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HADRONIC CORRELATIONS IN THE PHASEDIAGRAM OF QCD

Temperature T [MeV]
3

Nuclei Net Baryon Density
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RELATIVISTIC NOZIERES-SCHMITT-RINK THEORY (I)

Lagrangian for N; = 2, N. = 3 quark matter, OGE inspired

9 8
o g i rra
c:mw+ﬁ—nmr~5§ qTv,q qTv"q
a=1

Fierz transformation, select scalar diquark channel (P,)", = iCyse e,
aQ 3
L=q(id+h—m)g+— E:m'czwﬂﬂ]-zgg[flwﬂvaw]

Spinor doublet (bispinor) Q = (q, ¢') representation, B, = ~o(P,)

1D+ h—m 0 G-(0 0\ .~(0P
E‘éQ( 0 i#—ﬁ+m)Q+ZQ(ao)QQ(OJ)Q

Partition function with L = —L|;. 4,

- /DQexp[— /OﬁdT/ddwﬁE(Q)}
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RELATIVISTIC NOZIERES-SCHMITT-RINK THEORY (II)

Hubbard—-Stratonovich transformation to fermion pair fields

M) =5Q( 5 g )@ dima=9@(y Q)

Integrating out the fermion fields

|A(—iT, x)|? 1 S A(z)0,
Z = | DADA* — ~1 Y (. Y
/ exp [ /deaz ( G X eXP 5 og Det(, ) PA(2)5,, -

Bare fermion propagator

F ' S - dp —iwn (To—7y ) +ip-(z—
SF;JJ - (Zﬁ + /lL o m)(SI,y’ SF;,y - 75CSF;,$O/Y57 5x,y - TZ / W@ n(Te—Ty) +ip-(a—v)

n

Nambu-Gorkov propagator and self energy
—1 _
S;l _ SFx,y _91 : o ZI , = 0 PUAU(JT)(S:I;,Z/ 7
Ty 0 Sp., ’ PyAL ()0, 0

Factorize the fluctuation contribution to the partition function

Z(,LL, T) = e_ﬂQ(M’T) — ZO(:“? T)Zﬂuc(:uv T)?
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RELATIVISTIC NOZIERES-SCHMITT-RINK THEORY (II1)

The thermodynamic potential for the free quark systemis (e,. = \/m? + p*> F u)

Q() 1 dp _
D _ 1 oNNLT in (14T,
v py e f ;/(2@3“ e

and the fluctuation contribution is determined from Qg,. = — In Zg,./ 5 with

. [Ay(—ir )P\ | 1
e = /DADA exp [—/de:L‘( d G -+ éln Detyy) | 0uy — zZ:SFx,zzz,y

Expanding up to quadratic order in (A, A*) (Gaussian approximation), we have

T (1
e = e_ﬁQﬂuC = dA iQN, P)dA? iQN, P eXP | == | = — XuT iQN, P A iQN, P 2 ,
U Ui H, U

V\G

n,N,p

where () and P denote the bosonic Matsubara-frequency and momentum.
Integrating out the Gaussian fluctuation leads to (vacuum contr. x, = x,—o7—o Subtracted)

dP 1 , > dP 1 |
Qpue = dpT /(2@3 log [5 — X1 (i, P)] —dp / ) ds) /(%)3 log [5 — xo(i©, P)] ,

N:even
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RELATIVISTIC NOZIERES-SCHMITT-RINK THEORY (1V)

The pair correlation function x, 7(i€2y, P) at one-loop level is defined by —-| Seminar

. d . . .
(i, P) = 273 [ su(Setio, + i a + P)Se(=iwn. ~a)

- —Q/dq (1+m2+q'<q+P> 1 — fr(Epp— 1) — fr(E, — )

(2m)3 EE,., Oy +2u—F, .. — E,
_4/dq (- m®+q-(q+ P), = fr(Egr — p) + fr(E, + p)

(2m)3 EE,., Oy +2u—E, p+ E,
+2/dq (1_|_m2+Q'(Q+P) I = fr(Epgp + 1) — fr(E, + 1)

(2m)3 EE,  » Oy +2u+ E p+E,

The (retarded) dynamic pair susceptibility I'(w, P) can be obtained by the analytic continuation
of the pair correlation to the real w-axis:

1

r(w, P)= &~ Xur(w +10, P).
It corresponds to the quark pair propagator and its spectral density for G = G
G
1 o0 dwﬂ T(W,P)
g P)=ImTDY P): T9Y P) = __/ K .
p,u,T(w7 ) m M,T(w7 ) y M,T(w7 ) 1/g . X,u,T(iQNa P) e T ZQN — W
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THERMODYNAMIC POTENTIAL IN TERMS OF SPECTRAL DENSITY

Differentiation and integration of (24, with respect to GG gives

dg * dw dP
OQfue = d

wpg’T(w, P)
N + w2

— (T = p = 0 part)

Identity pgﬂ,T(w, P) = —pg,T(—w, P) entails charge conjugation symmetry j < —p.
Matsubara summation yields [fz(w) = fz(w) + 6(—w) with fz(w) = 1/(e™ — 1)]

CdG [*dw dP CdG [ dw dP
Qﬂuc——dB/ g2 W(QW) 5w )pMT(w P)- dB/O @ - :<27T>36(;U>5png(w,P>

In-medium spectral shift: 5pM,T(w, P) = p} 1(w, P) = py(w, P). The result

Qﬂuc — QNSR =+ Qqﬂ

shows quantum fluctuation ()4 besides the Nozieres—Schmitt-Rink contribution Qxgg.
(), can be ignored for:
(i) high temperature 7' > T, and (ii) weak coupling 7./ Fr < 1
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THERMODYNAMIC POTENTIAL IN TERMS OF PHASE SHIFT

Integrating the spectral density over the coupling constant leads to

dg ¢ — Xp1(w + 0, P)) _
/ gZp,LLT 2 1Og ( XIUT( 2(5, P) - M,T(W,P).

The in-medium phase shift ¢, P) is the argument of the dynamic pair susceptibility

7w,

& — Xur(w £ id, P)
& — Xur(w, P)

The contributions to the thermodynamical potential can be expressed as

“dw dP -
Onsr = —dp /m7<27)3f3(w)5u,T(w7P)7

_ Fiburlwr)

“dw dP e(w
Qqﬂ = _dB/_ T (27_‘_)3 <2 ) [(iu,T(w,P) - 50,0(W7P)]7

where ()ygr IS exactly the Nozieres—Schmitt-Rink result in J. Low Temp. Phys. 59 (1985) 195
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THOULESS CRITERION AND RENORMALIZATION OF COUPLING (1)

In the weak attractive coupling regime, the Thouless condition defines the critical temperature
T. by the divergence of the static and long wavelength limit of the dynamic pair susceptibility

1 dq tanh E;;C,u

A
I'~1(0,0)=—=— 0.0) =0 0.0) =2 —u).
000 = 5 = 00) =0, xn(0.0) =2 [ ST

Cutoff-dependence of T, = Af(m/A, u/A, GA?) reduced by partial renormalization using low-
energy scattering T-matrix (“1” = (p, a, i, hy) labels quark momentum, color, flavor, spin)

3
Eab €ij Thihg

T(12 - 34)=T(p,k)(T'2l'3y — (3 4)), =

V2v2 V2
where T'(p, k) can be evaluated with the Lippman-Schwinger resummation
-G
T(p, k) = —F070(2Ep, O)

- 1 — GX(),()(QEP + 25, 0)

m

At sufficiently low energy, 2E, = 2m + %2, the scattering amplitude f(p, k) = —-T'(p, k) is

e sin ¢ B 1 1

p o peotd—ip L lrp?—ip

f(p, k)=

with the s-wave scattering length o, and the effective range r. to be extracted from I'y4(2E,, 0).

J
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THOULESS CRITERION AND RENORMALIZATION OF COUPLING (1)

The effective range is UV finite, while the inverse scattering length is quadratically divergent

m 1 dq 1 1 1 1
_m - — — — Xoo(2m,0) = ——
iras, G /(2%)3 (Eq “m B, + m> G xo0(2m, 0) Gr’

Thouless criterion with renormalization of coupling and pair correlation reads

1 11 e
——— = X, 5(0,0) =0, x}F(w,P)=x.1(w,P)— X00(2m,0).

Bound state or resonance ? In vacuum (. = T = 0) from condition: —1/Gr — XOR?)“( w,0) =
Since x{(2m,0) = 0 follows: if —1/Gr > 0 then a resonance pole is located at |w| > 2
otherwise a stable bound state is located at |w| < 2m, because Im x(|w| < 2m,0) = 0.

Then the critical coupling Gr = G, for the zero binding is given by the condition

so that 1/a, = 0, so-called unitary limit.
For the relativistic case, a second critical coupling exists at Gy = G.», when the bound state
becomes massless: —1/G 5 = x§(0,0) < 0.
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PARTICLE NUMBER CONSERVATION (1)

In-medium spectral function and the in-medium phase shift from

PR (w, P) = I T (w, P), 655 (w, P) = Arg [T (w, P)] .

Total quark number density from the thermodynamic potential n.(p, T') = —mg‘;ﬂ

d Xdw dP ; 00, F(w, P
Neot(pty T') = 2Ne Ny /(2:)3[fF(Eq_M)+fF(Eq+M)]+dB/ %(ngfB(W) hTa{:j >7

—00

The NSR contribution can be transformed to

nxse(p, T') = dp /(371:)3 [ aE }fB( —2u) —dp /(;15)3 [2 + 3?: }fB(EMT + 2u)

and contains unstable pair correlations besides the bound (anti-)boson ones.
The critical chemical potential 1. is defined by
]63

N Nf3— = ntot(,uc; T) - nMF(Nc; T) -+ nNSR(,uCa T),
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PARTICLE NUMBER CONSERVATION (I1)

Estimate of critical parameters for Bose condensation from bound state dominance.
(1) Nonrelativistic BEC: boson mass (2u.) much larger than kinetic energy

P2

dpte

Qe > NI JApe = BT~ 2p, +

Boson pole dominates and one gets

k3 T 3/2 k% Nf 1 2/3

(2) Relativistic BEC: 2u, < ntot, boson and anti-boson with dispersion /42 + P2 contribute.

]{33 2,LL T2 kF kF Nf
ot = N.N =2 — TR = .
Hhtot f37r b BEC ™ o e 2(N. — 1)

The critical temperature is of order (ntot/Quc)l/Q, l.e. much larger than the boson mass 2.
(3) Crossover regime: Thouless criterion and number conservation

K3 o dP ; ,  06% (w, P)
_ Ren —-17 . N N — . TC / - ’ .
0=Re [[,07.(0,0)7]; Fge — Melie T+ | —om 5 llw) == -
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THERMODYNAMICS OF THE BCS-TO-BEC CROSSOVER

(Temperatures, Chemical potential)/ E,

charge density (quark number) fraction
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(a) The critical temperature T, and the critical
chemical potential 1. as a function of attrac-
tive coupling Gr. The dissociation tempera-
ture of pre-formed pair in the strong coupling
regime is also depicted by dashed line.

(b) The quark number fractions as a function
of coupling Gr.
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THERMODYNAMICS OF THE BCS-T0-BEC CROSSOVER (1)

(Gaps, T )/E,

( Half of in-medium Boson masses )/ £,
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The zero temperature gap parameter A, and
T, as a function of Giz. The mean field gap
parameter A, is calculated at (i = ., T = 0).
A measure of physical gap in the single quark
excitation at T = 0, /A2 + max.(m — p, 0)?,
is also shown by the bold red line.

The in-medium boson and antiboson
masses (Mp, Mz) along the critical line
(ue(GRr), T.(Gg)). The cross indicates the
point G/G. = 0.07 where the bound boson
forms, i.e., Mp(u.,T.) = 2u. = 2m holds at
this point.
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THERMODYNAMICS OF THE BCS-TO-BEC CROSSOVER

T
= highdensity  To(ke=2.4m)
I ) *

0.1E
0.01 T (k=0.2m)
i — k=0.2mxn
0.001 3 , with n=1,2,...,10
-/ low density (from bottom to top)
0.0001 -/m— | |
0.5 0.0 05 1.0
G,/G

c

1.5

The kr dependence of the criti-
cal temperature as a function of
Gr/G.. From bottom to top, the
Fermi momentum increases as
kr = 0.2m,0.4m,---,2.4m. The
large point located on each criti-
cal line represents the BCS/BEC
crossover point where py. = m
holds, while the large cross corre-
sponds to the BEC/RBEC bound-
ary where the 7. = u.. The large
square put on the horizontal axis
indicates the standard choice of
the diquark attraction, i.e., G/4 ~
3G, with G, = 2.17/A? set to repro-
duce the dynamical quark mass
M, = 400 MeV in vacuum.

Abuki, arxiv:hep-ph/0605081
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GINZBURG-LANDAU AND GROSS-PITAEVSKII EQUATION

Time-dependent Ginzburg-Landau (TDGL) equation in the BCS regime:

Imd CLT z b() 9
{at - +§z§:\\lf§(t,az)] U, (t, ) =0

Gross-Pitaevskii (GP) equation

2
) ar m 0

Relativistic Gross-Pitaevskii (RGP) equation (Klein-Gordon equation with ®* interaction)

[83 —v2V2 + M? + A Z |We(t, a:)2] W, (t,x) = 0.
£

Abuki, arxiv:hep-ph/0605081
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GINZBURG-LANDAU AND GROSS-PITAEVSKII EQUATION

w/m

0
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The three physically different w-
regions where the fluctuation is
described by TDGL, GP, and RGP
equations. The low energy ex-
pansion of the pair susceptibility
is allowed for the shaded area
where w < w. = min.(T, |pu. — m|).

Abuki, arxiv:hep-ph/0605081
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TRANSPORT PROPERTIES. PERFECT LIQUID!

BCS BEC RBEC BCS BEC RBEC

unitary unitary
103 (a) limit 4 (b) limit

U / Stot
N / Ntot

KSS bound

10 1/4x
10" =AY GSZ bound
107 o 1/67
-2
" 10
10  [— n RBEC
_3 S
10 y RBEC 10
| | Q\ 107 | | |
-0.5 0.0 0.5 1.0 1.5 -0.5 0.0 0.5 1.0 1.5
GR/GC GR/GC

(a) The shear viscosity to entropy ratios from the damping (or scattering) process of soft
modes, n25, nBEC and nR*BEC as a function of four-fermion coupling G’z (thin solid lines). The

S

dashed lines indicated by 77> and 77""“ correspond to the shear viscosities from fermion

binary scattering in BCS and RBEC regimes. The “KSS bound”, the minimum bound (ﬁ)
proposed by Kovtun, Son and Starinets

(b) The shear viscosity to baryon charge ratios as a function of Gz. The horizontal dashed
line (é) indicated by “GSZ bound” is the minimum bound proposed by Gelman, Shuryak and
Zahed
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HADRONIC CORRELATIONS IN THE PHASEDIAGRAM OF QCD

Temperature T [MeV]
3

Nuclei Net Baryon Density
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SUMMARY

e Nozieres—Schmitt-Rink theory for relativistic fermion system
e Thermodynamics of the BEC/BCS crossover
e Pair fluctuation transport: Gross-Pitaevskii equation and shear viscosity

¢ Density dependence of T, and role of quantum fluctuations

OUTLOOK

e Dynamic pair susceptibilities from a chiral quark model with mesonic channels and gluonic
dof (e.g. Polyakov loop)

e Investigation of the transport properties in the phase diagram
e Step-like enhancement of threshold processes due to Mott effect

e Reaction kinetics for strong correlations @ SPS, RHIC and FAIR: observable effects?
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