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Introduction

Perturbatively quantized Einstein gravity is famously nonrenormalizable due to
negative mass dimension of its coupling constant κ ∼ 1/MP .

But: May be treated consistently as effective quantum field theory in low
energy expansion (exp. in ∂) [Donoghue]

Sgrav =
∫

d4x
√
−g

{
Λ +

2
κ2

R + c1 R2 + c2 Rµν Rµν + . . .
}

Higher order counterterms arise in loop expansions, Values of couplings
Λ, κ, c1, c2, . . . from experiment. Higher parameters largely undetermined,
e.g. c1, c2 ≤ 1074

[Stelle]

Important question in this framework:
Does inclusion of gravity alter the standard model running gauge couplings

gS(E), gW (E), gel(E) near E ∼ MP ? [Robinson, Wilczek ’06]
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Gravitational contributions to YM β function

Renormalized “running” coupling: gi(µ) =
Z

3/2
2 (µ)
Z1(µ)

gi (µ → E)

Z2, Z1: wave fct/vertex renormalization constants

Include gravitational effects, typical graph:
g

κ κ

Callan-Symanzik β-function (gi → g):

βg ≡
dg(E)
d lnE

= − b0

(4π)2
g3+

a0

(4π)2
E2 κ2 g

b0: pure YM contribution and claimed a0 = −3/2 (Robinson/Wilczek ’06)
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Consequences for asymptotic freedom
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Result does not upset unification
but shifts unification scale.

Asymptotic freedom even for
U(1) Maxwell theory (b0 = 0)

αel(E) = αel(0) exp[−3
2

κ2

4π2
E2 ] ?!

Consequences: Scenarios of
BSM physics with large extra
dimension and small
gravitational scale (TeV) ⇒
effects observable at LHC ?!

[4/16]



Is this really correct?

However: Recent doubts/controversies concerning Robinson-Wilczek’s work:

Pietrykowski (PRL ’07) & Toms (’07):
(Method: U(1)-Maxwell theory , backgound field method with distinct
gauge-fixing(s) to R-W, cut-off or dim. regularization)

⇒ Result of R-W is gauge-dependent, graviton correction to β-
function vanishes.

Our approach:
Straightforward & involved diagrammatical calculation of the non-abelian
Einstein-Yang-Mills system using simultaneously cut-off and dimensional
regularisation.
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Einstein-YM action

Einstein-YM action:

SEYM =
∫

d4x
√
−g

( 2
κ2

R− 1
2 gµρgνσ Tr [FµνFρσ]

)
R = Ricci scalar

Fµν = ∇µAν −∇νAµ − ig [Aµ,Aν ]

Field decomposition:

gµν = ηµν + κ hµν Background field: ηµν

Quantum field: hµν

Add gauge fixing terms & ghost contributions

Expand action around background
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Our diagrammatical approach

Calculate UV-divergent graviton contributions to Z-factors from loop
corrections to gluon propagator and vertex.

Propagator renormalization (→ Z2)

(a) (b) ∼ κ2

Vertex renormalization (→ Z1)

(c) (d) (e) ∼ gκ2
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The Gluon and Graviton Propagators

Expand SEYM via gµν = ηµν + κ hµν and work out propagators and vertices.

Gluon propagator in Feynman gauge (∂µAµ = 0)

= − ηµν

k2 + i0

Graviton propagator in harmonic gauge (∂νh
µν − 1

2∂µhν
ν = 0)

p
αβ γδ =

i
(
Iαβ,γδ − 1

d−2ηαβηγδ
)

p2 + i0

with Iµν,αβ ≡ 1
2(ηµαηνβ + ηµβηνα).
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The Gluon–Graviton Vertices with Two Gluon Lines

p q

µ a ν b

α β

= −iκδab
[
Pµν,αβp·q + ηµνp(αqβ) + 1

2ηαβpνqµ

−pνηµ(αqβ) − qµην(αpβ)
]

p

qµ a

ν b

αβ

γδ

=
i

2
κ2δab

[
(pνqµ − p·q ηµν)Pαβ,γδ

+p·q(2Iµν,α(γηδ)β + 2Iµν,β(γηδ)α

−Iµν,αβηγδ − Iµν,γδηαβ)
+2p(αqβ)Pµν,γδ + 2p(γqδ)Pµν,αβ

+
{
2pαην[µηβ](γqδ) + 2pγην[µηδ](αqβ)

−pν(qαPµβ,γδ + qβPαµ,γδ

+qγPαβ,µδ + qδPαβ,γµ)
}

+ {(p, µ) ↔ (q, ν)}
]

with Pµν,αβ ≡ 1
2(ηµαηνβ + ηµβηνα − ηµνηαβ).
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The Divergences of the Two Gluon Graphs

Calculate divergent pieces of gluon propagator in cut-off (|k2| < Λ) and
dimensional regularization (

∫
d4x →

∫
ddx, d = 4− ε):

= i
16π2 κ2(q2ηµν − qµqν) δab

[
− 3

2

{
Λ2

0

}
− q2

6

{
log Λ2

2
ε

}
+ finite

]

= i
16π2 κ2(q2ηµν − qµqν) δab 3

2

{
Λ2

0

}

Quadratic divergencies cancel!

Already implies absence of gravitational corrections to the β-function of g in
abelian theory!

Log divergences related to dim 6-operator.
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The Divergences of the Three Gluon Graphs

Computed in cut-off and dim-reg, divergent parts:

= 1
16π2 gκ2fabc

{
(ηµν(pρ(5

6p·q + 1
4q ·k)− qρ(5

6q ·p + 1
4p·k)) + . . . )

− 5
6(kµkν(p− q)ρ + . . . )− 1

4(pρqµkν − pνqρkµ)

}{
log Λ2

2
ε

}

= 1
16π2 gκ2fabc

{[
(ηµν(pρ(−7

6p·q − 1
6p·k − 3

4q ·k)− qρ(. . . )) + . . . )

+ (kµkν(p− q)ρ + . . . ) + 3
4(pρqµkν − pνqρkµ)

] {
log Λ2

2
ε

}
+ 3

2(ηµν(p− q)ρ + . . . )
{

Λ2

0

} }

=− 1
16π2 gκ2fabc 3

2(ηµν(p− q)ρ + . . . )
{

Λ2

0

}
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The Quadratic Divergences of the Three Gluon Graphs

Again cancellation of the quadratic divergencies (trivial in dim. reg.)∣∣∣∣∣
O(Λ2)

=0

∣∣∣∣∣
O(Λ2)

= + 1
16π2 gκ2fabc 3

2(ηµν(p− q)ρ + . . . )
{

Λ2

0

}
∣∣∣∣∣
O(Λ2)

=− 1
16π2 gκ2fabc 3

2(ηµν(p− q)ρ + . . . )
{

Λ2

0

}

⇒ Main result: βg|O(κ2)=0 No alteration of assymptotic freedom
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The Sum of the Divergences of the Three Gluon Graphs

Remaining logarithmic divergencies:

= 1
16π2 gκ2fabc

[
(ηµν(pρ(−1

3p·q − 1
6p·k − 1

2q ·k)

− qρ(−1
3q ·p− 1

6q ·k − 1
2p·k) + . . . )

+ 1
6(kµkν(p− q)ρ + . . . )

+ 1
2(pρqµkν − pνqρkµ)

] {
log Λ2

2
ε

}
Lead to counterterms of dimension 6 operators
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The Dimension Six Terms

Using Bianchi identities naively 3 possible structures:

O1 ≡ Tr[ (DµFνρ)2 ]

O2 ≡ Tr[ (DµFµ
ν)2 ]

O3 ≡ i Tr[Fµ
ν Fν

ρ Fρ
µ ]

However, are linearly related

O2 =
1
2
O1 − 2 gO3 + total derivatives

Forces us to extend original EYM action by

Ldim6 = d1O1 + d2O2

Turns out that log divergent terms are cancelled by O2 alone.
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The Effective Lagrangian

In summary we thus have the renormalized extended lagrangian

L =Lext + LCT

Lext =LEYM, ren + d2 Tr[(DµFµν)2]

LCT =δ2 (∂A)2 + g δ3g
1 A2∂A + δ2d2

1 (∂2A)2 + g δ3d2
1 ∂2A ∂AA +O(A4)

We find the κ dependent countertems:

δ2

∣∣∣
O(κ2)

= δ3g
1

∣∣∣
O(κ2)

= 0

δ2d2
1

∣∣∣
O(κ2)

= δ3d2
1

∣∣∣
O(κ2)

=
1

(4π)2
1
6

κ2

{
log(Λ2

µ2 )
2 µ−ε

ε

}

Which yields the β-function contributions:

βg

∣∣∣
O(κ2)

= 0, βd2

∣∣∣
O(κ2)

=
1

(4π)2
1
3

κ2
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Summary

Considered Einstein-Yang-Mills system in framework of effective field theories.

Controversies in background field approach for gravitational contributions to
Yang-Mills β-function.

Potential effect not visible in dimensional regularization.

Performed conceptually clean diagramatic computation of one-loop
renormalization of gluon 2 and 3 point functions.

βg

∣∣∣
O(κ2)

= 0

Gravity enforces dimension 6 counterterm LCT = d2 Tr[(DµFµν)2] whose βd2

receives gravitational contributions.
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