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Critical static.

Green functions at finite temperature.
Quantum non-relativistic models will be described.
Let us start with the quantum — field model with the action

S= UG - W) (21)
m 2
Here t is an imaginary "time"belongs to temperature dependent
range [0, 3 = 1/kT]. v, ¥* fields are usual or Grasman variables
related to particles wave—functions. All necessary integrations in t and
x are assumed. The periodic boundary conditions for Bose — particles
and anti-periodic for Fermi ones are implied.
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2.1 gives rise to the standard free-field temperature propagator

d —ip-(x—x")+iwn(t—t")
GOt x: ¢ X) = rz/ SRR
iw, + €

AP i xex)—e(t—t) / 1
_/We oe—t)+ = |- (22)

2
where € = p_ — L.
Let us start fnom the Bose system. At critical region ¢ — 0 then

G© — 1/(p?/(2m) — ). Fields are t independent. 2.1 became a

usual ¢* theory that is usual for the descriptions of continuous phase
transitions.
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This transitions is described by Renormalization Group (RG)
approach and 4 — € expansion.

RG approach:

1. The construction of the models.

2. The calculations of diagrams.

3. The investigation of the higher order asymptotes.

4. The ressumations.

Competition: the calculations of the renormalization constants from
the difficult diagrams up to some level.

1-loop calculations — Wilson,... Vladimirov, Vasiljev, Kozakov,
Chetyrkin — 5-loops calculations.

New progress: Adzhemyan, Kompaniets — 6-loops.

The possibility of the obtaining of critical indexes up to €® (¢’ for
eta). The problem: e expansion is divergent.
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Lipatov's asymptotic:

GM) ~ N1aVnb(G)C(G),

where GV is N-th order of the € expansion of G.
Borel-resummation:

(N)
Z(G(NkNH/dtefZ(GN! (et)V).

Conform transformations is needed for calculation of [ dt. The
Lipatov's asymptotic is needed for conform transformation.
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Quantum Bose — system

The Lipatov's asymptotic of the perturbation expansion in the
quantum Bose system as for as the Goldstone singularities here were
described in

"Bose-Einstein condensation beyond perturbation theory: Goldstone
singularities and instanton solution" Juha Honkonen, Marina V.
Komarova and Mikhail Yu. Nalimov European Physical Journal B,
2014,87: 75
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Quantum Fermi — system, supercondactive phase transition

Fermions with high spines.

Ultra-cold atoms: s=3/2, 5/2,..., 9/2. Graphene example: sublattice,
symmetry of the zonal structure..

The action is the same S = i) (0; — 4= — )i — 5(VF V) (W] )
To describe the phase transition in a supercondactive state let us
introduce additional fields x;, x;; and rewrite action (2.1) in a form:

S =1 (9 — % — )i + X X + \/éXU(@D?L@Df) + \/gx,}r(?/)i@bj)-
(5.1)

X, x fields are antisymmetric matrices with range r determined by

the number of components of spinor ).

Let us integrate theory with the action (5.1) over fields ¢, .
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Quantum Fermi — system, supercondactive phase transition

As a result we obtain

Lo 179
S :X;XU—FENOV\ +Z (5.2)

An effective action is obtained by taking all graph in a form of
expansion in external momenta (Ginzburg-Landau Hamiltonian).

gt

> (tr(0C0) + S ac). (8.3)

S = OaXj; OaXij + TXG Xij + >

The parameters of the action are calculated.
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Quantum Fermi — system, supercondactive phase transition

The stability conditions for the action are
g >0, g+rg >0 (5.4)

Beta functions of the theory are obtained in five-loops
approximations(about 120000 diagrams); one-loop approximation:

3 9
Bar = —cgi+ (" —r+6)gf +3(r—ggo + 785 (55)

3
Pg2 = —€g2 + 9818 + 31(2r - 5)g22.
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Quantum Fermi — system, supercondactive phase transition

This system has only one fixed point g1. = 0, go = 9¢/(3(r* + 8)). It
is IR stable in r = 2 case correspondent to usual fermions with 1/2
spin.

For r > 2 case the system (5.5) has no IR stable fixed points. Usually
in such situation I-st order phase transition is suspected.

The resummation process requires knowledge about the asymptotic
behavior B,(N)(EI,EQ) at N — co.

a=a(n2ng + &). (5.6)
5,'(N)(g1,g2) = const;NIN® (_a)N (1 +0 (N_l)) ) (5.7)
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Quantum Fermi — system, supercondactive phase transition

r0.6

r0.3

0.2 —0.1 g1

Puc.: The solutions of the RG equations(D = 3, r. = 4) at different loops.
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Quantum Fermi — system, supercondactive phase transition

2.5

0.6 0.4 0.2 0.1 g1

Puc.: Trajectories of the running coupling constants at D = 3 and r = 4.
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Quantum Fermi — system, supercondactive phase transition

0.6 0.4 02 0.1 g1

Puc.: Trajectories of the running coupling constants at D = 2 and r = 4,

Nalimov M.Yu. Investigation of the static and dynamic properties of the g



Quantum Fermi — system, supercondactive phase transition

The loss of the action stability is usually considered as a mark of the
first-order phase transition. Because the interaction terms (~ x*) of
the action are not positively defined now, we have to take into
account the next term (~ x°) of the “bubble” expansion of the action
(5.2).

Let us consider an effective action with an additional F3 = tr(xTy)3
term. In renormalization procedure in 4 — ¢ scheme F3 will be
considered as a composite operator of canonical dimension

Az =6 — 3c. Also, there are composite operators

Fo = tr(xTx)?tr(x"x) and F1 = (tr x'x)? with the same canonical
dimension as F3, therefore they may be mixed in the process of
renormalization.

The matrix Z was calculated in three-loop approximation.
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Quantum Fermi — system, supercondactive phase transition

p = (x) is an order parameter of phase transition in the model
considered. A non-zero value of 3 leads to phase transition to the
superfluid phase. The value for magnitude 3 can be calculated by
minimization of free energy —I'. In the framework of the Landau
mean field theory this functional can be written in the form

—T =rirpte+ 52 (er3p7)" + trﬁﬁTﬂﬁT +  (58)
Aoz
—6 L (rBBY)° + % tr (56*) tr 387+ S2tr (587)°
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Quantum Fermi — system, supercondactive phase transition

Puc.: Thermodynamics potential as a function of order parameter.
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Quantum Fermi — system, supercondactive phase transition

Then we can state that in the model considered the first-order phase
transition takes place at a temperature higher than the predictions for
continuous phase transitions.

AT 691276 / Ty \*
- - (-0) (5.9)

To = o 7¢C(3) \Tr
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Critical dynamics.

In the standart terminology the model F of critical dynamics is
described by the order parameter of conjugated fields 1(x, t),

Yt (x, t) that are averages of the Bose-particle field operators, and a
field m(x, t) connected with temperature fluctuations in the system.
The dynamics of all these fields is given by the Langevin equations

Onh = fy + Ao(1 + ibo)[0%) (6.1)
—8o1 (V)Y /3 + goam] + iAozt goathTp — m],

Oem = fry — Notod?[goat) " 1h — m] + iXogos[) " O*Y — *YT], (6.2)

and equation for ¢t field is given by complex conjugation of (6.1).
g0 = 0 in E model.
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Critical dynamics.

The random forces fy, f,, are assumed to be Gaussian random
variables with zero means and correlators Dy, D, with the
white-noise correlations in time.

Dy(p,t,t') = M6(t — t'),  Dm(p,t,t') = Nouop®d(t — t'). (6.3)

The constants go1, goo and gos define the intensity of (self)interactions
of the order parameter and m field; the parameters \y and uqg relate
to the diffusion coefficient, by is an intermode coupling.

Nalimov M.Yu. Investigation of the static and dynamic properties of the g



Critical dynamics.

MSR field-theoretic action reads

S = 20T — Nouom'0?m’ 4 ¢ {—0pb+
+ Xo(1 + ibo)[0%1) — gor (VT )1/3 + Goami)]
+ iXot)[8o2803t Y — goam + gosho]} + V' { =0T
+ Ao(1 — ibo) [0V — gor(¥ T Y)Y /3 + goomi ]
— iAo (028030 Y — goam + gozhol }
+ m'{—=0:m — Aupd*[—m + goot0 "¢
+ ho] + iAgos[v T Y — YT},
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Critical dynamics.

At the present time, there is no general consensus which dynamic
model (E or F) is genuine from the point of view of experimentally
measurable quantities. There exist two RG fixed points in the dynamic
model E, which are candidates to the possible IR stable regimes.
Two-loop calculations do not lead to the decision about the true fixed
point because of the lack of accuracy in the w calculation. The value
of the w index depends on the chosen dynamical model. For the same
fixed point the w value obtained in the framework of the model F can
differ from the analogous w in the model E. The presence of
non-perturbation charges leads to difficulties of the applications of
multi-loop algorithms. But we have calculated all first order graphs
and investigate the influence of hydrodynamic fluctuations. We
developing the methods of multi-loop numerical calculations now.
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Higher order asymptotes of perturbation series.

Moreover The higher order asymptotes of perturbation series in
dynamical models with Gibbsian static limit are determined in our
articles.
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Time -dependent Green functions at Finite temperature.

The problem discussed is a model dependent. Then it is worth while
discussing the alternative direct approach.
The Green functions

G(X1, try ooy X, ) =< T(@Z(Xl,tl) @(Xm tn)) >

where

< ..>= Sp(..e”").
can be represented in the form

o B(x.t)=6(x) ,
< 30l p(x)]) >= / DYDY +e’s
P

(x',t1)=a(x")
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Time -dependent Green functions at Finite temperature.

Propagators for Bose model are
GRR = e*"e(t*t/)(@,-j(t — tl) + n(e)). GRA = eiie(tit’)n.

GRT = eiie(titl)n. GAA = e*"e(t*t/)(@(t' - t) + n).
Gar = e_ie(t_t/)(n + 1) Gat = ety
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Time -dependent Green functions at Finite temperature.

GTR = e*"e(t*t/)(n + ].) GTA = e*"e(t*tl)(n —+ 1)
Grr = e =(O(t — t') + n). n(e) =1/(e’ —1).

There are unusual singularites in the perturbation expansion:

—O— /gn/dt’ —a=t)(Q(t, — t') + n(e))

ef/e(tzft )(@(fz —t ) + n(e)) ~ tout — tin
But we have found a dissipation due to the renormalization in second
order of the perturbation expansion.
Critical behavior:

After the change of variables

§= i(1/)/;’ +1a), n= i(¢R —Ya)
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Time -dependent Green functions at Finite temperature.

in the IR region the propagators are

H / / 1
+ —ie(t—t")=4|t—t/|
< £n+ >= e—ie(t—t’)—&\t—t/|e(t _ t')
< 77£+ >— _efie(tft’)f(ﬂtft’\e(t/ _ t)
1 .y 2
< wT€+ >— _efle(tft)_

V2 Bk?

< é'w'_,': >—= 1 —ie(t—t')i

V2° K2

<t >=<ym’ >=<npp’T >=0, <Yrgy>= ez
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And the action is

s- | dx( [ et n(o—(i+a)a)e igmeeet)- [ dtlal(s

\

042

tF

with the additional interactions:

va [ ax(vror [atlue)) + g [ ox( [ atoe] [ atluc))

) [ dely1-V2 [ dtlal(i+a)ot - 00rBit+gbirituri
/




+7 / dX(wrdt[n] / dt[n§1)+g8 / dx@ﬂw [ et | dt[n])
+e [ on (wr [ et [ attn | dt[n1>+gm / dx( [ ot [ et
/ dt[n]),+g11 / dX( / dt[n] / dt[n] / dt[n] / dt[n])-

We investigating this model now.
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