original paper the energy value is given in em™! {1 em™! = 1.4387752 K).
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Outgoing results and future directions

» To test the program for scattering calculations

* To test the program for calculation of other three-body systems
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