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The present Universe
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Friedmann equaiton for the present Universe
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The present Universe MD/Λ transition
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Deceleration–acceleration transition

ȧ2 =
8π

3
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−1≈ 0.85

z ≡ a0/a−1 at z � 1 dust-dominated
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The present Universe RD/MD transition
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matter-radiation (RD/MD) transition(
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t MD: a(t) ∝ t2/3

zeq +1 =
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The present Universe RD/MD transition
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matter-radiation (RD/MD) transition(
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RD: a(t) ∝
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t smooth transition MD: a(t) ∝ t2/3

zeq +1 =
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The present Universe The age and the horizon of the Universe
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The age of the Universe

(
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)2

= H2
0

[
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(a0

a

)3
+ΩΛ

]
,

ΩM +ΩΛ = 1 , a(t) = a0

(
ΩM
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)1/3[
sinh

(
3
2

√
ΩΛH0t

)]2/3

t0 =
2

3
√

ΩΛ

1
H0

Arsinh

√
ΩΛ

ΩM

= 1.38 ·1010 yr

ΩM = 0.24 , ΩΛ = 0.76 , h = 0.73
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The present Universe The age and the horizon of the Universe
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The size of the Horizon: visible part of the Universe

a(t) = a0

(
ΩM

ΩΛ

)1/3[
sinh

(
3
2

√
ΩΛH0t

)]2/3

lH,0 = a0

∫ t0

0

dt
a(t)

=
2

H0
·1.8 = 14.8 Gpc
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The present Universe Brightness–redshift dependence
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Brightness–redshift dependence in the Universe

ds2 = dt2−a2(t)
[
dχ

2 +sinh2
χ

(
dθ

2 +sin2
θdφ

2
)]

coordinate distance χ =
∫ t0

ti
dt

a(t) z(t) = a0
a(t) −1

χ(z) =
∫ z

0

dz ′

a0H0

1√
ΩM(z ′+1)3 +ΩΛ +Ωcurv (z ′+1)2

a2
0H2

0Ωcurv = 1 , ΩM +ΩΛ +Ωcurv = 1

S(z) = 4πr2(z) , r(z) = a0 sinh χ(z)

detector: Nγ ∝ S−1, ω = ωi/(1+z), dt0 = (1+z)dti
hence, for the brightness (the flux as mesuared by a detector) one has

J =
L

(1+z)2S(z)
≡ L

4πr2
ph

, rph = (1+z) · r(z)
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The present Universe Brightness–redshift dependence
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Degeneracies in brightness–redshift dependence
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The present Universe Brightness–redshift dependence
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Brightness–redshift dependence: SN Ia
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The present Universe Brightness–redshift dependence
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Brightness–redshift dependence: SN Ia

∆(m−M) = 5log
rph

rph(Ωc = 0.8,ΩM = 0.2)
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The present Universe Brightness–redshift dependence
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Cosmological parameters from SN Ia
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Recombination temperature
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Temperature of the recombination

ne = ge

(
meT
2π

)3/2

e(µe−me)/T , ge = 2 ,

np = gp

(
mpT
2π

)3/2

e(µp−mp)/T , gp = 2 ,

nH = gH

(
mHT
2π

)3/2

e(µH−mH)/T , gH = 4

Tr : np(Tr )' nH(Tr )

baryon number conservation

np +nH = nB , nB(T ) = ηBnγ (T ) ,

chemical equilibrium
p +e↔ H + γ : µp + µe = µH

electroneutrality
np = ne
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Recombination temperature
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Temperature of the recombination

Xp ≡
np

nB

, XH ≡
nH

nB

, ∆H ≡mp +me−mH = 13.6 eV

XH =
2ζ (3)

π2 ηB

(
2πT
me

)3/2

X 2
p e

∆H
T

Saha equation: XH +Xp = 1

Xp +
2ζ (3)

π2 ηB

(
2πT
me

)3/2

X 2
p e

∆H
T = 1

recombination: Xp ∼ 1, XH ∼ 1 Tr = 0.33 eV

Tr ≈
∆H

ln
( √

π

4
√

2ζ (3)

(
me
∆H

)3/2
η
−1
B

) ≈ 0.38 eV
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Recombination time
ИI
ЯN
ИR

Recombination: time

recombination: np ∼ nH ∼ 1 Tr = 0.33 eV

zr ∼ 1400

tr =
2

3H(tr )
=

[
M2

Pl

6πρM (Tr )

]1/2

.

ρM(T ) =
ΩM

ΩB

·ρB(T ) =
ΩM

ΩB

·mp ·nB(T ) =
ΩM

ΩB

·mpηB ·nγ(T ) .

tr =

[
π

12ζ (3)

ΩB

ΩM

M2
Pl

ηBT 3
r mp

]1/2

.

tr = 200 000 years
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Recombination last scattering
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Last scattering: γe→ γe

σT =
8π

3
α2

m2
e
≈ 0.67 ·10−24 cm2 , τγ =

1
σT ·ne(T )

n2
e = n2

p =

(
meT
2π

)3/2 2ζ (3)

π2 T 3
ηBe−∆H/T

last scattering: τγ(Tf )' H−1(Tf )' tf

∆H

Tf
= ln

[
σ

2
T t2

r ·
(

meTr

2π

)3/2

ηB

2ζ (3)

π2 T 3
r

]
Tf = 0.27 eV , z = 1100 , tf = 2.7 ·105 yr

for general processes one should solve kinetic equations

dnXi

dt
+3HnXi

=
∫

(production−destruction)
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Recombination horizon
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Recombination: horizon

matter domination: lH,r = 2H−1
r

H2
r =

8π

3
GρM(tr ) =

8π

3
GρM,0

(
a0

ar

)3

=
8π

3
GρcΩM,0(1+zr )

3 .

at recombination: lH,r = 2
H0
√

ΩM

1
(1+zr )3/2

today: lH,r (t0) = 2
H0
√

ΩM

1√
1+zr

lH0

lH,r (t0)
∼
√

1+zr ' 30
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Recombination angular size
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Recombination: angle

χr =
∫ t0

tr

dt
a(t)

, ∆θr =
lH,r

ra(zr )

ra(zr ) = (1+zr )
−1 ·a0 ·shχr

∆θr =
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zr +1
, Ωcurv = ΩΛ = 0 .
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2
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) .
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