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Overview: The QCD phase diagram

® early ConJeCture: Cabbibo & Parisi, PLB (1975))

P
I hadronic phase (confined)

I
Il quark-gluon plasma

I (deconfined)

v substantially more complex . . .”

T “The true phase diagram may actually be J

° Collins & Perry, PRL (1975) J

“Also we might expect superfluidity or superconductivity.”
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Outline

@ overview: phase diagrams v/
@ diquark condensates

© 2-flavor color superconductivity
©Q gap equations

© 3-flavor color superconductivity
O realistic masses

@ neutral matter

© unconventional pairing (spin 1, gapless, LOFF, gluonic phase)

© discussion




diquark condens.

Outline
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diquark condens.

Cooper instabilities

occupation #
@ ideal Fermi gas:
=>» pair creation @ Fermi surface
with no free energy

@ (arbitrarily small) attraction:

free energy

=» instability:

condensation of Cooper pairs
=» reorganisation of the Fermi surface A \/
=* gaps 0 P

@ QCD: attractive gq interaction =» diquark condensates
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diquark condens.

Field operators

q1(x)
@ quark field operator: ¢(x) = :

qan;n, (%)

@ 4 Dirac x Ny flavor x N, color components

e annihilates a quark or creates an antiquark
e transposed operator: ¢" = (q1,. .., qn;n,)

@ adjoint operator: ¢f, g =4

e annihilates an antiquark or creates a quark
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Quark-antiquark condensates

@ quark-antiquark condensates: (7O q)

e O = operator in color, flavor, and Dirac space
(including derivatives)

@ examples:
e “chiral condensate™: (99)
o quark number density:  (37°¢) = (g'q)
@ electric charge density:

@0°q) = ny—tng—1Ltn, 0= (

oS o wi
ol o
wl—
oo
Wl
SN~—
-

e color charge densities
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Diquark condensates

e diquark condensates: (¢" Oq) = (g.s.|¢q" Oqlg.s.)

@ gq annihilates two quarks
=» baryon number (formally) not conserved!
(ground state does not have fixed baryon number.)

@ Bogoliubov rotation:

cob =
lgs) = I [cosQ’j(ﬁ)Jrs&.(./ S5 @ sint(ﬁ)bT(ﬁ',x,u,(-)bT(fﬁ,s,d,c/)}

Phs,cpc!

cod =
[cos Of(ﬁ) + €300t &5 P) sin 9:.1([7’) dt (7, s,u,c) af (=P, s,d, zr/)} |0y
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Diquark condensates

e diquark condensates: (¢” O ¢)

@ Pauli principle: qiqj = —q;qi

= q'0q = q:0;q; = —4; 04 =

—qj (’A)J{ g = —q" O"q



diquark condens.

Diquark condensates

e diquark condensates: (¢” O ¢)

@ Pauli principle: qiqj = —q;qi

= q'0q = ;0595 = —q;O05qi = *%'@;Qi = —¢q"0"¢q

~

-0 |

- O must be totally antisymmetric: O
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diquark condens.

Operators in flavor and color space

@ Pauli matrices (for two flavors):

]I_IO (o0 1 (1 o0 (o —i
=lo 1)1 =1 1 o) B=\ o )0 2= o

symmetric triplet antisymm. singlet

@ Gell-Mann matrices (for three flavors or colors):

]lv >\1) )‘35 )‘47 >\6) )‘8’ )‘27 >\57 )\7
Symmetnc sextet an’[lsymmetrlc antltrlplet

A7 ¥
@ antitriplet: The vector (¢” ( -5 ) q) transforms like an antiquark g = (g ) under SU(3)..
A2 b
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diquark condens.

Operators in Dirac space

@ hermitean basis of 4 x 4 matrices: 1, ivs, v#, Y*vs, ot

@ charge conjugation matrix: C = i?+°

e properties: C=C*=—-C' = -Cf=-C!

@ antisymmetric: @ symmetric:
@ C~s (scalar) e C~M (axial vector)
e C (pseudoscalar) e CoM (tensor)

@ Cy*~s (vector)



diquark condens.

Combined operators

symmetric antisymmetric
Dirac CyH, Cot” C, Cvys, CysyH
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diquark condens.

Combined operators

symmetric antisymmetric
Dirac Cy*, Cotv C, Cvs, Cysy*
A T P S \"
U(Z) ]la 71,73 ™
SN—— ~~

3 1
U(3) ]la)\la)\37)\47)\67)‘8 )\27)‘57)\7

6 3

@ combination:
totally antisymmetric = {

=» many possibilities . ..

Dirac ® flavor & color

(antisymmetric)?

(symmetric)® x antisymmetric
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Two-flavor color superconductors

o important example:  (¢" Cy5 74 A q) |

@ spin 0, antisymmetric in color and flavor

e 2flavors: qz(Z), TA:TZZ(? ?)i)

r 0 —i 0
e 3 colors: q:<g>, /\A/eé')Q:(i 0 o)
b 0 0 0



PRIEVI

Two-flavor color superconductors

o important example: (¢ Cys 74 A ) |

@ spin 0, antisymmetric in color and flavor

e 2flavors: qz(Z), TA:TZZ(? :)i)

r 0 —i 0
e 3colors: g= <], M ZEX=|i o o
b 0 0 0

@' Crsmdag) ~ (11 —11) @ (ud—du) ® (rg—gr)
— ~— ~—

spin flavor color
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@ only red and green quarks are paired:

(@" Xaq) ~ (rg—gr) = (b) | “antiblue”

=» SU(3). “spontaneously” broken to SU(2),

=» 5 of 8 gluons receive a mass (“Meissner effect”)
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PRIEVI

Symmetry properties: color

@ only red and green quarks are paired:

(@" Xaq) ~ (rg—gr) = (b) | “antiblue”

=» SU(3). “spontaneously” broken to SU(2),

=» 5 of 8 gluons receive a mass (“Meissner effect”)

@ more general ansatz?

(g7 (a2 + BAs + 7M7) @) = alb) — Blg) + () = (>

@

e can always be rotated into the “antiblue” direction
by a global color transformation ¢ — exp(if, - %) q

=» equivalent to the “simple” ansatz
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PRIEVI

Symmetry properties: global symmetries

5 = (¢ Cysmahg)
@ baryon number:
B: q — &% = § — &Y% broken
but: There is a conserved “modified baryon number”:

B q — eia(l_‘/g)‘g)q = 0 =9

@ chiral symmetry:

o SUQ)y: q — €%Fgq = § =94
0 SUR)s: q — €%3rg = § = § conserved
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gap equations
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gap egs.

Model interaction

@ NJL-type models

e replace gluon exchange by point interactions: >rrn< ><
e.g.

Lin(x) = — g(Gx) v*Xaq(x))?

@ Fierz transformation

o identically rewrite particle-antiparticle
interactions as particle particle interactions: >%< =

(@I q)?* = %)dé (@r®cq")(¢"crPq) J

@ toy model:

Lins = H (givsm22a €q1) (g7 CivysTaa q) J
A=257
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gap egs.

Nambu-Gorkov formalism

@ interaction Lagrangian:

Liw = H Y (qivsmha €Cq")(q" Cinsmada q)
A=2,577

@ artificially double # d.o.f. (Nambu-Gorkov spinors):

_ 1 q T 1 (=

- [0 i A - 0 0
> Lo =4H S W[ TP e g v
A=2.5,7 0 0 ivsmAa 0

=» vertices:
0 s\ 0 0
N = 4HIT\eT, = 4mi [ P e
/6\ 0 0 ivsmA 0
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@ Kkinetic term + chemical potential:
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gap egs.

Nambu-Gorkov propagator

@ Kkinetic term + chemical potential:

T

Liin+1q'q = q(id + 17°)q

(@ + %) — ¢7C(iD + 1) Cq" ]

N =



gap egs.

Nambu-Gorkov propagator

@ Kkinetic term + chemical potential:

Liin+1q'q = qlid+ pu1°)q

(@ + %) — ¢7C(iD + 1) Cq" ]

i+ pr° 0
- v
( 0 —ip - m") v

N =

I
=1



gap egs.

Nambu-Gorkov propagator

@ Kkinetic term + chemical potential:
Lin+11q'q = qi + 17")q

(@ + %) — ¢7C(iD + 1) Cq" ]

i+ pr° 0
- v
( 0 —ip - m") v

(x) S5 () ¥ (x)

Il
=1l N —

I
=]



gap egs.

Nambu-Gorkov propagator

@ Kkinetic term + chemical potential:

Liin+1q'q = qlid+ pu1°)q
| = _
= 5[6](1@+/wo)q — ¢"C(i@ + ") Cq" ]
_ [id+ ur° 0
_ g (Pt vy
0 —i —py°

= V() Sy (x) W(x)
=» inverse bare propagator in momentum space:

o' (p) = (ﬂ +0M p _Owo>
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Mean-field propagator

@ dressed propagator (Hartree approximation)

e —
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Mean-field propagator

@ dressed propagator (Hartree approximation):

e —

iSo(p) (~i%) iS(p)

+

iSp) = iSlp) +

& 57p) = S'p) - ®

@ self-energy:
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gap egs.

Mean-field propagator

@ dressed propagator (Hartree approximation):

e —

iSo(p) (~i%) iS(p)

+

iSp) = iSlp) +

& 57p) = S'p) - ®

@ self-energy:

iy = Q: 4iH§{ Th [ ke (~5Trg is(o)]
+ Th Sk (- hmrk s |

=» selfconsistency problem!
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Gap equation

@ selfconsistency problem: S§~! = Sgl — X[S]

@ ansatz:

5 0 —Aysm - P+’ Agsmh
A* ",’57’2/\2 0 —A* "/57’2)\2 ]é — ,U’YO
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@ selfconsistency problem: S§~! = Sgl — X[S]

@ ansatz:

5 0 —A7sm A - P+’ A“/st)z)z
A* 5o 0 —A* sy P —

@ strategy:

invert S~! = calculate ©[S] =» compare with ansatz



gap egs.

Gap equation

@ selfconsistency problem: S§~! = Sgl — X[S]

@ ansatz:

5 0 —A7sm A - P+’ A“/st)z)z
A* 5o 0 —A* sy P —

@ strategy:

invert S~! = calculate ©[S] =» compare with ansatz

@ result:

4
A—16HAi/ k1 ! ”

“gap equation
(2w)4(k3—w2_+kg_wi) gap eq

quasiparticle dispersion laws: w+ = \/(\§| Fu)?+ AP
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@ dressed propagator: S =
propag (—A*%Tz)\z P

e dimension: 2 x4 x Ny x N,
=> 48 x 48 matrix for Ny =2, N. =3

e inversion straight forward, but some work required . ..



gap egs.

Propagator

—1
P+’ A’W’Mz)

@ dressed propagator: S =
propag (—A*%Tz)\z P

e dimension: 2 x4 x Ny x N,
=> 48 x 48 matrix for Ny =2, N. =3

@ inversion straight forward, but some work required . ..

@ diagonalization:
1
P'=M(P)
S(".5) = U(p) Ut(p)”
1
PO = (P)

e U(p) = unitary matrix, does not depend on p° !



gap egs.

Dispersion relations

free energy

@ 48 eigenvalues \/

= 24 quasiparticle dispersion relations:

oD

Pr

@ w_(p)= \/(|ﬁ| — p)?+ |Al> (8-fold) red and green quarks
o wi(@)=1/(l+n?+ AP (8-fold) " antiquarks
o e (F)=|Ipl—u| (4-fold) | blue quarks

o e (F)=|Ipl+u| (4-fold) ”  antiquarks

v

@ + 24 quasiholes: —w=(p), —ex(P)
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Gap equation: solutions

- &Sk 1
@ gap equation: A =16HA f TZ(WQJM2 + +)
@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum (see Yudichev’s lecture), T — 0:

A=A szdk{w%(k)er}J

@ solutions:
e trivial solution: A =0
. [ ﬂ_?
o other solutions? [k dk{ Hy + 7w} = 1

A=0 = Fm—Em = oo



gap egs.

Gap equation: solutions

@ gap equation: A =16HA [ 5 Lk TZ(WQJM2 + 1)
@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum (see Yudichev’s lecture), T — 0:

A=A szdk{w%(k)er}J

@ solutions:
e trivial solution: A =0
o other solutions? [ K dk{ 15 + 2w} S
A—0 = w%(k)ﬁﬁ = [ >0
=» nontrivial solutions always exist for H > 0!
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@ back to our Lagrangian:

L= qi+m g+ HY (¢"CrsmIaq) (g"Crsmraq)
A=257

@ linearization:
x=(x)+6x, xf = {x)"+oxf
= xlx = |02+ &) ox + )dxT = () x+ (x)af — [(x)]?
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Linearized Lagrangian

@ back to our Lagrangian:

L = q(ip+u)q + H ; (q"Cv5mAa q)T (g7 CysT2Aa q)
A=2,5,7

@ linearization:
x=(x)+6x, xf = {x)"+oxf
= xlx = |02+ &) ox + )dxT = () x+ (x)af — [(x)]?
@ linearize L;,, around A = —2H{q" Cysm M q)

@ result, using Nambu-Gorkov spinors:

_ [ i+ u° A5
Lyp = U P+ 1y ;Ys 222 v _ %
—A% Ay —if) — p°
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gap egs.

Thermodynamic potential

@ (grand canonical) thermodynamic potential:
QT,p) = —LInZ = —LInTrexp (—+ [ d®x(H — pq'q))

@ mean-field Lagrangian:
Lyp = Us~hw — BF — 7y
o bilinear “kinetic” term — field-independent “potential”

@ general result:

QT,p) = —TZf Lk 1Trln( Ng l(iwn,;)) + VJ

elmA=I((1-(1-4))= Z La—a)y

n=1

o useful formula: TrInA = InDetA



gap egs.

Thermodynamic potential

@ result after Matsubara summation:

d’*p w_ —w
AT, p) = _/(277)3 { 8 (74- T In(1 + e “=/T)
+25 4+ Tin(1 +e7+/7))
+4 ( % + T In(1+e/T)
&+ =/
+5 4+ Thn(l+e ))}
, Ia2
4H
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@ thermodynamic potential:
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Minima

@ thermodynamic potential:

-,

3 . AR
QUTop) = —T [ E5 4T ($57 1w, B) + 155
n
@ stable solutions = minima
3 1 |
> A = _T%:f(%zérﬁ (S?A*) + 2 =0




gap egs.

Minima

@ thermodynamic potential:

Bk —1:
ATp) = TE [ s ! TrIn (%S i, K)
@ stable solutions = minima
3 —1 |
bR = T T (SE) + =
@ inverse propagator:
0 A A
S_](p) _ ¢ + wy Y5T2 02
—A* sy p—
—1 0
- 8- (
—Y5T2 A2

) 4




gap egs.

Minima

@ thermodynamic potential:

3 . o AR
QUTop) = —T [ E5 4T ($57 1w, B) + 155
n
@ stable solutions = minima
o |
> - TS T (S5) + Lo

@ inverse propagator:

S_](P) — ¢+/j"yo AIYSTZ)\Z
—A* sy p—

_ 0 0
—YsT2A2 0

2> A = 4H TZ[ d3k ITr[isT]  gap equation!




gap egs.

Thermodynamic quantities

@ standard thermodynamic relations:

@ pressure: p=-—-
o density: n=-%1

entropy density: s = —2%

energy density: e=—p+Ts+ un
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Density

@ example: density

0
—1 o 0
n = T§:f(§’ﬂk3 yTe[STO], IO = 252 = < 0)




gap egs.

Density

@ example: density
Bk 1 0 0 as~! 70
n—TZf(2ﬂ32Tr SP] F :W: 0 _,yo
@ explicit expression for T = 0:
&*p Oow_  Owg Oe_  Oey
= 2
4 /(2%){4(8,u+8,u)+ (8u+8u)}

= [ &2 s+ 40t }




gap egs.

Density

@ example: density
95! g
n—TZf(2ﬂ32Tr [sT°], IV =% = .

@ explicit expression for T = 0:
B &*p Oow_  Owg Oe_  Oey
" /(2%)3{4( o * 8,u)+2(8u + 8u)}
4’
= [ G5 { a0+ 400 }

=» occupation functions:
fap) = 3G + %) = 5(4
) =35 +55) 0 —p)
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gap egs.

More than one condensate

@ two condensates: ¢ = (gq), = (g CysmMaq)
@ extended Lagrangian:

L = q(ip+m)q + G(gq)* + H(qivsm2Aa Cq")(q" CismaAaq) |

e e.g., from Fierz transformed “gluon exchange™ H = 3G

3
4
@ linearization: (gq)* ~ 2¢qq — ¢*

=» “constituent quark mass™: M =m —2G¢

@ mean-field Lagrangian:

- l@“‘lWO_M A’YSTZAZ M—m)? Al2
A ysmdy =i -y’ =M




gap egs.

Numerical results

@ solutions of the gap equations for

M and A:
400 F ] @ first:
i~ 300 | ] Berges & Ragagopal, NPB (1999) J
(]
z 200 ¢ /_,/’; @ here:
100 | k model with 6 different condensates
0 . | M.B, Hosek, Oertel, PRD (2002) )
350 400 450 500
u[MeV]

v

@ simultaneous first-order chiral (M |)
and superconducting (A T) phase transitions.
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3 flavors

Reminder

e diquark condensate: (4" Oq)

e O totally antisymmetric operator

@ scalar color-antitriplet condensates:
© sarr = (¢" Cysadarq)
e antisymmetric in spin, flavor (74), and color (A\4)

e three colors: A €{2,5,7}

@ twoflavors: =7 = §= (Szz, $25, S27)
e can always be rotated into “antiblue” direction:
§— 5§ =5U = (s5,,0,0), Ue€SU3),
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@ notation:
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3 flavors

Three-flavor color superconductors

@ scalar color-antitriplet condensates:
@ Saar = <qT Cys7a A q)
@ notation:

@ 74 = antisymmetric flavor generator
@ )\, = antisymmetric color generator

@ three flavors, three colors:

s S5 sy
e A, A e {2,5,7} = 5§ = (SAA’) = 552 855 57

s12 815 ST

N——

$22 525 527
e SU(3).rotation: — s = sU = <0 555557

0 0 577

e In general, that's allwe cando ...
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@ three degenerate flavors: M, = M; = M;
= SU(3)-symmetric
=>» (s4a-) can always be diagonalized
by combined color and flavor rotations:
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@ three degenerate flavors: M, = M; = M;
= SU(3)-symmetric
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by combined color and flavor rotations:

522 0 0
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@ eight possible phases:
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0 ©/ &>
h f this ki
+ two more phases of this kind




3 flavors

Idealized case

@ three degenerate flavors: M, = M; = M;
= SU(3)-symmetric
=>» (s4a-) can always be diagonalized
by combined color and flavor rotations:

522 0 0
s— § =VsU = <0 555 0), UESU(?))C, VESU(?))f
0 0 577

@ eight possible phases:

CFL phase J

5§22, 855, 577 # 0
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@ CFL pairing pattern (idealized case): sy = s55 = 577
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3 flavors

Color-flavor locking

@ CFL pairing pattern (idealized case): sy = s55 = 577

-1 e ( wd-d)® (rg—gr) ’ %
+(ds—sd)®(b—b)
o er\a

+ (su—us) @ (br—rb A

@ symmetries:

e color: SU(3). completely broken =» 8 massive gluons



3 flavors

Color-flavor locking

@ CFL pairing pattern (idealized case): sy = s55 = 577

-1 e ( wd-d)® (rg—gr) ’ %
+(ds—sd)®(b—b)
o ar\s

+ (su—us) @ (br—rb A

@ symmetries:
e color: SU(3). completely broken =» 8 massive gluons
e chiral: SU(3)a ” =» 8 Goldstone bosons
SUQ)y



3 flavors

Color-flavor locking

@ CFL pairing pattern (idealized case): sy = s55 = 577
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3 flavors

Color-flavor locking

@ CFL pairing pattern (idealized case): sy = s55 = 577

-1 e ( wd-d)® (rg—gr) ’ %
+(ds—sd)®(b—b)
o ar\s

+ (su—us) @ (br—rb A

@ symmetries:
e color: SU(3). completely broken =» 8 massive gluons
e chiral: SU(3)a ” =» 8 Goldstone bosons
SUQ)y '
but: symmetric under “locked” color-flavor rotations g — e®=*ig
@ baryon #: broken =» 1 scalar Goldstone boson
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@ realistic quark masses: M, M; < My < 0o
=» unequal Fermi momenta, p% = /u* — M?
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@ pairing close to the Fermi surface
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o D>

free energy
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Realistic masses

@ realistic quark masses: M, M; < My < 0o
=» unequal Fermi momenta, p% = /u* — M?
@ recall argument about Cooper instability:

@ pairing close to the Fermi surface
(no free energy cost for pair creation)

@ Cooper pairs in BCS theory:
@ opposite momenta

@ unequal Fermi momenta: pjf-’b = pr + dpr

e BCS pairing favored if Ebinding > Epair creation

o approximately: 5 2 opr

free energy
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realistic masses

Which phase is favored?

@ precondition for standard BCS pairing:
’P?r _p?«" 5 \/EAab J

o Fermi momenta: pr = +/u2 — M?
e realistic quark masses: M; > M, ~ M,

@ case 1: high densities )
>M, = pi~pl~pt = CFL A
p PF ~ Pf ~ P ) @"A@‘

@ case 2. moderate densities ®
M2 pu>Mg = ph<ph~plh =» QSCJ




realistic masses

Which phase is favored?

@ precondition for standard BCS pairina- K. Rajagopal (1999) }
Pt — Pl S V2Aa |

o Fermi momenta: pr = +/u2 — M?
o realistic quark masses: M; > M,

@ case 1: high densities

PN
pw>M; = ph~plaph = CFLJ '5?%;‘

@ case 2: moderate densities

®
M2 pu>Myy =¥ p}«p%%p’f, -> QSCJ
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3-flavor NJL model

@ Lagrangian: L = Lo+ Lgq + Lyg
o free part: Ly = q(id —m)q, m = diags(my, mq, my)
e quark-antiquark interaction:
L= G{(@ray + @nsr'a?}
-K {detf (g(l + 75)q) + dety (21(1 - 75)q> }
e quark-quark interaction:

Lyg = H (qivsTadn CqT)(‘]TCi’YSTA)‘A' q)



realistic masses

3-flavor NJL model

@ Lagrangian: L = Lo+ Lgq + Lyg
o free part: Ly = q(id —m)q, m = diags(my, mq, my)
e quark-antiquark interaction:
L= G{(@ray + @nsr'a?}
-K {detf (q(l + 75)q) + dety (21(1 - 75)61) }
e quark-quark interaction:

Log = H (Givstad Cq")(q" CivsTara q)

@ mean-field approximation:

@ gg-condensates: (uu), (dd), (ss) < dynamical masses
@ gg-condensates: (ud), (us), (ds) — diquark gaps
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Results for 7 =0

@ “realistic” parameters

@ isospin symmetry

Auda Aus - Aus Mu = Mds Ms
150 600 - T
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100 400 |
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realistic masses

Results for 7 =0

@ “realistic” parameters

@ isospin symmetry

Auda Aus - Aus Mu = Mds Ms
150 /_ 600 ———— :
100 400 b

200 | ~—
xSB| 2SC| CFL|
o ol T

300 400 500 300 400 500

u[Mev] u[Mev]

v

@ dynamical quark masses

=>» density dependent, discontinuous functions!
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Phase diagram

50

T [MeV]

XSB | 2sC CFL |

300

400 500
K [MeV]

phase transitions

1st order
2nd order
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@ quark star or quark core of a neutron star:
e quarks (u,d,s) + leptons
o after a few minutes:  neutrinos untrapped
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neutral matter

Compact star matter

@ quark star or quark core of a neutron star:
e quarks (u,d,s) + leptons
o after a few minutes:  neutrinos untrapped

@ additional constraints:
e Jequilibrium: d,s—u+te +0, =¥ pg= s = fy + e
e electric neutrality:  ng = 3n, — inq — in, —n, =0

e color singletness = color neutrality: n, =n, = n,

@ four conserved charges; densities: n,, ng, np, ng
& n=n.+ng+n, n3=n.—n, nyg= %(n,—i—ng—an), ng

=» four independent chemical potentials: i, ps, ps, po
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@ homogeneous color superconducting ground state
automatically color neutralized by gluon background (A%)
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neutral matter

Color neutrality

@ QCD (after gauge-fixing):
@ homogeneous color superconducting ground state
automatically color neutralized by gluon background (A%)

@ NJL model:
@ no gluons =» introduce “color chemical potentials” by hand:

L=+ p )’ —ig+... = pe=glAd)
e color neutrality:
0N
na:<qT)\aq>:_a#a:0, azl,...,S

includes non-diagonal A, !
e standard phases: only us,us # 0 are needed '
but one should always check ...
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Neutral quark matter

@ constraints in compact stars:
e color neutrality: ny=ng =0

e electric neutrality:  ng = 3n, — 1ny —

5 lng—n,=0

3

e [ equilibrium: fe = g — [y =¥ N K Ny g
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e color neutrality: (minor effect)
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o electric neutrality: 5 .
3= 3Md = 3

e [ equilibrium:
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Neutral quark matter

@ constraints in compact stars:

e color neutrality: (minor effect)

;nS%O

o electric neutrality:
2 1
3Mu — 3Md —
e [ equilibrium:

@ consequence: all flavors have different Fermi momenta
@ u>M; = ng=n,~n;, =% CFL

@ u<S My = ng=2n,

no 2SC in compact stars ?

M. Alford, K. Rajagopal, JHEP (2002))




neutral matter

Neutral quark matter

@ constraints in compact stars:

e color neutrality: (minor effect)

o electric neutrality: 5 . |
§nu — §nd — §ns ~ O

e [ equilibrium:

@ consequence: all flavors have different Fermi momenta

@ u>M; = ng=n,~n;, =% CFL

@ u<S My = ng=2n,

no 2SC in compact stars ?

M. Alford, K. Rajagopal, JHEP (2002))

@ strong coupling: 2SC possible !
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Gapless color superconductors

neutral matter

@ unequal Fermi momenta:
Py’ = Pr £ opr
e splitting of the quasiparticle modes:
w_ — w_(pr) £ opr

o Db

free energy

0<dpp<A
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Gapless color superconductors

free energy

@ unequal Fermi momenta:
i’ = pr + dpr o> &
e splitting of the quasiparticle modes:
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@ opr > A =» gapless modes )




Gapless color superconductors

@ unequal Fermi momenta:
a,b —
PF =DPr x0pr
e splitting of the quasiparticle modes:
w_ — w_(pr) + opr
@ opr > A =» gapless modes
@ gapless 2SC phase (g2SC)

|. Shovkovy, M. Huang, PLB (2003).)

e unstable at fixed 10
@ can be most favored neutral

neutral matter

free energy

Op> A

homogeneous solution

A(MeV)
20 40 60 80 100 120 )




neutral matter

Gapless color superconductors

free energy
@ unequal Fermi momenta:
b _
Py’ =Dpr* dpr

Op> A

e splitting of the quasiparticle modes:
w_ — w_(pr) + opr

@ opr > A =» gapless modes

@ gapless 2SC phase (g2SC)

|. Shovkovy, M. Huang, PLB (2003).)

e unstable at fixed 10
@ can be most favored neutral . -
homogeneous solution ’

@ similar solutions for CFL, uSC, etc. "™ ewars Rajagopal PRL (2004). |




Model calculations

neutral matter

@ NJL model without imposing neutrality

M.B., M. Oertel, NPA (2002); M. Oertel, M.B., hep-ph/0202098.)

NQ

3 50
=

[

XSB 25C CFL
O L
300 400 500
u[Mev]
v

also: Gastineau, Nebauer, Aichelin, PRC(2002). J

@ quark phases at T=0:
(xSB — ) 25C — CFL



neutral matter

Model calculations

@ NJL model with neutrality constraints

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2005) J

@ “strong diquark coupling”> H =G

@ quark phases at T=0:
e “strong coupling”:
25C — CFL

0 . . . . . . . .
320 340 360 380 400 420 440 460 480 500
uMev]

y

also: Blaschke, Fredrikson, Grigorian, (")ztag, Sandin, PRD (2005); Abuki & Kunihiro, NPA (2006). J




neutral matter

Model calculations

@ NJL model with neutrality constraints

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2005) J

@ ‘“intermediate diquark coupling” H=0.75G

@ quark phases at T=0:
e “strong coupling”:
25C — CFL
e “intermediate coupling”:
normal — gCFL — CFL

e ‘ @ no 2SC!
320 340 360 380 400 420 440 460 480 500

wiMev] @ gapless phases

y

JgCFL

also: Blaschke, Fredrikson, Grigorian, (")ztag, Sandin, PRD (2005); Abuki & Kunihiro, NPA (2006). J
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CFL + Goldstone phases

@ CFL: chiral symmetry broken =» Goldstone bosons
e “n”, “K”, “n” (by quantum numbers), but mainly diquarks

@ very |Ight m ~ 0(10 MeV) (see also contribution by V. Werth)



neutral matter

CFL + Goldstone phases

@ CFL: chiral symmetry broken =» Goldstone bosons

e “n”, “K”, “n” (by quantum numbers), but mainly diquarks

@ very |Ight m ~ 0(10 MeV) (see also contribution by V. Werth)

@ stress imposed by M; = K" condensation

T. Schafer, PRL (2000); Bedaque & Schafer, NPA (2002). |

2
o heuristic argument: p} = /2 — M2 ~ ji — ’;’7

2

=» effective strangeness chemical potential: 1, ~ ’2”—#

=> K° condensation if i, > mgo
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NJL-model description

e axial transformations: ¢ — exp(if.%7s) ¢

> WT Cys T4 A/ ¢> - <wT C 1arm Ay w>
. M.B., PLB (2005);
=» include pseudoscalar diquark condensates MMJ

° phase diagram: H. Warringa, hep-ph/0606063)
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Neutrinos

@ Proto-neutron stars:
neutrinos trapped during the first few seconds

=» lepton # conserved

=> more electrons:
e = ,lLd—,uu‘i',UyJ

=» favors 2SC,
suppresses CFL

Steiner, Reddy, Prakash, PRD (2002);
Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2006) J
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@ Proto-neutron stars:
neutrinos trapped during the first few seconds

=0
- lepton # conserved Ho
=» more electrons: sl
Pe = ftd — Pu+ v | “wr
=» favors 2SC, :20,
suppresses CFL w0l ]
NQ +fgCFL

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2006) 1 MeV]
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Neutrinos

@ Proto-neutron stars:

neutral matter

neutrinos trapped during the first few seconds

=» lepton # conserved

=> more electrons:
e = ,lLd—,uu‘i',UyJ

=» favors 2SC,
suppresses CFL

Steiner, Reddy, Prakash, PRD (2002);
Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2006)
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Neutrinos

@ Proto-neutron stars:
neutrinos trapped during the first few seconds

y, = 400 MeV
=» lepton # conserved

=> more electrons:
e = ,lLd—,uu‘i',UyJ

=» favors 2SC,
suppresses CFL

gCFL'

Steiner, Reddy, Prakash, PRD (2002); J %0 340 360 30 400 420 a0 460 480 500

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2006) uMeVv]
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neutral matter

Neutrinos

@ Proto-neutron stars:
neutrinos trapped during the first few seconds

y, = 400 MeV
=» lepton # conserved

=> more electrons:
e = ,lLd—,uu‘i',UyJ

=» favors 2SC,
suppresses CFL

gCFL'

Steiner, Reddy, Prakash, PRD (2002); J %0 340 360 30 400 420 a0 460 480 500

u [Mev]

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2006) )

@ consequences for the evolution of the star ?
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Spin-1 condensates

@ alternative: equal-flavor pairing Qe

o Pauli principle:

spin symmetric =» spin 1

@ many pairing patterns (cf. >He) — A. Schmitt, PRD (2005)

@ particularly interesting:
“color-spin locking” (CSL)

e all fermion modes gapped Aguilera, Blaschke, M.B., Yudichev, PRD (2005);
° smallest gap ~ 100 keV Schmitt, Shovkovy, Wang, PRD (2006). J

=>» cooling properties rather different from 2SC and CFL !
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unconventional pairing

Chromomagnetic instabilities

@ Meissner effect: WOW
T 1) T144(0, §)

1 .
mM,a - 72 llm (gij + p
p—0

@ problem: can become imaginary — unstability !

° eg., (g)2SC; Huang & Shovkovy, PRD (2004))

-0.2

0.4 '.‘ A a:4,...,7
0 I'I mzzl,,7a<0 if 5pp>{ V2

A a=38




unconventional pairing

Mixed quark phases

° baSiC principle: Glendenning, PRD (1992)

e 1st component positive

e 2nd component negative

e globally neutral



unconventional pairing

Mixed quark phases

° baSiC principle: Glendenning, PRD (1992)

e 1st component positive

e 2nd component negative

e globally neutral

@ in our case:

o four chemical potentials:  p, po, p3, s

e three neutrality conditions: ng =n3 =ng =0
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Mixed quark phases

° baSiC principle: Glendenning, PRD (1992)

e 1st component positive

e 2nd component negative

e globally neutral

@ in our case:

o four chemical potentials:  p, po, p3, s

e three neutrality conditions: ng =n3 =ng =0
@ mixed phases:

e 2, 3, or 4 components

e neutral along 1-dimensional lines
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Mixed quark phases: NJL-model results

F. Neumann, M.B., M. Qertel, NPA (2003))

@ composition: N 2SC 2SC,, sSC CFL
1 T T x’, T
08 f 1
_ 06 / ]
* 04l ]
02t / 1
1 Syl [ T 1
350 375 400 425 450
u[Mev]

e 9 different mixed phases
@ 2-, 3-, and 4-component systems

e “exotic” components: sSC, 25C,;
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Mixed quark phases: stability

@ bulk free energy gain relative to homogeneous phases:
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@ surface and Coulomb effects:

e estimate: not stable if surface tension > 10 MeV/fm?
Reddy & Rupak, PRC (2005) )

e BUT: surface tension can be small
@ 7~ condensates could help

@ structure size ~ 10 fm =» crystal ?
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o “LOFF” phase: Alford, Bowers, Rajagopal, PRD (2001) J
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unconventional pairing

Crystalline phases

Larkin, Ovchinnikov; Fulde, Ferrel (1964);
o “LOFF” phase; Alford, Bowers, Rajagopal, PRD (2001) J

e pairs with total momentum P # 0

i
F
WW

=
(&
_

e p% #ph  no problem

D

%

b
/»§

e less phase space -

-

.

e unisotropic: (g(%)g(x)) ~ A e2F¥ ’
e gauge equivalent to constant gluon background A®

@ could help to solve the gCFL instability problem

Casalbuoni et al., PLB (2005); see Ippolito’s taIkJ

o (g)2SC Giannakis and Ren, PLB (2005))

e favored for dpr > A =» curesa=38,butnota=4,...,7
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Gorbar, Hashimoto, Miransky, PLB (2006) )

@ non-zero timelike and spacelike gluon condensates:

ps ~ (AF), s~ (AD), B~ (a), C~(a) |

- non-zero chromo-electric fields:  Fl, F./

e cannot be “gauged” away completely: “gluonic phase”
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Gluonic phase

Gorbar, Hashimoto, Miransky, PLB (2006) )

@ non-zero timelike and spacelike gluon condensates:

ps ~ (AF), s~ (AD), B~ (a), C~(a) |

- non-zero chromo-electric fields:  Fl, F./

e cannot be “gauged” away completely: “gluonic phase”

@ Ginzburg-Landau analysis near dpr = %:
e cures the problem fora=4,...,7!
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@ Lagrangian (more than QCD .. .):
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unconventional pairing

“‘gauged NJL model”

@ Lagrangian (more than QCD .. .):

L = Z]ilpq = H((_Ii’YSTQAAch)(qTCi’)/SbTQ)\ACL_I) = ‘liFi(fl,)F(a) ”VJ

@ recent investigation; Kiriyama, Rischie, Shovkovy, hep-ph (2005) |

e neglect ug, us, and C
e subtraction: Q= Q(u, pa, A, B) — (0, 0,0, B)

=» reasonable results, but not quite satisfactory . ..
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discussion

Theoretical approach

@ NJL models

@ dynamically generated masses and gaps
@ simple interaction: allows for tackling complex problems
@ model parameters largely undetermined

@ mostly restricted to mean field

@ “model independent” analyses, effective theories
@ systematic expansions in A/u, M/, etc.
@ (unknown) details of the interaction not important
@ expansion parameters not necessarily small

@ cannot predict A(u), M;(u), etc.
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Theoretical approache (contd.)

— D. Rischke, Prog. Part. Nucl. Phys. (2004))

@ QCD at weak coupling

@ > Agep =¥ as(p) <1
=» systematic expansion (gluon exchange)

@ optimistic estimate: > 1.5GeV — pp > 175 pg
(Rajagopal and Shuster, PRD (2000): . >> 10° GeV !ll)

=>» not applicable to neutron stars
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e 1= 14 %
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Dyson-Schwinger approach

Nickel, Alkofer, Wambach, PRD (2006))

@ QCD Dyson-Schwinger equation for the quark propagator:
e 1= 14 %

e vertex function from DSE studies in vacuum
@ gluon propagator from DSE + particle-hole corrections

o features:

@ weak coupling limit for very large densities
@ contact to lattice results in vacuum

@ no parameter

@ quite involved . ..
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Dyson-Schwinger approach: results

vertex function:

2 2 2 iri :
o (k*) o< Zy(k*)T' (k%) pairing gaps:
10 ‘ ‘ ‘ 80
9l DSE studies Z 70!l Dosc ——
gl 1atQCD data analysis Z el Acrrs ——
71 = A2scweak ™
— 6l X 50 ACFLweak "
- S
i g, = 30
I t
1f I Y/
0 ‘ ‘ ‘ ‘ R
0 05 1 15 2 25 0123456 78 910
k[GeV] 1[GeV]

Fischer, Alkofer (2003);
Bhagwat et al. (2003) Nickel, Alkofer, Wambach, PRD (2006) )

@ large gaps at moderate densities!
(3 times larger than extrapolated weak coupling results)
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Empirical information from compact stars

@ maximum mass, mass-radius relation Alford, Braby, Paris, Reddy |
=» equation of state
@ cooling

=» ungapped quarks, specific heat

=» no normal quark matter, no 2SC (?)  Grigorian, Blaschke, Voskresensky |
@ direct neutrinos

=» phase transitions during the first seconds Carter & Reddy |
@ rotation frequency

e moment of inertia =¥ phase transitions  Glendenning & Weber |

e core glitches =» crystalline phases (?)

e viscosity (r-mode instabilities)

=> no pure CFL stars (?) Madsen |
@ magnetic fields



discussion

Literature

@ K. Rajagopal and F. Wilczek, hep-ph/0011333.

@ M. Alford, Ann. Rev. Nucl. Part. Sci. 51, 131 (2001).

© T. Schafer, hep-ph/0304281.

© D. H. Rischke, Prog. Part. Nucl. Phys. 52, 197 (2004).

© M. Buballa, Phys. Rep. 407, 205 (2005).

© |. A. Shovkovy, Found. Phys. 35, 1309 (2005).

@ many others: Nardulli (2002), Ren (2004), Huang (2005), . ..




	overview
	diquark condensates
	2-flavor color superconductivity
	gap equations
	3-flavor CSC
	realistic masses
	neutral matter
	unconventional pairing
	discussion

