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Relativistic Kinematic Vorticity

Global hyperon polarization at local thermodynamic equilibrium with vorticity,
magnetic field and feed-down
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The system created in ultrarelativistic nuclear collisions is known to behave as an almost ideal
liquid. In non-central collisions, due to the large orbital momentum, such a system might be the fluid
with the highest vorticity ever created under laboratory conditions. Particles emerging from such
a highly vorticous fluid are expected to be globally polarized with their spins on average pointing
along the system angular momentum. Vorticity-induced polarization is the same for particles and
antiparticles, but the intense magnetic field generated in these collisions may lead to the splitting
in polarization. In this paper we outline the thermal approach to the calculation of the global
polarization phenomenon for particles with spin and we discuss the details of the experimental
study of this phenomenon, estimating the effect of feed-down. A general formula is derived for the
polarization transfer in two-body decays and, particularly, for strong and electromagnetic decays.
We find that accounting for such effects is crucial when extracting vorticity and magnetic field from
the experimental data.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh

I. INTRODUCTION

Heavy ion collisions at ultrarelativistic energies create
a strongly interacting system characterized by extremely
high temperature and energy density. For a large fraction
of its lifetime the system shows strong collective effects
and can be described by relativistic hydrodynamics. In
particular, the large elliptic flow observed in such colli-
sions, indicate that the system is strongly coupled, with
extremely low viscosity to entropy ratio [1]. From the
very success of the hydrodynamic description, one can
also conclude that the system might possess an extremely
high vorticity, likely the highest ever made under the lab-
oratory conditions.

A simple estimate of the non-relativistic vorticity, de-
fined as

ω =
1

2
∇× v, (1)

1 can be made based on a very schematic picture of the
collision depicted in Fig. 1. As the projectile and target
spectators move in opposite direction with the velocity
close to the speed of light, the z component of the collec-
tive velocity in the system close to the projectile specta-
tors and that close to the target spectators are expected
to be different. Assuming that this difference is a frac-
tion of the speed of light, e.g. 0.1 (in units of the speed of
light), and that the transverse size of the system is about
5 fm, one concludes that the vorticity in the system is of
the order 0.02 fm−1 ≈ 1022 s−1.

1 sometimes the vorticity is defined without the factor 1/2; we use
the definition that gives the vorticity of the fluid rotating as a
whole with a constant angular velocity Ω, to be ω = Ω

FIG. 1. Schematic view of the collision. Arrows indicate the
flow velocity field. The +ŷ direction is out of the page; both
the orbital angular momentum and the magnetic field point
into the page.

In relativistic hydrodynamics, several extensions of the
non-relativistic vorticity defined above can be introduced
(see ref. [2] for a review). As we will see below, the
appropriate relativistic quantity for the study of global
polarization is the thermal vorticity:

$µν =
1

2
(∂νβµ − ∂µβν) (2)

where β = (1/T )u is the four-temperature vector, u be-
ing the hydrodynamic velocity and T the proper temper-
ature. At an approximately constant temperature, the
thermal vorticity can be roughly estimated by $ ∼ ω/T
which, for typical conditions, appears to be of the order
of a percent by using the above estimated vorticity and
the temperature T ∼ 100 MeV.

Vorticity plays a very important role in the system
evolution. Accounting for vorticity might be the only
way to quantitatively describe the rapidity dependence
of directed flow [3, 4], which, at present, can not be de-

ar
X

iv
:1

61
0.

02
50

6v
1 

 [
nu

cl
-t

h]
  8

 O
ct

 2
01

6

Large angular momentum

ωµν =
1
2

(∂νuµ − ∂µuν)

where uµ = collective local four-velocity of the matter,
is relevant to the chiral vortical effect
that leads to contribution to the electromagnetic current

Jκe =
Nc

4π2Nf
εκλµν∂µuν ∂λ

θ∑
j

ejµj


Nc and Nf are the number of colors and flavors respectively,
ej and µj are the electric charge and chemical potential of a particle of j flavor
and θ is the topological QCD field.
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Relativistic Thermal Vorticity

$µν =
1
2

(∂ν β̂µ − ∂µβ̂ν),

where β̂µ = ~βµ and βµ = uν/T with T = the local temperature.

$ is dimensionless.

$ is related to the polarization vector, Πµ(p), of a spin 1/2 particle
in a relativistic fluid [F. Becattini, et al., Annals Phys. 338, 32 (2013)]

Πµ(p) =
1

8m

∫
Σ dΣλpλnF (1− nF ) pσεµνρσ∂νβρ∫

Σ Σλpλ nF
,

where nF is the Fermi-Dirac-Juttner distribution function,
the integration runs over the freeze-out hypersurface Σ.
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3FD Equations of Motion

Produced particles
populate mid-rapidity
⇒ fireball fluid

Target-like fluid: ∂µJµt =0 ∂µTµν
t =−F ν

tp + F ν
f t

Leading particles carry bar. charge exchange/emission

Projectile-like fluid: ∂µJµp =0, ∂µTµν
p =−F ν

pt + F ν
f p

Fireball fluid: Jµf =0, ∂µTµν
f =F ν

pt + F ν
tp−F ν

f p − F ν
f t

Baryon-free fluid Source term Exchange

The source term is delayed due to a formation time τ

Total energy-momentum conservation:
∂µ(Tµν

p + Tµν
t + Tµν

f ) = 0
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Hydrodymanic densities

Baryon current:
Jµα = nαuµα
nα = baryon density of α-fluid
uµα = 4-velocity of α-fluid

Energy-momentum tensor:
Tµν
α = (εα + Pα)uµαuνα− gµνPα
εα = energy density
Pα = pressure

+ Equation of state:

P = P(n, ε)
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Physical Input

Equation of State
crossover EoS [Khvorostukhin, Skokov, Redlich, Toneev, (2006)]

Friction
calculated in hadronic phase (Satarov, SJNP 1990)
fitted to reproduce the baryon stopping in QGP phase

Freeze-out
When system becomes dilute, hydro has to be stopped

Freeze-out energy density εfrz = 0.4 GeV/fm3

Below we consider Au+Au collisions at b = 6 fm
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3FD vorticity at NICA energies
Au+Au at b = 6 fm, √sNN = 7.7 GeV
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overlapped baryon-rich fluids

fireball fluid

total angular momentum J vs time
J of the f-fluid is ∼ 100 lower than that
of the overlapped baryon-rich fluids.

The energy in the fireball fluid is ∼ 10
lower than that in the baryon-rich fluids.

Therefore, the baryon-rich fluids dominate.

4-velocity of the baryon-rich matter = uµB = JµB/|JB|,
where JµB = npuµp + ntu

µ
t is the total baryon current.

The temperature [required by the thermal vorticity]

TB =
∑
α=p,t

Tαεα
/ ∑
α=p,t

εα

(proper-energy-density-weighted temperature)
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vorticity in reaction plane at
√

sNN = 7.7 GeV
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fluid unification measure = 1− (np + np)/nB [= 0 if p and t fluids are unified]
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observations

kinematic and thermal vorticity reaches peak values at
the participant-spectator border

thermal vorticity reaches extremely high peak values
also because of strong gradients of the temperature at
the border.

the vorticity in the participant bulk gradually dissolves in
the course of time and practically disappears to the end
of the collision

Conclusion: relative polarization of Λ hyperons should
be higher in the fragmentation regions than in the
midrapidity region
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Kin. vorticity averaged with energy density
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T > 5 MeV

T > 50 MeV

T > 100 MeV

to test the effect of the
participant-spectator border.

〈ωzx〉 weakly depends
on T constraint.

〈ωzx〉 is almost independent of√
sNN at “freeze-out" stage.

Final-stage values are com-
patible with those at

√
sNN = 5

GeV [O. Teryaev and R. Usubov, Phys. Rev. C

92, 014906 (2015)] within the HSD
and at

√
sNN = 8 GeV [L. P. Csernai,

et al., Phys. Rev. C 90 021904 (2014)] in the
rel. PICR hydro.
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T-vorticity averaged with energy density
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T > 5 MeV

T > 50 MeV

T > 100 MeV

to test the effect of the participant-
spectator border.

〈$zx〉 strongly depends
on T cutoff because of strong
T gradients at the border.

〈$zx〉 is almost independent
of
√

sNN at “freeze-out" stage.

Even at T0 = 100 MeV cut-
off, 〈$zx〉 at

√
sNN = 7.7 GeV

essentially exceeds those of
[L. P. Csernai, et al., Phys. Rev. C 90 021904

(2014)] for
√

sNN = 8 GeV.
Only 150 MeV cutoff makes
these values compatible.
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Summary

the vorticity mainly takes place at the border
between participant and spectator matter

This effect was noticed in
[M. I. Baznat, K. K. Gudima, A. S. Sorin and O. V. Teryaev, Phys.
Rev. C 93, 031902 (2016); 88, 061901 (2013)] in the QGSM.

this effect is essentially enhanced for the thermal
vorticity because of strong temperature gradients at
the participant-spectator border.

the Λ-hyperon polarization should be stronger at
peripheral rapidities, corresponding to the
participant-spectator border, than that in the midrapidity
region.
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