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QCD Phase Diagram
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Outline

z Motivations

X Different phases of QCD occur in the universe
X QCD simplifies in extreme environments
X The behaviors of different matter can be similar at the regime of tran-

sition

z Proper time method in two flavors space

z Results
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Why Electromagnetic Fields

Heavy ion collisions create the strongest magnetic fields in the Laboratory.

Different excited freedoms at different environments
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QCD Phase Diagram in the T − B Plane

Tχ and Tc investigated as a function of magnetic field. c.f. (G. Endrodi, JHEP,
07, 173 (2015).)
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Finite Temperature Consequences

Heavy ion collisions and most phase transitions happen at finite temper-
atures. For example, vacuum gluon (photon) polarization tensor Πµν will
become more complicated. c.f. (JC and M. Huang, arXiv:1609.04966)

Six second order tensors:

� The velocity of the fluid u + particle momentum p Ï three second order tensor u ⊗
u, u ⊗ q and q ⊗ q.

� Metric gµν.
� The electromagnetic tensor Fµν and dual tensor F̃µν = εαβµνFαβ.

Two constrains:

• Free choice of u2 = 1.
• Wald identity Πµνqν = 0.
ÍÑ Πµν contains four independent structures
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Tensor Structures
Set up four mutual orthogonal four momentums:

x0 = qµ; x1 = F̃µρqρ; x2 = Fµρqρ;
x3 = uµ − xµ0 u · x0

x20 − xµ1 u · x1
x21 − xµ2 u · x2

x22 .

Hence, the associated transversed symmetric tensors are

Pµν1 = xµ1xν1
x21 ; Pµν2 = xµ2xν2

x22 ; Pµν3 = xµ3xν3
x23 ,

which satisfy following relationship

Pµν
i = Pνµ

i ; Pµν
i qν = 0; P2

i = Pi; PiPj = 0; 3∑
i=1 P

µν
i = gµν − qµqν

q2 .

Since Πµν(q) = Πνµ(−q), the antisymmetric tensors are allowed:

Pµν4 = −Pνµ4 = uµxν2 − xµ2uν
u · q + Fµν, for P4Pi = 0.
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Branch Cuts in the Complex Q2-Plane

� without B:

� turning on B:
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Landau Damping from the Finite Landau Levels in Strong B

The first branch cut, q20 > q23 + 4M2,
Discπ1(q0) ' (2eB)|qq|3211 · πT3

The second branch cut, q20 < q23 + 2M2
n − 2√M4

n + q23M2
n < q23 ,

Discπ1(q0) ' ( j∑
n=0 + j∑

n=1
)
−14π 32

(2eB) (q4
q − 4q20M2

n
)12

T
12 |q0|32 Li−1

− e
−

q232|q0|T


where j = bq4
q /(8eBq20 )−M̂2c andM2

n = M2+2neB. The classification of the energy
scale is universal in the hard-loop action, where loop momenta k ∼ Mn; the
external momenta q3 ∼ λ−12T 12M 12n, q0 ∼ λ−32T. Discπ1 is at the order of
λ 74Li−1(− e−λ), which is not monotonically decreasing as λ increasing. c.f.
(JC and M. Huang, arXiv:1609.04966)

γ 
 q + q, γ + q 
 q
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CP Odd Effects in QCD

π0 → γγ, π− → e−ν̄eγ, γπ0 → π+π−

Anomalous loop diagrams in two flavour QCD

When Tr[γ5...] 6= 0, the pion
condensates are allowed due to
the odd parity domain being
created. c.f. (G. Cao and X.
G. Huang, Phys. Lett. B, 757, 1
(2016).)
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Neutral Pion Condensation and Chiral Density Wave

Put in a periodic ansatz

σ = M cos bx; π3 = M sin bx; π1,2 = ∆.
c.f. (Y. Hidaka, K. Kamikado, T. Kanazawa and T.

Noumi, Phys. Rev. D 92, 034003 (2015); H. Abuki, arXiv:1609.04605; P. Adhikari and J.
O. Andersen, arXiv:1610.01647; S. Carignano, L. Lepori, A. Mammarella, M. Mannarelli
and G. Pagliaroli, arXiv:1610.06097)

inhomogeneous is energetically favored
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Two Flavors NJL Model

For M = m0 + σ + iγ5πaτa and Dµ = pµ − qfAµ, one has

Seff = σ2 + π2
a4G + ln det (i /D −M) = σ2 + π2

a4G +Leff

and the fermions propagator obeys a second order equation via

Leff = 12 ln det [(i /D −M) (− i /D −M)]
= 12 ln det( /D2 + 2γ5γµπa {Dµ, τa}+ M2)

Without loss of generality, let πa = (∆, 0, 0) for charged pions. Therefore,{
qfAµδfab, τ1} = (Qτ0 + qτ2)Aµ where Q = qu + qd and q = qu − qd.
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Effective actions from Schwinger proper time

The key of Schwinger proper-time formalism is applying the mathematical
identity

i
A + iε = ∫ ∞0 ds e−(A+iε)s

In the proper time representation:

G(x, x′) = ∫ ∞0 ds e− iM2s e−εsTr [〈x′| e− iĤs|x
〉]

It is the amplitude for a particle to propagate from x to x′ in the proper
time s and then integrate all the trajectory. Leff is extracted by integrating
over M2.
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Ansatz and Solution

We are seeking a solution of the Green function: c.f. (M. R. Brown and M. J.
Duff, Phys. Rev. D, 11, 2124 (1975).)

[
∂2
x + ρν∂νx + α(x′) + θν(x′)(x − x′)ν + 14γ2

µν(x′)(x − x′)µ(x − x′)ν]G(x, x′; s) = δ(x, x′)
where ρν = 2∆γ5γντ0 and θν = 2∆γ5γµFµ

ν (Qτ0 + qτ2) in our study.

Apply the Fourier transformation and make the ansatz that G(p) being in
the form

G(p; s) = ∫ ∞0 ds e−α(s) exp [pµpνA(s)µν + pµB(s)µ + C(s)] .
Under the change of variable q → p+ 12A−1 ·B, the integration with respect
to q becomes an elementary Gaussian. Hence,

G(x, x) = i(4π)2
∫ ∞

0
ds
s2 exp [−αs + C − 14B · A−1 · B − 12tr ln (As−1)]
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Equations of Motion

It remains us to determine the unknown A, B and C, By setting

∂A
∂s = 1 + Aγ2A;
∂B
∂s = 2 iθ · A + B · γ2 · A + ρ;
∂C
∂s = 12tr(γ2A) + iθ · B + 14B · γ2 · B,

These equations admit the solutions in term of

A = γ−1 tan γs
B = − iγ−2 (1− sec γs) (2θ − iργ cot γs)
C = −12tr ln cos γs − θ · γ−3 (tan γs − γs) · θ
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Gap Equations

Leff = 12(4π)2
∫ ∞

0
ds
s3 e−M2s−12L(s)−qfδfabσFs

L(s) = tr ln [(γs)−1 sin γs]+ β · γ−3 (tan γs2 − γs2 ) · β.
Here β = 2θ − ργ cot γs and γ = qfFµνδfab.

Obviously, Leff reduced to what Schwinger obtained for ∆ = 0. c.f. (J.
Schwinger, Phys. Rev. 82, 664 (1951).)

Gap equations are derived easily:

δSeff
δσ = 0 = σ2G + δLeff

δσ ;
δSeff
δ∆ = 0 = ∆2G + δLeff

δ∆ .
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Flipped Term in the Flavor Space

Trace is taking over spinor and flavor.

Remind θν = 2∆γ5γµFµ
ν (Qτ0 + qτ2).

Under the help of the projection operator:

P± = 12 (τ0 ± τ3)
we have

τ2γτ2 = τ2 (2quP+F + 2qdP−F ) τ2 = 2qdP+F + 2quP−F
Thus, one part of θ in the second term of L(s) is flipped in the u, d flavor
space which indicating the formation of charged pion condensates.
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But

Numerical simulation suffers a large oscillation in terms of above formula. If
you have little time,
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Equivalent Replacement

How to get a quick physics answer in phenomena?

ZAs one of candidate to explain the inverse magnetic catalysis, QCD
phase transition has been intensively studied at finite chiral chemical poten-
tial µ5. c.f. (JC, P. Chu and M. Huang, Phys. Rev. D, 88, 054009 (2013).)

Indeed, nonzero n5 inducing in electromagnetic field is expressed by: c.f. (K.
Fukushima, D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 78, 074033 (2008) )

d4Q5
dt dV = q2

f2π2E · B

Asymmetric µ5 = diag
(
q2
u, q2

d
)
µ̂5 is applied in two flavor NJL model. c.f.

(JC, K. Xu and M. Huang, in preparation.)
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At Finite Baryon Density

L = ψ̄
(
iγµ∂µ + q2

u + q2
d2 µ5γ0γ5 + q2

u − q2
d2 µ5γ0γ5τ3 + µBγ0 −M − iγ5τa∆a

)
ψ

−(M −m0)2 + ∆2
a4G
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The behaviors of sigma and charged pion condensates as a function of µ5 at T = 0, µB =0.4GeV (left) and T = 10MeV, µB = 0.4GeV (right).

c.f. (JC, K. Xu and M. Huang, in preparation.)

Meeting of the working group on theory of hadronic matter under extreme conditions @ JINR, Dubna 22/23



Oct.31-Nov.03, 2016

Summary

z Thermalize different degrees.

z Construct a LHBL so that the free propagator gives thermal quasi parti-
cles, screening (mD) and Landau damping.

z Explore new possible phases after turning on E · B.

Thank You for Your Attention!
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