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g-factor of a bound electron

H3 and HD™ ions

Fundamental transitions in H3 and HD™ (in MHz).
CODATA10 recommended values of constants.

Hy HD*
AE,, 65687 511.0714 57349 439.9733
AE,. 1091.0400 958.1514
AE,s —276.5450 —242.1262
AE, —1.9969 —1.7481
AE.s 0.1371(1) 0.1200(1)
AE,s —0.0010(5) —0.0009(4)
AE;o 65 688 323.7055(5) 57 350 154.3693(4)

The error bars in transition frequency set a limit on the fractional
precision in determination of mass ratio to

Ap

v

=15-1071
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g-factor of a bound electron

RMS radius of proton

The proton rms charge radius uncertainty as is defined in the CODATAL0
adjustment contributes to the fractional uncertainty at the level of
~4-107' for the transition frequency. While the muon hydrogen
"charge radius” moves the spectral line blue shifted by 3 KHz that
corresponds to a relative shift of 5- 107!
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g-factor of a bound electron

Antiprotonic helium

AE, = 2145088265.34
AE, = —39349.33
AE;: = 5857.84
AE, = 92.97
AE,; = —8.25(2)
AEs = —0.10(10)

AE.o = 2145054 858.50(10)

Transition (33,32) — (31,30) (in MHz).
CODATA10 recommended values of constants.

Along with the sensitivity of this transition to a change of y = mz/me,
this sets a limit on the fractional precision in determination of mass ratio

A
H_36.101
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g-factor of a bound electron

Atomic mass of electron A,(e)

At present the most precise measurements of m,/me are:

The penning trap mass spectroscopy (uncertainty 2.1 x 107°)
[D.L. Farnham, et al. Phys. Rev. Lett. 75, 3598 (1995)];

The g factor of a bound electron in 2C>" (uncertainty 5.2 x 10~1°)
[T. Beier, et al. Phys. Rev. Lett. 88, 011603 (2001) and CODATA-10].

The spin-flip energy for a free electron is
AE = —g.ugB

The analogous expression for ions with no nuclear spin
AE = —ge(X)usB

where the theoretical expression for g.(X) is written as
8e(X) = g0 + Dgrad + Agrec + Agns +

gp is derived from the Dirac equation

:_7[1+2m] {1—7(204) }

3

Theoretical uncertainty of the g factor for 2C>" is|1.3 x 10~
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g-factor of a bound electron

High-precision measurement of the atomic mass of
the electron

8. Sturm', F. Kéhler'”, J. Zatorski', A, Wagner', Z. Harman'?, G. Werth®, W. Quint®, C. H. Keitel' & K. Blaum'

Nature, 506, 467 (2014)

"Here we combine a very precise measurement of the magnetic moment
of a single electron bound to a carbon nucleus with a state-of-the-art
calculation in the framework of bound-state quantum electrodynamics.
The precision of the resulting value for the atomic mass of the electron
surpasses the current literature value of the Committee on Data for
Science and Technology (CODATA) by a factor of 13.”

me = 0.000548579909067(14)(9)(2) [3x10~1]
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One-loop self-energy
Other contributions

ma” order contributions

One-loop SE corrections in order ma’

Korobov Ro-vibrational spectroscopy



One-loop self-energy

f clect
ma! order contribution =
ccg order contributions Other contributions

1. One-loop SE corrections in order ma’

Main diagram:

Contributions at order ma

7
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ma.! order contributions One-loop self-energy
Other contributions

1. One-loop SE correction in atomic units

We rederived the low-energy part [V.I. Korobov, J.-P. Karr, and L. Hilico,
Phys. Rev, A 89, 032511 (2014)], and obtained an expression in atomic

units, which may be extended for a general case of two and more external
Coulomb sources:

5
0 _ o 24210 |2a2 —H)™
AES = — {ﬁ(Z,nJ)* (9 T3l {20‘ (4mp QUE=H) QHB>~na.,
. 79 11 1 4
+2<Hso Q(E—H) QHB> + (m BT {Ea D <V V>ﬁnau
E i l 5 s 2 j
+(576+24|n{20z })<210 p'V VP/>

(33 (T, 5 (amow),,, 3 e)

+z° {7 In’[a"%] + {13—6 In2 — ﬂ In[a™?] - 0.81971202(1)} <7T/)>}
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One-loop self-energy
Other contributions

ma” order contributions

1. Relativistic corrections to the Bethe logarithm

404

L(R)/N(R)

402

|

R (ina.u.)
The relativistic Bethe logarithm L(R) for the ground (1so,) electronic
state, for Z; = Z, = 1 normalized by: N(R) =7 (Z3(r1) + Z34(r2)).
[PRA 87, 062506 (2013)]

Hydrogen molecular ion:
ED . = a® | Ao In(a™21As1 In(a~2WAgo | (Z30(r1)+Z30(r2)) ~ 124.9(1) khiz,
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One-loop self-energy

f clect
ma! order contribution =
ccg order contributions Other contributions

1. Relativistic corrections to BL. Antiprotonic Helium

Relativistic Bethe logarithm for the ground electronic state. 2013.

R Eg s 5o Bs
0.1 —137.1 329.2 —102. —381.08
0.2 —181.5 211.2 —584.1 62.514
0.4 —193.8 160.65 —1382.7 369.822
0.6 —241.21 150.07 —2064.5 590.636
1.0 —304.14 172.37 —2860.8 840.902

Relativistic Bethe logarithm for the ground electronic state. 2014.

R 2 Y B B3

0.05 —625.8(8) 650.5(5) 1797.(2) —1486.18(2)
0.1 —291.5(1) 330.9(2) 177.1(6)  —381.72(3)
0.2 —181.68(4) 208.76(3) —588.20(4) 63.099(5)
0.4 —194.00(1) 161.76(3)  —1387.92(5) 369.680(5)
0.6 —241.296(4)  151.068(3) —2069.932(3)  590.555(2)
1.0 —304.531(3)  172.282(2) —2862.089(1)  840.862(3)
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One-loop self-energy
Other contributions

ma” order contributions

Other contributions
beyond the self-energy
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s elect One-loop self-energy
m rder contribution i
ccg order contributions Other contributions

2. One-loop vacuum polarization

a(Za)?
AEl/oop—vp - ;( n3)

{v40 +(Za) Vo + (Za)?Ver In(Za) 2 +. .. }

For the hydrogen atom in S-state the coefficients are

4
V40(n5):—ﬁ !

5 ( )
V50(n5):7r@ 1
Ve1(nS) = 2 X
s1(n )—*E»

4 431 2(n—1) 1 n

Vaa(nS) = 12 |~ 1o + vl + 1) - wi) - X 2]

Hydrogen molecular ion:

Ef,’(}opfvp =a° {vﬁl In(a~2) + vﬁo] (Z36(r1) + Z35(r2)) ~ 2.9 kHz,
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One-loop self-energy

7 ° P
ma! order contributions Oy Eamlses

3. The Wichman-Kroll contribution

[}
[}
a(Za)® O
AEWK:; n3 {W60+(ZQ)W70+} //:\\
. X X X
For the hydrogen atom in S-state the coefficients are
19 72
W, &
0(n9) = 25 ~ 37
x 3173
1%
() = 15 ~ 2880

Hydrogen molecular ion:

EJ) = a® Wi (Z38(r1) + Z35(r2)) ~ —0.1 kHz,
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One-loop self-energy

7 v buti 8y
mac! order contributions Other contributions

4. Complete two-loop contribution

+2

+4 O

*
e ————
*
e ——
*
o ———

o ———

[

1 1 [

' | | 1 ) ' o

X X X X x X X %
e f
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One-loop self-energy

7 ° P
ma! order contributions Oy Eamlses

4. Complete two-loop contribution

a\2 (Za)*
AE2/Oop = (;) 3 |:B40 aF (Z(,Y)B50 AF oo o
Here Bsy = —21.55447(13).

N.B. Insertion of two radiative photons in the electron line contributes
—24.269... to By

Hydrogen molecular ion:

5
(0%
B = — [Bsol (Z6(r1) + Z36(r2)) ~ 10.1 kHz,
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One-loop self-energy

7 ° P
ma! order contributions Oy Eamlses

5. Three-loop contribution

Three-loop contribution

a)3 (Za)*

AE3/oop - (; pe |:0417504 AF oo

is already negligible.
Hydrogen molecular ion:

5
ED % [0.417504] (Z15(r1) + Z28(r2)) ~ 60 Hz,

3loop =
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Prospects for the future

ma® order contributions
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One-loop self-energy
! Vacuum on
ma?8 order contributions Tu gy

One-loop self-energy

The one-loop contribution at ma® order is expressed

Z 7
E® a(Za)

loop = T n3

[A71 |n(ZG{)_2+A70]

Here

139
64

An(nS) = [ ~In2

The nonlogarithmic contribution A7 of order ma(Za)” was never
calculated directly.
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ma8 order contributions

Uehling potential

The one-loop contribution at ma?® order is expressed

Zo
£ = 28 v in(za) 2+ Vi
Here
5
V71(I75)—7T%

5 153 2 103
V7o(nS) = 25 (w(n—&-l) — (1) —=Inn—1In2 — 0 7 Pl 48/72>
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ma8 order contributions

Wichman-Kroll contribution

The Wichman-Kroll contribution at ma?® order

(8) a (Za)7 T 3173
Ewk = =

T n 16 2880
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One
- Vac n
ma?8 order contributions Two-loop self-energy

Two-loop self-energy

The two-loop contribution at ma® order is expressed

a\2? (Za)® _ _ _
C (;> % [Bss In*(Za) ™%+ Bez In*(Zar) ">+ Bey In(Z )+ Beo)
2 7 6
AE(1S) ~ CED 1 og 60+ 476 — 61]

T2

The coefficients Bgx may be calculated using the following regularized
expectation values

8
6p  _ _ 3
Z°Bs3 = = Z> (mwé(r))

1 1
Z6862 = 6 <V2V Q(EO - H)_lQ V2 V>ﬁn + T8 <V4 V>ﬁn
16 [31 s
+§ {15 +2In 2] Z° (md(r))
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ma?8 order contributions Two-loop self- energy

The largest contribution is

Z°Bs = -2 B (VPV Q(Ey— H)T'Q V?V) + % <V4V>} In2

4 19 _
+§N(n,/)+ﬁ<v2vcp(£ — H)T'Q V?V)
19

270
{48781 202772 56 22

(VV)+ o, <210Up V2vpl)

I 3
62300 T 864 27| n2 5 In2+81In?2+¢(3 )}Z (mé(r))
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One
- Vac n
ma?8 order contributions Two-loop self-energy

Low energy part N(n, /)

The only quantity that needs numerical computations is N(n, /), and it is
defined by

2z " _
N= | kdkdns(p(Eo—H—K)p)
J0

and
5w5(r)<P(Eo —H- k)‘1p> =
<p(E0—H—k)_l(W(S(r)—<7r6(r)>)(EO—H—k)_1p>

+2(m6(r) Q(Eo—H)Q p(Eo—H—K)'p)

Korobov Ro-vibrational spectroscopy



One-loop self-energy
. Vacuum polarization
ma?8 order contributions Two-loop self-energy

Summary

@ A new limit of precision for theoretical predictions is achieved.
Relative uncertainty is now 7 - 1012 for the hydrogen molecular ions
H3 and HD™, and about 4.7 - 107! for the antiprotonic helium.

@ The proton rms charge radius uncertainty as is defined in the
CODATA10 adjustment contributes to the fractional uncertainty at
the level of ~4 - 10712 for the transition frequency. While the muon
hydrogen " charge radius” moves the spectral line blue shifted by
3 KHz that corresponds to a relative shift of 5- 10711

@ The two-loop correction at the ma® order become now the major
uncertainty in the theory.

@ The vacuum polarization at the ma” order and the two-loop
correction at the ma® order are now under consideration and we
hope to get these results available by the end of this year.
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ma?8 order contributions Two-loop self-energy

Thank you for your attention!
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Pionic Helium and
determination of
the pionic mass




One-loo
- Vacuum n
ma?8 order contributions Two-loop self-energy

Pionic mass. Present status of experiments

mass value experiment AE
139.57071(53) S. Lenz, et. al. (1998) 4.055 keV
5g—4f transition in N
139.56782(37) B. Jeckelmann, et. al. (1994)
4f —3d transition in 7~ >*Mg (Case A) 26 keV
139.56995(35) B. Jeckelmann, et. al. (1994)
4f —3d transition in 7~ >"Mg (Case B)
139.57022(14) K. Assamagan, et. al. (1996)
measures 't momentum in 7 — ptv

Lifetime of a pion: 7, ~ 26 ns

Korobov Ro-vibrational spectroscopy



One-loop
! um po n
ma?8 order contributions Two-loop self-energy

Pionic Helium. Lifetimes and transition wavelengths

y s e
& ! = &
19
—~ D s @\a\/
AW e P 18
€ _ =
P S 8
70p— D ant %\ i1\/
=, 4 — Radiative rate = 5 x 10° (")
)
/ — s B cerrate o8 x 10° (67
) o AL e 4
= 17011 T /
s o
3 8
8 "%, /
g 4 «——n=
E \ 1.7(7)
E / 20012) 6 J4
g / A /
!/ —
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/ &
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o
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