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Introduction

Amplitudes of many exclusive B-decays can be factorized
into a hard kernel (perturbatively calculable) and light-cone
distribution amplitudes of the initial B-meson and final
hadron(s). They describe large-distance (soft) structure of
these hadrons, and cannot be calculated in perturbation
theory.
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Lagrangian

L = Q̄viv ·
←−
DQv + light fields

Q̄v/v = −Q̄v

Dµq = (∂µ − iAµ) q

q̄
←−
Dµ = q̄

(←−
∂ µ + iAµ

)
Aµ = g0A

a
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QCD tree diagrams are reproduced up to O(ki/m)
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Heavy quark symmetry

The heavy quark chromomagnetic moment is ∼ 1/m by
dimensionality. At the leading order in 1/m, the
heavy-quark spin does not interact with the gluon field.
Therefore, it may be rotated at will, without changing the
physics (heavy-quark spin symmetry). It may even be
switched off (superflavour symmetry).

L = Q∗viv ·
←−
DQv + light fields
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Heavy quark near mass shell
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Result

IR divergence in Ih cancels UV divergence in Is
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Multiloop diagrams

I Hard lines form loops – momentum conservation after
neglecting all soft momenta

I There can be several disconnected hard parts

I Each of them must contain at least one heavy line

I From the point of view of the soft diagram, each hard
part is a local vertex

I If some soft subdiagram is only connected to one such
vertex, it vanishes
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Usual HQET formalism

I Lagrangian – local operators with matching coefficients

I QCD currents – similar

I Matching coefficients depend on the hard scale m,
come from hard subdiagrams

I Local operators produce vertices in the (soft) HQET
diagram
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Spin 0 heavy antiquark

Q̄q mesons: S-wave 1
2

+
; P -wave 1
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j = Q∗vq

Currents with parity P = ±1

jP =
1 + Pγ0

2
j

Ground-state meson M : γ0u = u, ūu = 1

<0|j|M> = Fu

Non-relativistic normalization

<M, ~p ′|M, ~p> = (2π)3δ(~p ′ − ~p )
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Correlator

0 x

i<Tj(x)̄(0)> = δ(~x )Π(x0)

Π(x0) = A+B/v

i<TjP (x)̄P (0)> = δ(~x )ΠP (x0)

ΠP = A+ PB =
1

4
Tr(1 + Pγ0)Π

Spectral density

ρ+(ε) = F 2δ(ε− Λ̄) + · · ·
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Switching the heavy-antiquark spin on

Doublets: S-wave 0−, 1−; P -wave 0+, 1+; 1+, 2+

Currents Q̄vΓq (Q̄vγ
0 = −Q̄v):

Γ = γ5 , ~γ and Γ = 1 , ~γγ5

Currents with Γ = γ5, ~γ (anticommution with γ0) – ground
state 0−, 1− mesons; with Γ = 1, ~γγ5 (commution with γ0)
– P -wave 0+, 1+ mesons
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QCD decay constants

Relativistic normalization

r<B, p
′|B, p>r = (2π)32p0δ(~p ′ − ~p )

Definitions

<0|Q̄vγ
µγ5q|B>r = ifBp

µ <0|Q̄vγ
µq|B∗>r = imfB∗eµ

fB = fB∗ =
2F√
m
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Quark-antiquark distribution amplitudes

Õ(t) = Q∗v(0)[0, z]q(z) z2 = 0 t = v · z

[x, y] = P exp
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−i
∫ y

x

Aµ(z)dzµ

]

<0|Õ(t)|M> = F

[
ϕ̃+(t) +

ϕ̃−(t)− ϕ̃+(t)

2t
/z

]
u
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Light-front components
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Õ±(t)eiωtdt = Q∗v(0)γ±δ(iD+ − ω)q(0)
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First moments
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∗
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because Q∗v
←−
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3
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B distribution amplitudes

<0|Q∗v(0)[0, z]γ5q(z)|B>r = −ifBmϕ̃P

<0|Q∗v(0)[0, z]γµγ5q(z)|B>r = fB [iϕ̃A1p
µ −mϕ̃A2z

µ]

<0|Q∗v(0)[0, z]σµνγ5q(z)|B>r = ifBϕ̃T (pµzν − pνzµ)

<0|Q∗v(0)[0, z]Γq(z)|M>r = F Tr Γ

[
ϕ̃+ +

ϕ̃− − ϕ̃+

2t
/z

]
M

ϕ̃P =
ϕ̃+(t) + ϕ̃−(t)

2
ϕ̃A1 = ϕ̃+(t)

ϕ̃A2 = ϕ̃T =
i

2

ϕ̃+(t)− ϕ̃−(t)

t

x = ω/m→ 0: ϕA1(x) ∼ x, ϕP (x) ∼ 1 ⇒
ϕ+(ω) ∼ ω, ϕ−(ω) ∼ 1

ϕ̃P (0) = ϕ̃A1(0) = 1 ϕ̃A2(0) = ϕ̃T (0) =
Λ̄

3
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Quark-antiquark-gluon distribution amplitudes

Fixed-point gauge xµA
µ(x) = 0

<0|Q∗v(0)q(z)|M> = F

[
ϕ̃+(t, z2) +

ϕ̃−(t, z2)− ϕ̃+(t, z2)

2t
/z

]
u t = v·z

Differentiate γµ ∂

∂zµ
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Left-hand side

<0|Q∗v(0)γµ(∂µ − iAµ(z) + iAµ(z))q(z)|M>

Fixed-point gauge (Gµν = gGa
µνt

a)

Aµ(z) =

∫ 1

0

Gνµ(uz)uzνdu

Definition

<0|Q∗v(0)[0, uz]iGνµ(uz)zν [uz, z]q(z)|M> =

− F
[
(vµ/z − tγµ)(ψ̃A − ψ̃V ) + iσµνz

νψ̃V − zµψ̃X +
zµ

t
/zψ̃Y

]
u

ϕ̃′− +
ϕ̃− − ϕ̃+

t
= 2t

∫ 1

0

(ψ̃A − ψ̃V )u du

ϕ̃′+ − ϕ̃′− +
ϕ̃− − ϕ̃+

t
+ 4t

∂ϕ̃+

∂z2
= 2t

∫ 1

0

(2ψ̃V + ψ̃A + ψ̃X)u du
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Heavy-quark equation of motion

Q∗v(0)vµ ∂

∂zµ
q(z) = vµ∂µ(Q∗v(0)q(z))

− vµQ∗v(0)(
←−
∂ µ + iAµ(0)− iAµ(0))q(z)

Gauge (x− z)µAµ(x) = 0

Aµ(0) = −
∫ 1

0

Gνµ(uz)(1− u)zνdu

ϕ̃′+ +
ϕ̃− − ϕ̃+

2t
+ iΛ̄ϕ̃+ + 2t

∂ϕ̃+

∂z2
= −t

∫ 1

0

(ψ̃A + ψ̃X)(1− u)du

ϕ̃′− − ϕ̃′+ +
ϕ̃+ − ϕ̃−

t
+ iΛ̄(ϕ̃− − ϕ̃+) + 2t

(
∂ϕ̃−
∂z2
− ∂ϕ̃+

∂z2

)
= 2t

∫ 1

0

(ψ̃A + ψ̃Y )(1− u)du
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Equations for ϕ̃±(t)

ϕ̃′− +
ϕ̃− − ϕ̃+

t
= 2t

∫ 1

0

(ψ̃A − ψ̃V )u du

ϕ̃′+ + ϕ̃′− + 2iΛ̄ϕ̃+ = −2t

∫ 1

0

(ψ̃A + ψ̃X + 2ψ̃V u)du



Momentum space

ψ̃i(t, u) =

∫
ψi(ω, ξ)e

−i(ω+ξu)tdω dξ

ω
dϕ−(ω)

dω
+ ϕ+(ω) = I(ω)

(ω − 2Λ̄)ϕ+(ω) + ωϕ−(ω) = J(ω)

I(ω) = 2
d

dω

∫ ω

0

dρ

∫ ∞

ω−ρ

dξ

ξ

∂

∂ξ
[ψA(ρ, ξ)− ψV (ρ, ξ)]

J(ω) = −2
d

dω

∫ ω

0

dρ

∫ ∞

ω−ρ

dξ

ξ
[ψA(ρ, ξ) + ψX(ρ, ξ)]

− 4

∫ ω

0

dρ

∫ ∞

ω−ρ

dξ

ξ

∂

∂ξ
ψV (ρ, ξ)

J(0) = −2

∫ ∞

0

dξ

ξ
[ψA(0, ξ) + ψX(0, ξ)] = 0
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[ψA(0, ξ) + ψX(0, ξ)] = 0



Momentum space

ψ̃i(t, u) =

∫
ψi(ω, ξ)e

−i(ω+ξu)tdω dξ

ω
dϕ−(ω)

dω
+ ϕ+(ω) = I(ω)

(ω − 2Λ̄)ϕ+(ω) + ωϕ−(ω) = J(ω)

I(ω) = 2
d

dω

∫ ω

0

dρ

∫ ∞

ω−ρ

dξ

ξ

∂

∂ξ
[ψA(ρ, ξ)− ψV (ρ, ξ)]

J(ω) = −2
d

dω

∫ ω

0

dρ

∫ ∞

ω−ρ

dξ

ξ
[ψA(ρ, ξ) + ψX(ρ, ξ)]

− 4

∫ ω

0

dρ

∫ ∞

ω−ρ

dξ

ξ

∂

∂ξ
ψV (ρ, ξ)

J(0) = −2

∫ ∞

0

dξ

ξ
[ψA(0, ξ) + ψX(0, ξ)] = 0



Solution

ϕ±(ω) = ϕ
(WW )
± (ω) + ϕ

(g)
± (ω)

Wandzura–Wilczek part

ϕ
(WW )
+ (ω) =

ω

2Λ̄2
θ(2Λ̄− ω)

ϕ
(WW )
− (ω) =

2Λ̄− ω
2Λ̄2

θ(2Λ̄− ω)

2Λ̄ ω

ϕ+(ω)

ϕ−(ω)



Solution

ϕ±(ω) = ϕ
(WW )
± (ω) + ϕ

(g)
± (ω)

Wandzura–Wilczek part

ϕ
(WW )
+ (ω) =

ω

2Λ̄2
θ(2Λ̄− ω)

ϕ
(WW )
− (ω) =

2Λ̄− ω
2Λ̄2

θ(2Λ̄− ω)

2Λ̄ ω

ϕ+(ω)

ϕ−(ω)



Moments

<ωn>
(WW )
+ =

2(2Λ̄)n

n+ 2

<ωn>
(WW )
− =

2(2Λ̄)n

(n+ 1)(n+ 2)

<ω>±

∫
ψA(ω, ξ)dω dξ =

1

3
λ2

E∫
ψV (ω, ξ)dω dξ =

1

3
λ2

H∫
ψX(ω, ξ)dω dξ = 0

<ω2>±



Moments

<ωn>
(WW )
+ =

2(2Λ̄)n

n+ 2

<ωn>
(WW )
− =

2(2Λ̄)n

(n+ 1)(n+ 2)

<ω>± ∫
ψA(ω, ξ)dω dξ =

1

3
λ2

E∫
ψV (ω, ξ)dω dξ =

1

3
λ2

H∫
ψX(ω, ξ)dω dξ = 0

<ω2>±



Bare operators

Õ+(t) = Q∗v(0)γ+[0, z]q(z)

O+(ω) = Q∗v(0)γ+δ(iD+ − ω)q(0)

O
(n)
+ = Q∗v(0)γ+(iD+)nq(0)

Õ+(t) =

∫
O+(ω)e−iωtdω =

∞∑
n=0

O
(n)
+

(−it)n

n!

O+(ω) =

∫
Õ+(t)eiωt dt

2π
=

∫ +i∞

−i∞
O

(n)
+ ω−n−1 dn

2πi

O
(n)
+ =

(
i
d

dt

)n

O+(t)

∣∣∣∣
t=0

=

∫ ∞

0

O+(ω)ωndω



Bare operators

Õ+(t) = Q∗v(0)γ+[0, z]q(z)

O+(ω) = Q∗v(0)γ+δ(iD+ − ω)q(0)

O
(n)
+ = Q∗v(0)γ+(iD+)nq(0)

Õ+(t) =

∫
O+(ω)e−iωtdω =

∞∑
n=0

O
(n)
+

(−it)n

n!

O+(ω) =

∫
Õ+(t)eiωt dt

2π
=

∫ +i∞

−i∞
O

(n)
+ ω−n−1 dn

2πi

O
(n)
+ =

(
i
d

dt

)n

O+(t)

∣∣∣∣
t=0

=

∫ ∞

0

O+(ω)ωndω



Feynman rules

n

p = pn
+γ+

ω

p = δ(p+ − ω)γ+



(i∂+ + A+)n →
n∑

m=1

(
n
m

)[
(i∂+)m−1A+

]
(i∂+)n−m

n∑
m=1

(
n
m

)
km−1

+ pn−m
+ =

(p+ + k+)n − pn
+

k+

n

µ a

p

k

=
(p+ + k+)n − pn

+

k+

g0t
anµ

+γ+

ω

µ a

p

k

=
δ(p+ + k+ − ω)− δ(p+ − ω)

k+

g0t
anµ

+γ+



Renormalization

O+(ω) =

∫
Z+(ω, ω′;µ)O+(ω′;µ)dω′

O+(ω;µ) =

∫
Z−1

+ (ω, ω′;µ)O+(ω′)dω′

∫
Z+(ω, ω′′;µ)Z−1

+ (ω′′, ω′;µ)dω′′ = δ(ω − ω′)∫
Z−1

+ (ω, ω′′;µ)Z+(ω′′, ω′;µ)dω′′ = δ(ω − ω′)



Evolution equation

∂O+(ω;µ)

∂ log µ
+

∫
Γ+(ω, ω′;µ)O+(ω′;µ)dω′ = 0

Γ+(ω, ω′;µ) =

∫
Z−1

+ (ω, ω′′;µ)
∂Z+(ω′′, ω′;µ)

∂ log µ
dω′′

= −
∫
∂Z−1

+ (ω, ω′′;µ)

∂ log µ
Z+(ω′′, ω′;µ)dω′′



1 loop

Z+(ω, ω′;µ) = δ(ω − ω′) + z
(1)
+ (ω, ω′;µ)as + · · ·

Z−1
+ (ω, ω′;µ) = δ(ω − ω′)− z(1)

+ (ω, ω′;µ)as + · · ·
Γ+(ω, ω′;µ) = Γ

(1)
+ (ω, ω′;µ)as + · · ·

as =
αs(µ)

4π

Γ
(1)
+ (ω, ω′;µ) =

∂z
(1)
+ (ω, ω′;µ)

∂ log µ
− 2εz

(1)
+ (ω, ω′;µ)



1 loop

Z+(ω, ω′;µ) = δ(ω − ω′) + z
(1)
+ (ω, ω′;µ)as + · · ·

Z−1
+ (ω, ω′;µ) = δ(ω − ω′)− z(1)

+ (ω, ω′;µ)as + · · ·
Γ+(ω, ω′;µ) = Γ

(1)
+ (ω, ω′;µ)as + · · ·

as =
αs(µ)

4π

Γ
(1)
+ (ω, ω′;µ) =

∂z
(1)
+ (ω, ω′;µ)

∂ log µ
− 2εz

(1)
+ (ω, ω′;µ)



Calculation

M = <0|O+(ω)|q(p), Q∗v(p′)>
= Z1/2

q Z̃
1/2
Q [δ(p+ − ω)γ+ +M1 +M2 +M3]

= <0|O+(ω;µ)|q(p), Q∗v(p′)>

+ as

∫
z

(1)
+ (ω, ω′;µ)δ(p+ − ω′)γ+dω

′



Diagram 1

ω

p

k

p− k

p+ = ω′

p⊥ = 0

p2 = p+p− < 0

M1 = iCFg
2
0

∫
ddk

(2π)d

δ(p+ − ω)− δ(k+ − ω)

p+ − k+

× γ+/kγ+

[−(p− k)2 − i0] [−k2 − i0]

γ+/kγ+ = 2k+γ+



M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

×
[
f1(ω, ω

′)− δ(ω − ω′)
∫
f1(ω

′′, ω′)dω′′
]

πd/2(−p2)−εΓ(ε)f1(ω, ω
′)

= −i ω

ω′ − ω

∫
ddk

δ(k+ − ω)

[−(p− k)2 − i0] [−k2 − i0]

α parametrization

1

−k2 − i0
=

∫ ∞

0

e(k
2+i0)αdα

= − 2i
ω

ω′ − ω

∫
ddk dα1 dα2

dν

2π

× exp
[
α1(k − p)2 + α2k

2 + 2iν(k · n+ − ω)
]



M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

×
[
f1(ω, ω

′)− δ(ω − ω′)
∫
f1(ω

′′, ω′)dω′′
]

πd/2(−p2)−εΓ(ε)f1(ω, ω
′)

= −i ω

ω′ − ω

∫
ddk

δ(k+ − ω)

[−(p− k)2 − i0] [−k2 − i0]

α parametrization

1

−k2 − i0
=

∫ ∞

0

e(k
2+i0)αdα

= − 2i
ω

ω′ − ω

∫
ddk dα1 dα2

dν

2π

× exp
[
α1(k − p)2 + α2k

2 + 2iν(k · n+ − ω)
]



M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

×
[
f1(ω, ω

′)− δ(ω − ω′)
∫
f1(ω

′′, ω′)dω′′
]

πd/2(−p2)−εΓ(ε)f1(ω, ω
′)

= −i ω

ω′ − ω

∫
ddk

δ(k+ − ω)

[−(p− k)2 − i0] [−k2 − i0]

α parametrization

1

−k2 − i0
=

∫ ∞

0

e(k
2+i0)αdα

= − 2i
ω

ω′ − ω

∫
ddk dα1 dα2

dν

2π

× exp
[
α1(k − p)2 + α2k

2 + 2iν(k · n+ − ω)
]



Shift k′ = k − α1p− iνn+

α1 + α2

= − 2i
ω

ω′ − ω

∫
dα1 dα2 exp

[
α1α2

α1 + α2

p2

]
×
∫

dν

2π
exp

[
2iν

(
α1

α1 + α2

ω′ − ω
)]

×
∫
ddk′ exp

[
(α1 + α2)(k

′2 + i0)
]

Wick rotation k0 = ikE0∫
ddk eα(k2+i0) = i

∫
ddkE e

−αk2
E = i

(π
α

)d/2



Shift k′ = k − α1p− iνn+

α1 + α2

= − 2i
ω

ω′ − ω

∫
dα1 dα2 exp

[
α1α2

α1 + α2

p2

]
×
∫

dν

2π
exp

[
2iν

(
α1

α1 + α2

ω′ − ω
)]

×
∫
ddk′ exp

[
(α1 + α2)(k

′2 + i0)
]

Wick rotation k0 = ikE0∫
ddk eα(k2+i0) = i

∫
ddkE e

−αk2
E = i

(π
α

)d/2



(−p2)−εΓ(ε)f1(ω, ω
′)

=
ω

ω′ − ω

∫
dα1 dα2 (α1 + α2)

−d/2 exp

[
α1α2

α1 + α2

p2

]
× δ

(
α1

α1 + α2

ω′ − ω
)

Substitution αi = ηxi

=
ω

ω′ − ω

∫
dx1 dx2 δ(x1 + x2 − 1)δ(x1ω

′ − ω)

×
∫
dηη−1+εe−(−p2)x1x2η



(−p2)−εΓ(ε)f1(ω, ω
′)

=
ω

ω′ − ω

∫
dα1 dα2 (α1 + α2)

−d/2 exp

[
α1α2

α1 + α2

p2

]
× δ

(
α1

α1 + α2

ω′ − ω
)
× δ(α1 + α2 − η)dη

Substitution αi = ηxi

=
ω

ω′ − ω

∫
dx1 dx2 δ(x1 + x2 − 1)δ(x1ω

′ − ω)

×
∫
dηη−1+εe−(−p2)x1x2η



(−p2)−εΓ(ε)f1(ω, ω
′)

=
ω

ω′ − ω

∫
dα1 dα2 (α1 + α2)

−d/2 exp

[
α1α2

α1 + α2

p2

]
× δ

(
α1

α1 + α2

ω′ − ω
)
× δ(α1 + α2 − η)dη

Substitution αi = ηxi

=
ω

ω′ − ω

∫
dx1 dx2 δ(x1 + x2 − 1)δ(x1ω

′ − ω)

×
∫
dηη−1+εe−(−p2)x1x2η



f1(ω, ω
′) =

θ(ω′ − ω)

(ω′ − ω)1+ε

ω1−ε

(ω′)1−2ε



Distribution∫
[F (ω, ω′)]+ ϕ(ω′)dω′ =

∫
F (ω, ω′) (ϕ(ω′)− ϕ(ω)) dω′

Formally

F (ω, ω′) = [F (ω, ω′)]+ + δ(ω − ω′)
∫
F (ω, ω′′)dω′′

M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

[
[f1(ω, ω

′)]+

+ δ(ω − ω′)
(∫

f1(ω, ω
′′)dω′′ −

∫
f1(ω

′′, ω)dω′′
)]



Distribution∫
[F (ω, ω′)]+ ϕ(ω′)dω′ =

∫
F (ω, ω′) (ϕ(ω′)− ϕ(ω)) dω′

Formally

F (ω, ω′) = [F (ω, ω′)]+ + δ(ω − ω′)
∫
F (ω, ω′′)dω′′

M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

[
[f1(ω, ω

′)]+

+ δ(ω − ω′)
(∫

f1(ω, ω
′′)dω′′ −

∫
f1(ω

′′, ω)dω′′
)]



Coefficient of δ(ω − ω′): substitution x = ω′′/ω∫ ∞

1

x−1+2ε(1− x)−1−εdx−
∫ 1

0

x1−ε(1− x)−1−εdx

=

∫ 1

0

(
x−ε − x1−ε

)
(1− x)−1−εdx =

∫ 1

0

x−ε(1− x)−εdx

M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

×
[(

θ(ω′ − ω)

(ω′ − ω)1+ε

ω1−ε

(ω′)1−2ε

)
+

+
Γ2(1− ε)
Γ(2− 2ε)

δ(ω − ω′)
]



Coefficient of δ(ω − ω′): substitution x = ω′′/ω∫ ∞

1

x−1+2ε(1− x)−1−εdx−
∫ 1

0

x1−ε(1− x)−1−εdx

=

∫ 1

0

(
x−ε − x1−ε

)
(1− x)−1−εdx =

∫ 1

0

x−ε(1− x)−εdx

M1 = 2CF
g2
0(−p2)−ε

(4π)d/2
Γ(ε)γ+

×
[(

θ(ω′ − ω)

(ω′ − ω)1+ε

ω1−ε

(ω′)1−2ε

)
+

+
Γ2(1− ε)
Γ(2− 2ε)

δ(ω − ω′)
]



Diagram 2

ω

p′
p′ − k

k

p′ · v = ω1 < 0

M2 = − iCFg
2
0

∫
ddk

(2π)d

δ(p+ + k+ − ω)− δ(p+ − ω)

k+

× v+γ+

[−k2 − i0] [−(p′ − k) · v − i0]



M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

×
[
f2(ω − ω′)− δ(ω − ω′)

∫
f2(ω

′′)dω′′
]

πd/2Γ(ε)f2(ω
′′)

= − i

2ω′′

∫
ddk

δ(k+ − ω′′)
[−k2 − i0] [−(p′ − k) · v − i0]

= − 2i

ω′′

∫
ddk dα1 dα2

dν

2π

× exp
[
α1k

2 + 2α2(p
′ − k) · v + 2iν(k · n+ − ω′′)

]



M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

×
[
f2(ω − ω′)− δ(ω − ω′)

∫
f2(ω

′′)dω′′
]

πd/2Γ(ε)f2(ω
′′)

= − i

2ω′′

∫
ddk

δ(k+ − ω′′)
[−k2 − i0] [−(p′ − k) · v − i0]

= − 2i

ω′′

∫
ddk dα1 dα2

dν

2π

× exp
[
α1k

2 + 2α2(p
′ − k) · v + 2iν(k · n+ − ω′′)

]



Shift k′ = k − α2v − iνn+

α1

= − 2i

ω′′

∫
dα1 dα2 exp

[
−α

2
2

α1

+ 2ω1α2

]
×
∫

dν

2π
exp

[
2iν

(
α2

α1

− ω′′
)]

×
∫
ddk′ exp

[
α1(k

′2 + i0)
]

Γ(ε)f2(ω
′′) =

1

ω′′

∫
dα1 dα2 α

−d/2
1 exp

[
−α

2
2

α1

+ 2ω1α2

]
× δ

(
α2

α1

− ω′′
)

Substitution α2 = α1y

=
1

ω′′

∫
dy δ(y − ω′′)

∫
dα1α

−1+ε
1 e−y(y−2ω1)α1



Shift k′ = k − α2v − iνn+

α1

= − 2i

ω′′

∫
dα1 dα2 exp

[
−α

2
2

α1

+ 2ω1α2

]
×
∫

dν

2π
exp

[
2iν

(
α2

α1

− ω′′
)]

×
∫
ddk′ exp

[
α1(k

′2 + i0)
]

Γ(ε)f2(ω
′′) =

1

ω′′

∫
dα1 dα2 α

−d/2
1 exp

[
−α

2
2

α1

+ 2ω1α2

]
× δ

(
α2

α1

− ω′′
)

Substitution α2 = α1y

=
1

ω′′

∫
dy δ(y − ω′′)

∫
dα1α

−1+ε
1 e−y(y−2ω1)α1



Shift k′ = k − α2v − iνn+

α1

= − 2i

ω′′

∫
dα1 dα2 exp

[
−α

2
2

α1

+ 2ω1α2

]
×
∫

dν

2π
exp

[
2iν

(
α2

α1

− ω′′
)]

×
∫
ddk′ exp

[
α1(k

′2 + i0)
]

Γ(ε)f2(ω
′′) =

1

ω′′

∫
dα1 dα2 α

−d/2
1 exp

[
−α

2
2

α1

+ 2ω1α2

]
× δ

(
α2

α1

− ω′′
)

Substitution α2 = α1y

=
1

ω′′

∫
dy δ(y − ω′′)

∫
dα1α

−1+ε
1 e−y(y−2ω1)α1



f2(ω
′′) =

θ(ω′′)

(ω′′)1+ε(ω′′ − 2ω1)ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[
[f2(ω − ω′)]+

+ δ(ω − ω′)
(∫ ω

0

f2(ω − ω′′)dω′′ −
∫ ∞

0

f2(ω
′′)dω′′

)]
Coefficient of δ(ω − ω′) at |ω1| � ω

−
∫ ∞

ω

f2(ω
′′)dω′′ = −

∫ ∞

ω

(ω′′)−1−2εdω′′ = −ω
−2ε

2ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[(
θ(ω − ω′)

(ω − ω′)1+2ε

)
+

− ω−2ε

2ε
δ(ω − ω′)

]



f2(ω
′′) =

θ(ω′′)

(ω′′)1+ε(ω′′ − 2ω1)ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[
[f2(ω − ω′)]+

+ δ(ω − ω′)
(∫ ω

0

f2(ω − ω′′)dω′′ −
∫ ∞

0

f2(ω
′′)dω′′

)]

Coefficient of δ(ω − ω′) at |ω1| � ω

−
∫ ∞

ω

f2(ω
′′)dω′′ = −

∫ ∞

ω

(ω′′)−1−2εdω′′ = −ω
−2ε

2ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[(
θ(ω − ω′)

(ω − ω′)1+2ε

)
+

− ω−2ε

2ε
δ(ω − ω′)

]



f2(ω
′′) =

θ(ω′′)

(ω′′)1+ε(ω′′ − 2ω1)ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[
[f2(ω − ω′)]+

+ δ(ω − ω′)
(∫ ω

0

f2(ω − ω′′)dω′′ −
∫ ∞

0

f2(ω
′′)dω′′

)]
Coefficient of δ(ω − ω′) at |ω1| � ω

−
∫ ∞

ω

f2(ω
′′)dω′′ = −

∫ ∞

ω

(ω′′)−1−2εdω′′ = −ω
−2ε

2ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[(
θ(ω − ω′)

(ω − ω′)1+2ε

)
+

− ω−2ε

2ε
δ(ω − ω′)

]



f2(ω
′′) =

θ(ω′′)

(ω′′)1+ε(ω′′ − 2ω1)ε

M2 = 2CF
g2
0

(4π)d/2
Γ(ε)γ+

[
[f2(ω − ω′)]+

+ δ(ω − ω′)
(∫ ω

0

f2(ω − ω′′)dω′′ −
∫ ∞

0

f2(ω
′′)dω′′

)]
Coefficient of δ(ω − ω′) at |ω1| � ω

−
∫ ∞

ω

f2(ω
′′)dω′′ = −

∫ ∞

ω

(ω′′)−1−2εdω′′ = −ω
−2ε

2ε

M2 = 2CF
g2
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(4π)d/2
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θ(ω − ω′)

(ω − ω′)1+2ε
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+

− ω−2ε

2ε
δ(ω − ω′)
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k − p
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UV finite
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+
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4πε
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ω′ − ω
ω

ω′
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ω − ω′
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+

+
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− 1

2ε
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ω
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5

4

)
δ(ω − ω′)
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2
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2
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Evolution equation

∂ϕ+(ω;µ)

∂ log µ
+

[
−Γ(as) log

ω

µ
+ γ(as)

]
ϕ+(ω;µ)

+

∫
Γ(ω, ω′; as)ϕ+(ω′;µ)dω′ = 0

∫
Γ(ω, ω′; as)ω

′ndω′ = Γ̃(n, as)ω
n

Γ̃(n, as) = Γ̃0as + · · ·
Γ̃0(n) = 4CF [ψ(1 + n) + ψ(1− n) + 2γE]



Evolution equation

∂ϕ+(ω;µ)

∂ log µ
+

[
−Γ(as) log

ω

µ
+ γ(as)

]
ϕ+(ω;µ)

+

∫
Γ(ω, ω′; as)ϕ+(ω′;µ)dω′ = 0

∫
Γ(ω, ω′; as)ω

′ndω′ = Γ̃(n, as)ω
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∂
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µ
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ω

µ
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dξ

d log µ
log

ω

µ
− n− ξ

]

dξ

d log µ
= Γ(as)

ϕ+(ω;µ) =

(
µ0

µ

) Γ0
2β0
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[
− β1

2β0Γ0

ξ2 +

(
β1

β2
0

− Γ1

2β0Γ0

− γ0

Γ0

− 2γE

)
ξ

](
ω

ΛMS

)ξ

×
∫ +∞

−∞
<ω−1−in>

(µ0)
+ ωin Γ(1− ξ − in)Γ(1 + in)

Γ(1 + ξ + in)Γ(1− in)

× exp

(
−i β1

β0Γ0

ξn

)
dn

2π
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Sum rules

−x 0

z
i<TO±(t)̄+(−x)> =

γ±
1 + γ0

2
δ(~x )θ(x0)Π̃±(x0, t)

Fourier transform

Π±(x0, ω) =

∫
Π̃±(x0, t)eiωt dt

2π

Analytically continuing from x0 > 0 to x0 = −iτ

Π±(τ, ω) =

∫
ρ±(ε, ω)e−ετdε = F 2ϕ̃±(ω)e−Λ̄τ + Πc

±(τ, ω)



Sum rules
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z
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Perturbative contribution
Fixed-point gauge xµAµ(x) = 0

Π̃
(1)
+ (τ, t) =

Nc

2π2τ(τ + 2it)2
Π̃

(1)
− (τ, t) =

Nc

2π2τ 2(τ + 2it)

Fourier transform

Π
(1)
+ (τ, ω) =

Nc

8π2τ
ωe−ωτ/2 Π

(1)
− (τ, ω) =

Nc

4π2τ 2
e−ωτ/2

Spectral densities (contour a > 0)

ρ±(ε, ω) =

∫ a+i∞

a−i∞
Π±(τ, ω)eετ dτ

2πi

ρ+(ε, ω) =
Nc

8π2
ω θ
(
ε− ω

2

)
ρ−(ε, ω) =

Nc

4π2

(
ε− ω

2

)
θ
(
ε− ω

2

)
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Quark condensate

Π̃
(2)
± (x0, t) = −1

4
<q̄q>fS((x+ z)2)

Bilocal quark condensate

fS(x2) =
<q̄(0)[0, x]q(x)>

<q̄q>
= 1 +

m2
0

16
x2 + · · ·

fS(x2) =

∫
f̃S(ν)eνx2

dν∫
f̃S(ν)dν = 1

∫
f̃S(ν)νdν =

m2
0

16
. . .

Π
(2)
± (τ, ω) = −<q̄q>

8τ
f̃S

( ω
2τ

)
e−ωτ/2
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Bilocal quark condensate

Local OPE

f̃S(ν) = δ(ν)− m2
0

16
δ′(ν) + · · ·

Asymptotics at large −x2

fS(x2) ∼ e−Λ̄
√
−x2

Bakulev–Mikhailov anzatz

f̃S(ν) = N exp

(
−Λ̄2

4ν
− σν

)
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Sum rules
Model of spectral densities

ρ±(ε, ω) = F 2ϕ±(ω)δ
(
ε− Λ̄

)
+ ρ

(1)
± (ε, ω)θ(ε− εc)

Sum rules

F 2ϕ+(ω)e−Λ̄τ =
Nc

8π2τ
ωe−ωτ/2δ0

((
εc −

ω

2

)
τ
)

− <q̄q>

8τ
f̃S

( ω
2τ

)
e−ωτ/2

F 2ϕ−(ω)e−Λ̄τ =
Nc

4π2τ 2
e−ωτ/2δ1

((
εc −

ω

2

)
τ
)

− <q̄q>

8τ
f̃S

( ω
2τ

)
e−ωτ/2

δn(x) = θ(x)

(
1− e−x

n∑
m=0

xm

m!

)
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Grozin–Neubert model

ϕ+(ω) =
ω

ω2
0

e−ω/ω0 ϕ−(ω) =
1

ω0

e−ω/ω0

From <ω>±

ω0 =
2

3
Λ̄

ωω0

ϕ+(ω)

ϕ−(ω)

Compare with Wandzura–Wilczek



Radiative correction

ρ+(ε, ω) =
Nc

8π2
ω

×



x > 1 : 1 + CF
αs

4π

[
−2 log2 ω

µ
− 4
(
log(x− 1) + 1

)
log

ω

µ

+ 2 Li2

(
1

1− x

)
− log2(x− 1)

− (2x+ 3) log(x− 1) + 2x log x+
7

12
π2 + 7

]
x < 1 : 2CF

αs

4π

[
2
(
log(1− x) + x

)
log

ω

µ
+ 2 log2(1− x)

+ (2x− 1) log(1− x)− x
]

x =
2ε

ω
Perturbative 1/ω tail with αs/(4π)
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