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Univerzita Mateja Bela, Banská Bystrica, Slovakia
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Outline

1 (Net) Proton number fluctuations and the influence of deuterons

2 Production mechanism of deuterons and their scaled moments
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Part 1: proton number fluctuations

particle number fluctuations are sensitive to the phase transition

higher-order cumulants are sensitive to the vicinity of the critical point

however, cumulants can be influenced:

conservation laws
final state hadronic interactions
acceptance effects
efficiency effects
. . .
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The influence of deuteron formation

deuterons are formed after the fireball breakup

some of the originally produced protons are eaten up by deuterons

deuteron numbers scales with n2
p – non-linear coupling to proton

number

therefore, if proton number in an event is high, many protons
disappear in deuterons

this must be seen in higher moments of multiplicity distributions
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The measures

np is the number of protons
〈· · · 〉 = averaging over events

variance

σ2 = 〈(np − 〈np〉)2〉

skewness

S =
〈(np − 〈np〉)3〉

σ3

kurtosis

κ =
〈(np − 〈np〉)4〉

σ4
− 3

Positive SkewNegative Skew

kurtosis measures the tails:
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Underlying distributions of protons and deuterons

initial proton number distribution Poissonian

Pi (ni ) = λnip
e−λp

ni !

NB: ni is not measurable – it still includes protons which go into
deuterons

average number of deuterons is proportional to n2
i

λd = Bn2
i

number of deuterons fluctuates according to Poisson distribution

Pd(nd |ni ) = λndd
e−λd

nd !
= (Bn2

i )nd
e−Bn2

i

nd !
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The observed distributions of protons and deuterons

the observed number of deuterons is distributed as

Pd(nd) =
∑
ni≥nd

Pd(nd |ni )Pi (ni )

the measured proton number is obtained after subtracting protons in
deuterons np = ni − nd

observed proton number distribution

P(np) =
∑
ni≥np

Pi (ni )Pd(ni − np|ni )
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Parameters fixed by observables

parameters are:

mean initial proton number λp
coalescence factor B

can be fixed with the help of observed multiplicities:

〈np〉 =
∑

np
np P(np)

〈nd〉 =
∑

nd
nd P(nd)

parametrisation of the mean
deuteron/proton ratio

d

p
= 0.8
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sNN
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Skewness and kurtosis after subtraction of deuteronsNET-PROTON-NUMBER KURTOSIS AND SKEWNESS IN . . . PHYSICAL REVIEW C 92, 064908 (2015)

FIG. 2. Scaled skewness Sσ as a function of the mean observed
proton number and the coalescence parameter B in the region of
values relevant for AGS and SPS collision energies.

We also see a strong deviation from unity for large values of
⟨np⟩ and B. In fact the scaled kurtosis may take values which
are both smaller or larger than unity.

For a medium value of proton multiplicity and/or coa-
lescence parameter the obtained deuteron number limits the
possible observed proton number fluctuation. Since the mean
deuteron number scales with the square of proton number,
if the proton number becomes large in an event, the number
of deuterons makes even larger relative deviation from the
mean. This limits the fluctuations of the observed protons
mainly on the upper side of the distribution and the tails of
the distribution are below a comparable Poisson distribution.
When the deuteron number grows further, it starts pushing the
observed proton number down [in agreement with Eq. (5)].
This increases the deviations of the proton number from the
mean to lower values. The left tail of the distribution is above

FIG. 3. Same as Fig. 2 but for the scaled kurtosis κσ 2.

FIG. 4. (Color online) Analytic results for the skewness and
kurtosis for Au + Au collisions in the energy range where antiproton
production is not important.

Poissonian and the kurtosis grows. The skewness becomes
clearly smaller.

Figure 4 shows the results for the beam energy dependence
of the scaled skewness and kurtosis, using as input measured
midrapidity yields of protons and deuterons. We observe
a clear deviation from unity for all beam energies under
consideration.

IV. RESULTS INCLUDING ANTIPROTONS

In order to extend our investigations to beam energies
higher than

√
sNN ≈ 10 GeV, we need to include the effects of

antiprotons and antideuterons into our study. This extension
of our approach is straightforward. As the measured mean
proton and antiproton numbers are known we can assume that
both the proton and antiproton number separately follow a
Poisson distribution. From this assumption, the initial proton
and antiproton number can be sampled independently and
according to their measured multiplicities, as described in the
previous section. Since the fluctuations of both are described
by uncorrelated Poisson distributions the fluctuations of the
initial net-proton number should be described by a Skellam
distribution. Assuming that the coalescence parameter for
antideuterons is identical to that of deuteron formation we
can numerically determine the final net-proton number in a
given event as

np−p = (ni − nd ) − (ni − nd ), (12)

as well as the corresponding net-proton number distributions.
To obtain the mean final net-proton number and its cumulants
we perform a numerical sampling of the initial proton and
antiproton number as well as the corresponding (anti)deuteron
numbers in each event. To achieve satisfactory statistics we
sample 109 events per beam energy. The resulting scaled
cumulants of the proton number distributions, Sσ and κσ 2,
are shown in Fig. 5 as functions of energy for central Au + Au
reactions over a broad range of energies. We compare our
numerical results including antiprotons and antideuterons with
the analytical results obtained in the previous section. For
the lower SPS energies only small variations are observed.
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Example: distributions of p and d for 〈np〉 = 83.3 and B = 1.5× 10−3
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Results for scaled cumulants as functions of
√
sNN

low energy: no antiprotons
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higher energy:
also antiprotons fluctuate
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Formation of deuterons has an important impact on proton number
fluctuations.
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Part 2: thermal production vs coalescence of deutrons

due to their fragility, deuterons can hardly exist in the dense hadronic
system

mean production numbers are well described by coalescence

good description of data is also obtained with the help of Statistical
model

Such models could be distinguished by fluctuations

in Statistical model fluctuations of all species are Poissonian

coalescence leads to non-Poissonian fluctuations of clusters
(deuterons)
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Deuteron number distribution

Model A: fully correlated proton and neutron numbers (as previously)

λd = Bn2
i

Pd(nd |ni ) = λndd
e−λd

nd !
= (Bn2

i )nd
e−Bn2

i

nd !

Pd(nd) =
∑
ni≥nd

Pd(nd |ni )Pi (ni )

Model B: independent proton number ni and neutron number nj

λd = Bninj

Pd(nd |ni , nj) = λndd
e−λd

nd !
= (Bninj)

nd
e−Bninj

nd !

Pd(nd) =
∑

ni ,nj≥nd

Pd(nd |ni , nj)Pi (ni )P(nj)
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An example of deuteron number distribution

calculated for
√
sNN = 2.6 GeV

correlated p and n: σ2/〈nd〉 = 1.609, Sσ = 2.218, κσ2 = 6.915
independent p and n: σ2/〈nd〉 = 1.308, Sσ = 1.616, κσ2 = 3.422
Poissonian values are 1.
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Predictions for the deuteron scaled moments

correlated p and n number
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Poissonian values (Statistical model) would be 1!
Particularly higher moments can clearly distinguish production by
coalescence!
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Summary

Deuteron formation has large influence on proton number fluctuations,
especially at NICA energies.

Z. Fecková, J. Steinheimer, B. Tomášik, M. Bleicher, Phys. Rev. C 92, 064908 (2015)

Higher moments of deuteron number distribution can help to distinguish
between statistical production and coalescence.

Z. Fecková, J. Steinheimer, B. Tomášik, M. Bleicher, Phys. Rev. C 93, 054906 (2016)
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