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Lecture 1:  Grounds for supersymmetry Unification in elementary particle physics

In elementary particle physics, the hope is that we will eventually achieve a unified scheme which
combines all particles and all their interactions into one consistent theory.

Modern particles:
Maxwell Theory, U (1)

—_—
- o 0
Bosons: A.~(E,B) @& WEW! @ G =18 @ gu
N ——
Electroweek TheorySU(2) x U(1) Strong InteractionSU (3) Gravity
Fermions: UL, e

w,v=0,1,23 a=12 &=1,2are the Lorentz indices; i is internal symmetry index
[Luvs Loa]l =i (Muplpr + nurlep — (1 < v)) SL(2,C)
[Pp,, PV] = O, [L‘LLZ/’ P)\] =i (77V/\P;L ol 77;1./\Pu) conformal
[D,P.]=iP,, [D,K,]=-iK,, [D,Lu]=0 algebra
[K;u K.,]=0, [Pm Ky] = -2i (me + Lw) v L, Ka] =i (77MK;L + meu)
T, T =i @ T =&T), (T)"=-T/, T/ =0 internal summetry algebra $b)
[T/, Luw] = [T}, Pu] = [T}, K.] = [T},D] = 0
Coleman, Mandula, 1967: it is impossible to unify space—time symmetry with internal

symmetries in frame of local relativistic field theory in four dimension with finite number of
massive particles.

W = Lem P Ly, W2=-m2J? (P?#£0), W,=AP, (P?=0)
[T},P?] = [T/,W?] = [T/,A] =0 — all particles of an irreducible multiplet must have

} Poincare algebra

the same mass and the same'spin (helicity)
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Lecture 1:  Grounds for supersymmetry Haag-Lopushanski-Sohnius theorem: Graded symmetry algebra

Bypass of the Coleman—Mandula theorem:

Haag, Lopushanski, Sohnius, 1975 proved that in the context of relativistic field theory the only
models which lead to the unification problem are supersymmetric theories.

Symmetry algebras of the supersymmetric models are graded Lie algebras or Lie superalgebras

[BaBe]l =icisBc,  [Ba, Q] =i10aAkQu,  {Q«,Qu} =ifiuBa
Ba are even (commuting, bosonic) elements; Qg are odd (anticommuting, fermionic) elements
Graded Jacobi identities

[[G1,G2},Gs} + graded cyclic= 0
(there is additional minus sign if two fermionic operators are interchanged)

Bosonic subalgebra Ba are defined by Coleman—Mandula theorem.
On the fermionic operators Qy it is realized the representation of the bosonic subalgebra.

Qwm generate supersymmetric tansformations
Q |boson> = |fermion >, Q |fermion > = |boson>
Parity:  q(B)=0, q(Q)=1, q(Jboson>)=0, q(lfermion>)=1
Simple example of SUSY algebra: BRST symmetry

[BAaQ]:O7 {QyQ}ZO
Q is BRST charge
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Lecture 1:  Grounds for supersymmetry Brief sketch on supermatrix and supergroups

B | F1 B, are ordinary matrices
X = ; — X
Fs | B2 F1. are fermionic matrices

strX =trB; —trB,, strXY = strYX

sdet( By Fl) = detB;, sdet( 1 Fl) =detB,";  sdetXY = sdetX - sdetY

0 1 0 B

F, B 0 B

-1
<Bl Fl) _ (1 Fl) (Bl—FlBZ Fa 0>7 sdetX = det(By—F1B; 'F,)-detB; -

B,* 1
sdetX = exp {str(InX)}

OSHm|n) : G:ex:( Spn) | R )

F> ‘ SO(m)
Um,n) | Fy )
U(m,n : G=¢e"=
o (gl
SU(m, n|p) : G=¢", srXx=0

For m + n = p the identity matrix obeys tr B; = tr B, and generates U(1) subgroup.
The quotient PSUm, n|p) = SU(m, n|p)/U(1) is simple and is often denoted just SU(m, n|p).
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Lecture 1:  Grounds for supersymmetry Super—Poincare algebra

. 0 (T1)ap a=1,.,4
Notations used: (y,)," = ((5, )3 MO ﬂ)’ a=1,2, &=1,2
i ’ bl 7
vV, = <>z‘;) Xa = (1« ) for a Majorana spinor

Ouby + 006 = 2Ny,  Opy =10(,6u), v =16(,04)

¢a:€aﬁwﬁ7 wazﬁaﬂwﬁf /l/_)d:edglzﬁﬁ 1/_)(5‘:6@/3-1;[37

€aB= — €Ba; €45= — €54, €12= — € =1
(5.)° =P (0,)p55 (0")as = (L, F)0s> (6")° = (1,-5)
Xop = 0 Xy X =508, XM =Xl

BLTP JINR, Dubna, 5-15.09.10 7145
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Super-Poincare algebra
Pulw, T ® QL Qa=(QL)" & ZV,Zj=(2z""
{Qu, Q4 } = 26/(0")Pur  {Q4, Q5 =€apZ”,  {Qai,Qu} = €s5Zis

[P,uv Q:y] = 07 [P,un Q(’!i] = 07 [L#Va Qla] = 7%(G#V)5Qiav [LMV? Qdi] = %(&HV)QQdia
[T,-i,QE] = 5ijia = %5;(327 [Tji7 Qak] = —0kQqj + %fﬁéak

Z",Z; = (Z")" are central charges, [Z,P]=[Z,L]=[Z,Q]=[Z,Z]=0
In massless case, P2 =0, : 2'=0,Z;=0

Basic properties of Poincare supersymmetry

@ [P2,Q]=0 - allparticles of any supermultiplet have the same mass
@ 0<Y > {Q, Qui} =4NP, - the energy is non-negative
@ {|bosons>} S {|fermions>} 2 {|bosons>} translated by P, =

There are an equal number of bosons and fermions
when translations are an invertible operator
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Lecture 1:  Grounds for supersymmetry Conformal supersymmetry

U(2,2|N)

P,u,y L;J,Vv Tji7 R @ Kll«! D 5] ij Qdi - ((?iy)+ 57 S()(iv él(y = (Sui)+
~——
U(N)
(St S} = 25 Yol
{QL, S} = —5/(0")aLu, — 4i65T) — 2i626D + 24N 686/R
[Kinx] = (Uu)aa S > [Ku:Qdi] = - (Uu)ad Si )
[Pus Sail = (04)aa O, [Puvéii] =—(0u)aa Q
[R7Q]:_%Q7 [R,Q]:%Q7 [R S]

bl

?

1S
s
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Lecture 1:  Grounds for supersymmetry Wess—Zumino model

Simple 4D supersymmetric field theory: Wess—Zumino model

¢(x), ¢(x), F(x), F(x), ta(x), va(x)

bosongc—numbe) fermions(Grassmanh

€a, €4 — Grassmann parameters of SUSY translations , {ea,e5} = {€a,&3} =0

8¢ = (¢"Qa +2aQ%)¢, .., s = (6"Qa +EaQ)s
((51(52—5251)¢ = 2(610‘”52—620’”&:1)Pu¢, veey (51(52—(52(51)1/_Jd = 2(810‘”52—620’“5_1)Pu1/_1d
0p = —€%Ya, 0o = —2ich 54 Oup —2eoF , OF = —iok, Eu()ﬂb

s:/d“xz, L= —5v0"8,5 — g0 +FF +m (¢F + ¢F) —2 m (o + i)
—med

), F(x) — auxiliary fields; its equations of motion is purely algebraic: F + m¢ = 0
= %o, 0o = —2iagds“5‘ L®+2meqd - on-shell SUSY transformations
(nonlinear in case of the interaction,
closed only on field equations of motion)
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Lecture 2: 1D SUSY in usual space

1D super-Poincare and superconformal symmerties
Example of 1D field theory: relativistic particle

1D field theory with global SUSY

Hamiltonian analysis and supercharges

N = 1 supergravity in 1D

Quantization: spin 1/2 particle in pseudoclassical approach
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Lecture 2: 1D SUSY in usual space 1D super-Poincare and superconformal symmerties

1D N-extended super-Poincare algebra
{Qa7 Qb} = 26aH , ((?a)+ = Q7 a=1,.,N
1D N-extended superconformal algebra
1D superconformal algebra O 1D conformal symmetry SQO(1,2) ~ Sp(2) ~ SU(1, 1)

().~ (R

{Q.Q}~H, {S§,;S}~K, {Q,S} ~D+J, (H,K,D)csu(1,1), Jco(N)orsu(M)
N=1: OSpH1|2)
N=2: OSpH2|2) ~ SU(1,1|1)
N=4: D(2,1;«)

a=-1/2,a=1: D(2,1;a) ~ OSH4|2)
a=0,a=-1: D(2,1;a) ~ SU(1,1|2) &, SU(2)
D(2,1;q): {Qai’i7Qbk’k} -2 (Eikei’k’-l—ab T b’k gik _ (1+ a)eabeikli’k’) ’
[Tab7-|-cd] — i(eac-l-bd _'_edeaC)’ " [Tab7Qci’i] — iec(aQb)i'i7
Q21’i:_Qi’ sz'i _ _(-?i7 Q11/i:Si7 Q12'i _ éi7 T22:H7 TM:K, T2__p.

Bosonic generators T, 3% and I’ form su(1, 1), su(2) and su/(2) algebras.
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Lecture 2: 1D SUSY in usual space Example of 1D field theory: relativistic particle

t - time coordinate; 1D field theory - mechanics

S = [dti, L=1¢A¢Bnae - 1D massless Klein-Gordon action
Global invariance: t' =t +a, ¢'(t') = ¢(t)

Local invariance: 1D gravity

4D: guu =nmneflel, e are vielbein fields
g1 L (0uQup + 0vup — BpQu), RO\ =0Tl +Thol oy — (1 v)
1D: g,u_e, gW:e—Z, JVad=¢e, FT=(ne), R=0

S:/dtL, L =1 /0" 8, - Butp+ L v/GM? = L (714~ b+ em?)

H=3le(-p-m?), Ti=p-p-m?~0, T,=pe~0
Quantization:
ABl=i{AB},: d=x, p=—id, é=e, Pe=—ide
O =d(x,e,t), ihd=HO, Ti,0=0
= (O+ m?)o(x) =0, Klein — Gordon equation

Quantization 1D matter fields in 1D gravity background = spin O target space field

String action Sstring = J 020 Lstring. Lstring =T /390X 0gXu
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Lecture 2: 1D SUSY in usual space 1D field theory with global SUSY

S = /dtL L=1¢*+1yp
[6(t1), p(t2)] = d(t1)p(t2) —p(t2)d(ta) = {9(t), ¥(t2)} = () (t2)+e(t2)e(t) = 0
o7 =9, 1/1+ = (AB)t =B*A"

Q: ¢ — Y, ¥ — ¢ = the parametet = e+ must be anticommuting

[S/h]=0, h=1 = LU=+1, [t]j=-1 = [¢] = -1/2, [¢]=0
8¢ = ierp = [e] = -1/2 = 8 ~ ed

0p = ey, Y= —c¢
=L (ed) +idp=0, ec=const, ¢li—too = Plictoo =0

[01,82) ¢ = 2ie1e29), [61,02] ¥ = 2iere2t)p
INnN>11DandD > 1 [61,82] ¢ = 2ie1e21) + (eqof motion)
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Lecture 2: 1D SUSY in usual space Hamiltonian analysis and supercharges

oL oL ; ,
—, — = =¢, ™m=3
p 29 o9 p=2¢ 3¢
=po+mp—L=13p
G=m—-—359=0 — the constraint
H =Ho + \G

{6:p}s =1, {¥,7}, =1

{G,G}, =—1#0 — second class constraint
G={H,G},=0 = A=0 = H=j}p’

{Av B}D = {Av B}P - {A’ G}P{G’ G};l{G’ B}P
{d)vp}o =1, {1/171/)}0 =i = [d)a p] =1, {1/%1/)} =1

el d oL
ss= [ dtA= ts 75 at 2 (s —n at (L -2 500
/ / < i q) - / ( 4 ) / <8q dt6q> q

pdg — A = const on — shell

pdp+mdp — N =iepy =ieQ,
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Lecture 2: 1D SUSY in usual space N = 1 supergravity in 1D

S:/dt(%¢52+%zpu}), 5S:i/dté¢¢3 e =g(t)
Introduce the gauge fermionic field (the gravitino) x =x: dx=¢+ ...
Newterm: S’ = —i / dt xv e, 88" = —i /dt ex(ivy + ¢d)
The first term can be canceled by adding a new term in §v

The last term can only be canceled by introducing a new field h (the graviton) and coupling $2
Local SUSY is a theory of gravity!!!

Newterm: S” = —/dt hée

Lio sucra = % ¢ + %1/)1/1 —ix9¢ —héo

Local SUSY: 8¢ =iy, 69 = —e(1 — 2h)d + iexep,
sh=—ie(1—2h)x, d&x=(1-2h)é
[8e1, 06,16 = 2ie1ea(1 — 2h)§ — e1eaxp = £ +ié

Gravity transformation 66 = &6, 6 = &b, sh=16+¢h—¢h, ox = &x

69}“’ = 5/\8)\9#1/ + 6#5/\9)\1/ r augkgu)\! 56;1] = g)\akeﬂ + a,ué./\eT,
el — E\0neh — eAOAER, et =1 2N
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Lecture 2: 1D SUSY in usual space Quantization: spin 1/2 particle in pseudoclassical approach

¢ = (¢u), Y = (), uw=0,1,..,D—1, e l—1_02n

5= / at, L= % eilq;ué/t + IE wu"/;'/t —i X‘?ljﬂ'b,yu,

Pu=e"0u —ixty, T =3Uu Pe=0, my=0

Ho = pud" + mutp" +peé — L = Lep"p, + L xp oy
Pe =0, m~0, G,=m,— s¢.~0 —  primary constraints
H =Ho + MGy + AePe + A7y

{7/};“71-11};. = Nuv {e7p8}p =l {X7 pX}P =1

{¢u: pu}p = Nuv,
second class constraints

{GH7GV}P = —inu -
G.={H,G.}, =0 = A, =0

Pe = {H,pe}, =0 = T =p"p.~0
7y = {H, 7y}, =0 = D =p“y, ~0

BLTP JINR, Dubna, 5-15.09.10 17145
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Lecture 2: 1D SUSY in usual space Quantization: spin 1/2 particle in pseudoclassical approach

{A7 B}D = {A7 B}P - {A7 GM}P {Guv GV};l{GV’ B}P
{¢H7 pV}D = Npv, {d)uv"/}l/}o = 7”7#1’

Quantization:

[Av é] = I{Av B}D : [(g#v f)V] =i mz {Tzﬂvﬁ;v} = Nuv
éu =Xy, Pp=—i0y, 1@# = %’Yﬂ

W = W,(x), o, ¥ =0, "o, v =0 Dirac field

Quantization 1D matter fields in 1D supergravity background = spin % target space field
Fermionic string action: St_string = fdzaﬁf_smng,
['f—string =T \/g {gaﬁaaxuaﬁxu - i”vo‘&ﬂﬁu - 2)_(a7ﬂ7a7/1“ (65)(” T %)_([Bwu)}

~y* = edq?, a=1,2, a=12, n=0,1,...D—-1
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Lecture 3: 1D SUSY in superspace

@ Superfields in superspace
@ 1D supergravity in superspace
@ Extended SUSY in superspace

@ N=2 supersymmetric models

o Real superfield
e Chiral superfield
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Lecture 3: 1D SUSY in superspace Superfields in superspace

Superspace: Supersymmetry is realized by coordinate transformations
Q describes fermionic transformations —  translations in odd direction of extended space
Usual 1D space: (t) =
N=1, 1D superspace: (t,6), where 6 = @ is Grassmann coordinate, 00 = 0

Q=Q"=0s+i0a, H=H'"=ia; {QQ}=2H, [H,Q]=0
ot=eQ-t, 0=eQ-0: ot =ieb, 00 =¢
N=1,1D superfield: O(t,0) = o(t) +i0y(t)
O'(t',0") = o(t,0), O =1 ,0)—P(t,0)=cQ -d=6p+i05)p =
Sp=lieth, Op=—¢co

Integration over odd variable /de(G) = /def(@-m) = /d99 =1, /dé)a =0
Covariant derivatives Dy =39y — 1600, =D, Di=d, {Q,D}=0, [Q,8]=0

S = [dtdOL(®,5P,DP), S = [dtdOQ[.]= [dtdOds[..] + [dtde i0a][.]
————— ——

=0,9¢]...] contains n@ the total derivative
Any action, built from superfields and covariant derivatives 9; and D, is always-supersymmetric
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Examples of the N=1 supermultiplets
O(t,0) = P(t) +169(t) - even superfield
s=1 /dtd98t¢Dd>: L /dt (¢ +ivd)
(1,1,0) supermultiplet

Y(t,0) = (t) + 0F(t) - odd superfield
s=1 /dtde\llD\IJ: 1 /dt (iW+F2> = /dtz/n/}
(0,1, 1) supermultiplet

m physical bosons
The supermultiplet (m,n,n — m) contains n fermions
n —m auxiliary bosons
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Lecture 3: 1D SUSY in superspace 1D supergravity in superspace

Supergravity: local translations and local supertranslations =
general coordinate transformations in superspace

4D scalar matter in the curved space ~ /d“x det(el}) n™" endud - endu

Dm¢ Dno
4D space — 1D superspace J

S=1 /dthsde(EMA) E/'ou® Eg' ond
o N N’

D@ Dy®
En”(t,0) — the super vierbeifsupermatrix
M,N = (1,2) = (t,0) are curved indices; A,B=(1,2) =(t0) areflatindices
EaV(t,0) - the inverse super vierbein  EAMEw® = 68
Om = (O, D) — curved derivatives

_ M _ t 0
Dy=E Om = Ecd +Er'0 } covariant derivatives

Dy = EQN On = Egta aF E§989
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Lecture 3: 1D SUSY in superspace 1D supergravity in superspace

General coordinate transformations in superspace:

SEm™ = ENONEWA + OueN EnA, Y M
SEAM — ENOVEAM — ExN Oy e 0P = ¢V on, £Y(t,0) — 2 local parameters
The extra symmetry which acts on tangent vectors:

SEm™ = EmB & o, 5 sde(En”) = of sdefEn™),

A
a”(t,0) — 2 local parameters
SEAM = _J}AQBEBM, 5o =0, (t,0) p

Gauge fixing for 3 local transformations eliminates 3 from 4 superfields in Ey”. Possible choice:

Eu'=E Ew ' Emf=EY2 Ey ¢, E(t,#) — residual gauge superfield
° A _ 1 0 IV 1 0 ' .
EM == < io 1) EA" =1 _ig 1 ) — flat vielbein

[0} E-1 0

Ea MBM = (8t7 D)7 EAM = < igE-12 E-1/2 > , sde(EMA) _ E1/2

sS=1 /dthE_ldJDtb

E(t,0) = e(t) —iOx(t),  ®(t,0) = ¢(t) +i0p(t), S=3 /dte—1(¢2 +ip —ie Ixdy)

Replacement ) — el/2y, y — e3/2y yields the component action considered.
Residual gauge transformations coincide with local SUSY of the component action considered.
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Lecture 3: 1D SUSY in superspace Extended SUSY in superspace

N-extended 1D superspace:
(taei)a ek:(eik) {0i70k}:07 I-J7k:l--N
Realization of super-Poincare algebra in superspace:

0 . 0 .
Qk:QIZ%—H@ka, H=H"=id; {Qk,Qj} =204 H, [H,Q] =0

ot = exQx - t, 86k :Eij~9k : ot =i exbk, 00k = ek
General supersfield:
D(t, 0k) = P(t) + Ok th (t) + Ok, Oy Py (t) + Oy Oy Oy Vg ks (1) + -+ - Oy -+ Ok Dry .k (T)
Off-shell contents:

2N~ bosonig(fermionic) component fields, ¢, , - - - . . . o
2N~ fermionic(bosonig component fieldg, , 1, kks s - - - G bl esami CTl e
Covariant derivatives:

0 . 0
= Mo

F(Dk)® =0 — covariant constraint

Di {Q;,Dk} =0

On-shell (physical) contents of a model is defined by the action.
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Lecture 3: 1D SUSY in superspace N=2 supersymmetric models

N=2 1D supersymmetric models are similar to the models with N=1 4D SUSY
Real N=2, 1D superspace:  (t,01,02), 01 =0, 0. =0;
Q1 = i+I6‘8 Q—i+i08 H=i0;
1= 90, 10, 2 = 90, 20, = ;
{Qlan}:2H7 {Q27Q2}:2H7 {QlaQZ}:Oy [Han]:[H7Q2] =0
ot =i (5191 + 8292)7 001 = €1, 00> = &>
Complex N=2, 1D superspace:

(t,0,0), ezi(eﬁiez),9:9*:%(&—.92)
Q——+|9& Q—a§+|98t H=io
{Q,Q}=2H, {Q,Q}={Q,Q} =0, H,Q = [HQ]—0
5t =i (0 + 26), 50 = e, 50 = g, gE=¢"

General N=2, 1D superfield:
O(t,0) = ¢(t) + 0ih(t) + Ox(t) + HOF (1)
Sp=ep+&x, OYv=—icp+eF, dy=—iep—cF, OF =—iep+icx

Covariant derivatives D = % —i0d, D= 8% —ifa, {D,Q}={D,Q}=0
®"=¢ — thereal superfield D® =0 — the chiral superfield
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Lecture 3: 1D SUSY in superspace N=2 supersymmetric models

Real superfield:
D(t,0) = dF = ¢(t) + 0e(t) — O (t) + 00F (1), 6T =¢, FT=F, ovt=4¢
Off-shell SUSY transformations:

bp=ep—&p, Op=—icp+eF, OPp=iep+eF, OF =—i(e) + &)

/dtd9d9D¢D<|>_ /dt{¢ +i (- $9) + F*}

On—shell: ¢=0, P =0, b =0, F=0 (1,2,1) multiplet
On-shell action: i
s=3 [a{d+iwi- i)
On-shell SUSY transformations:
Sp=ep—&P, Y=—ip, OPp=ied

[01,02]¢ = i (152 — €221) ¢ — 2i 515217)
N —
=0 on—shell

On-shell SUSY transformations are closed only on equations of motion.
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Lecture 3: 1D SUSY in superspace N=2 supersymmetric models

Chiral superfield:
D=0 — &t 0) =q¢(t)+0p(t)—i004(t), ¢ % — complex fields
(2,2,0) multiplet
(t, 6) = ¢(t) + 6(t) —1695(t) = p(tu) + y(t) = P(t, 6)

Chiral N=2, 1D subspace: ~
(tL,Q)., tLEt —i60
St=i(e0+&0), d0=¢, O60=F = ot =2iah, 80 =¢
Supercharges in superspace (t., 6, 0):

0
Q=25 Q=; _+2|981L

SUSY transformations of component fields:

8¢ =ep, S = —2i g6

SUSY invariant action:

S—-} [dtdoadbeDs — [at {461 (i i)}
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Lecture 4. Superconformal mechanics

@ Conformal mechanics: peculiarities

@ Matrix models as multiparticle conformal mechanics
@ N'=2 superconformal mechanics

@ Brief sketch on A'= 4 superconformal mechanics

S. Fedoruk (BLTP JINR, Dubna) Introduction to SUSY BLTP JINR, Dubna, 5-15.09.10 28/45



Lecture 4:  Superconformal mechanics Conformal mechanics: peculiarities

Conformal mechanics action:
_ 1 .2 g
S_E'/dt (x ’ﬁ)

Conformal invariance:
t=a+bt+ct? =f(t), ox=1fx, 68:/dt/\, A=1fx
Conserved charges (p =X; S (Hot—pox +A)= O):

H = 5 (P +3)

X2
D = tH-1xp
K = t*H-—txp+3:x°
gK—QK—k{K H}, =0 EngD—k{DH} =0, H — the Hamiltonian
dt ot TR dt T ot e
{H,D}, =H, {K,D}, =—-K, {H,K}, =2D — dynamical symmetry
[A,B]=i{A,B},: [H,D]=iH, [K,D]=-iK, [HK]=2iD — sl(2,R) algebra
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Lecture 4:  Superconformal mechanics Conformal mechanics: peculiarities

Properties of the conformal mechanics:
@ If HEE >=E|E >, then He*P?|E >=e*E|E > =
the spectrum of H is continuous;

@ The eigenspectrum of H includes all E >0 values,
for each of which there exists a plane wave narmalizable state;

@ The spectrum of H does not have an endpoint (ground state),
the state with E=0 is not even plane wave normalizible.

It is awkward to describe the conformal theory in terms of H eigenstates.
The sl(2,R) algebra in the Virasoro form:
1 1 . .
R:%(aH+5K), Li:—%(aH—ngD); a is a parameter

[R,L+]==+Ls, [Li, L ]=-2R
R is the u(1) generator in sl(2,R) ~ o(1, 2) algebra.
The eigenvalues of
Rli—0,a=1 = 3 <p2 + % + X2>
are given by a discrete series

. 1 / 1
|’n:|'()'}—r~|7 n:0,172,..., r0:§(1+ g+z)
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Matrix models as multiparticle conformal mechanics
@ the hermitian nxn-matrix field X2(t), (X2) = X2,
@ complex commuting U(n)-spinor field Z,(t), Z% = (Za),
@ n? non-propagating “gauge fields” A2(t), (ATQ) = A}
So = /dt [%Tr(vxvm +5(Zvz —VvZz) +CTrA],
WX =X +i[A,X], VZ=Z+IAZ.
The 1D conformal SO(1, 2) symmetry:
St =f, oX2 =1fXP,  0Za=0, OAS = —fAD, o =0
The local U(n) symmetry, g(7) € U(n):
X—gXg', Zz—gz, A—gAg'+igg'.
The U(n) gauge fixing: X2 =xa82, 2% =1Za.
The algebraic equations of motion

ZaZ,

2 Al R ; . b _
(Za)* =c (which implies ¢ > 0); Ay = 20%a — X0)" a#b

As result, we arrive at the standard Calogero action

/dt Zxaxafzfisz)z}» :%[ZpapanLZ xb)z]

a#b a;éb
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Lecture 4:  Superconformal mechanics N = 2 superconformal mechanics

The N'=2 superconformal group OSp(2|2)~SU(1,1|1)
{0,0}=2H, {S,8}=2K, {Q,S}=2(D-U), {S,Q}=2(D+U),

P G)=-(3) 1(3)]=(3):
2 (3)]=2(8). 12 (5)]-=2(5)
[ (@)]=2(%) 1l (E)]=-2(5)

The closure of S, S with Q, Q = the full OSp(2|2).
We obtain the superconformal transformations by nonlinear realization method.

I\J\I—‘/\ (f)

N \

Coset realization of N = 2 superspace:
G={H,Q.QU}, H={U}, K={HQQ}

K(t, 6, 8) = e+99+0Q, t, 0, @ are the coordinates on the coset
@Q+EQ GItH+0Q+6Q _ Lit'H+0'Q+0"Q | S5t = i(sé +20), 80—, 60 =z

e"e® —exp {A+B+ 3 [ABl+ 5 (A [A Bl + [[AB],B]) +--- }
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Lecture 4:  Superconformal mechanics N = 2 superconformal mechanics

Coset realization of SU(1,1|1):
G={H,D,K,Q,Q,S,S,U}, H={U}, K={H,DK,Q,Q,S,S}
K= eitH eeo+éé eiuD eizK egs+f§

et = 'H, e K =K'H
e"Be " =e"AB, 1AB=B, AAB=[AB], A’AB=[A A B],

5t =i(ef + 29), 50 = ¢, 80 = &,
§'t =i(nf + 70)t, 8’0 =n(t —i00),
§'(dtd®9) =0, §'D=-2in0D, &'D=—2i76D

X =x(t) + 60 — 0(t) + 06F (),  'X =i(nf + 70) X
3 3 i L 2 7
S= /dtd29 (4DXBX+Inx)=1 /dt {)-(2 +i (Y — ) — %}”w}
Multi-particle generalization (N=2 superconformal Calogero):

S = /dtd29 (; ZDananlenxa—xb)
a

a#b

S. Fedoruk (BLTP JINR, Dubna) Introduction to SUSY BLTP JINR, Dubna, 5-15.09.10 33/45



Lecture 4:  Superconformal mechanics Brief sketch on /= 4 superconformal mechanics

The standard N'=4, 1D superspace:
{to.d =@}, k=12
Supersymmetry transformations from the A'=4, 1D superconformal group D(2, 1; «):
6t = i(6c2* — ef), 6 =ex,  0FF =5
§'t = —i(m@* — 70t + (1 + 20)6,8 (8 + 76k,
80 = it — 2iab67 + 2i(1 + )6k — i(1 + 20) k6,0
1o} 0 —

o o g k_ O g =k 5, — Y
Covariant derivatives D" = 20x +i 6006 Dy 30¢ +1i 6006

Some types of the N'=4, 1D superfields:
@ D¥DyX = m, D*DxX = m, [D¥,Dk]X =0 - scalar superfield, (1,4,3) multiplet
@ DivK =0, DOvK =0 - vector superfield, (3,4,1)

Superconformal models (X = (VikVik)l/2 for vector superfield):

Sw/dtd“ODC’l/z for a # —1; S~/dtd4996|nx fora =—1

In components S ~ /dt [)‘(2 i (e — ) — %W

More general formulations of A'=4, 1D models is achieved.in harmonic superspace
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Lecture 5: Supersymmetric models
In harmonic superspace

@ Harmonic superspace for N'=4, 1D SUSY models
@ Harmonics and harmonic analysis

@ Harmonic superfield models

@ Multiparticle N'=4 superconformal models
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Lecture 5:  Supersymmetric models in harmonic superspace Harmonic superspace for A'= 4, 1D SUSY models

R —symmetry

+ g0k |(i’k’)}’ k=12
~—
su (2) SUr(2)

N=4, 1D SUSY algebra {H, Q“, Qk = (Q")

StandardV'= 4, 1D superspace {H, Q¥, Qv = (@9, 3%, Ii/k/} /{Jik, Ii/k,}
Standard superspace coordinates {t, O, 0" = (6)" }

su (2) algebra: I = {Ji, J° } . J° — u(1) generator

N'=4, 1D harmonic superspace {H, Q*, Qv = (QM*, 3%, Ii,k/} / { J°, Ii/kl}

Harmonic superspace coordinates {t, O, 0%, u* }

Harmonic coordinatesu® parametrize the sphe@? ~ SU(2)/U(1)

S. Fedoruk (BLTP JINR, Dubna) Introduction to SUSY BLTP JINR, Dubna, 5-15.09.10 36/45



Lecture 5:  Supersymmetric models in harmonic superspace Harmonics and harmonic analysis

Parametrize S ~ SU(2)/U(1) by two SU(2) spinors

u'i7 ui7 = (F)

which subject to the constraint
ufu” =1 —  ufug —ufuT = e
and are defined up to a U(1) phase transformations

ui+ — e|(1ui+7 u-

u up
il =( 45 W) € su@.  lul—gluln, gesu@, heu
2

i,k are SU(2)indices; + are U(1)charges
Any function on S2 ~ SU(2)/U(1) must have a definite U(1) charge q

qu'l eyt gt us s for n>0

Intq 71 In

Harmonic functions are defined up to the transformations (@ — e'@9¢(@

The use of such parametrization of S 2 has the advantage of manifest SU(2) covariance
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Lecture 5:  Supersymmetric models in harmonic superspace Harmonics and harmonic analysis

Covariant derivatives on the harmonic sphere S 2:

_ 0

o o
DEE — = ek DO — ut 0 —5°
" out ’ " out " ou”
D*",D""]=D°,  [D°D**]=+2D**

Harmonic fields satisfy
D@ — q »@

Harmonic integrals:
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Lecture 5:  Supersymmetric models in harmonic superspace Harmonics and harmonic analysis

Central basis in harmonic superspace:

{t.ﬂk,@k,uii } ={z,u}
The N'=4, 1D Poincare supersymmetry:
6t =i(6d —al®), S =e, O0=2, suf=0
Analytic basis in harmonic superspace:
{ta, 05,05, uF Y = {za,u}, 0F=0'ut, 65 =0u*, ta=t-i(0'6 +670")

Analytic superspace _
{tA,9+,9+,Uii } = {C,U}

is closed under A’=4 Poincare SUSY (and under /=4 superconformal symmetry)

Ota = —2i(e " +0%&7), S0 =c"=cuy", 0T =c"=¢&u", uf=0
Covariant derivatives D* = D'u*, D* = D'u* in analytic basis:
17} — 17} _ 0 = = 0 -
96~ 95— ggr T20 O ag- TS0

DY W(z,u) =D"W¥(z,u) =0 = v = W((,u)
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Lecture 5:  Supersymmetric models in harmonic superspace Harmonic superfield models

Vector superfield (3,4,1) multiplet

DVt = DVttt = 0 DTVttt =0
Central basis:
D'Vt =0 = V™ =v¥z)uy
DVttt =D*vtt =0 = DIV =pliv¥) =0

Analytic basis:

D+v++ D+v++ =0 = V++ V_++(C7 U) - s } B
DV =0 = V™ =vkurul +0" 'y + 0Ty +i0T0T(F + 2v*utul)

5 — 7/dtd46’du£ (v**, DV, (D")ZV**,u)
-&—7'/dtd9+d0_+ du ™ (V7 u)

first term = ’y/dtH(V)(Vikvik + Fz)

second term = 7’/dt {FV(V) +VikAik(V)}
O A — O Aik = (€10 — ecdi)Y  — monopole— like potential
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Lecture 5:  Supersymmetric models in harmonic superspace Harmonic superfield models

Hypermultiplet (4,4,0) multiplet

Dtqf =D'aqi =0, D*'gf =0, (a)=c"qf, ab=1.2

Central basis: _
D™af =0 = i =aqa(z)u’
Daf =D'af =0 = Dlgd =Dy =0

Analytic basis:

D*gf =D"gi =0 = ai =ad(¢u) } L
DTtgf =0 = qf =flu + 0% xa+ 0t %a+ 2016 flu"

S =y/dtd49duc(q;,o"q;,u)
+v' /dt do"dé* du L™ (g4, u)
firstterm =~ / dt G2(f) ifs

second term =~ [dtf® A (f)
Aia  — self— dual gauge potential
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Lecture 5:  Supersymmetric models in harmonic superspace Multiparticle A'= 4 superconformal models

The N'= 4 superconformal matrix model (un = dudtd®d, u$ 2 = dud¢(-?):

S = 7%//LHTr(DC2)+%/;LE(2)Vo Ztzt 4 ‘50/u2’2) Trv™r,
Superfield contents:

@ hermitian matrix superfields X = (X2):

pttx=0, DD"X=0, (DD +DTD)X=0;
@ analytic superfields 23 (¢, u): DT = (@
@ the gauge matrix connection V1 (¢, u).

PH =D 4iVHt, DHX=DMX +i[Vt,X], etc.

The superfield V, (¢, u) is defined by the integral transform (Xo = Tr (X))

XQ(I,Qi,H_i) = /dU Vo (tA,9+,9_+,Ui) ‘

ot =—pivt, gE=givt’
i i
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Lecture 5:  Supersymmetric models in harmonic superspace Multiparticle A'= 4 superconformal models

Symmetries
@ The N'=4 superconformal symmetry D(2, 1; o) with o =
§X =—NoX, 82" =AZ", §'VTT =0, A=2a(fj 0" —n 0",

—1 ~ 0Sp(4/2):

Ao=2AN—D DA

It is important that just the field multiplier V; in the action provides this invariance

@ The local U(n) invariance:

X' =etxe ™ Z =e*z*t Vit =—e?rvite ™ _je’ (D"
where A2(¢,u™) € u(n) is the ‘hermitian’ analytic matrix parameter, A = A
Using gauge freedom we choose the WZ gauge

\/++
In the WZ gauge: Sy =Sy + S,

= 200" A(ta).

Sp = /dt Tr (VXVX +CA) + | xo(zkvz vzz)

D

g . _izk) 5
o W (22,)
fiTr/dt (wkvw fvwkw /dt ‘;(

X = X(ta) + 07V (ta)u" + 0"V (ta)u;” +.
Xo=Tr(X), Wi=Tr(W), Wi =Tr(¥).
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Lecture 5:  Supersymmetric models in harmonic superspace Multiparticle A'= 4 superconformal models

- imposing the gauge X2 = 0,a # b,
- eliminating A2, a # b, by the equations of motion,
- introducing the new fields Z'}, = (Xo)*/2Z4 (omit the primes):

o e LN (Sark | Sask Tr(SaSp)  nTr(SS)
= ‘./dt{gxf‘xﬁzg(zkza ZiZa)* 2 G — )2 20%0) }

a#b

where (Sa)! =272k (8)) = X2, [(Sa)i — 2el(Sa)it].
The fields ZX are subject to the constraints
Zfzl=c Vva.
fay@-zzy = @z, =i
a
Thus the quantities S, for each a form u(2) algebras
(Sa) (So)elo = 10w {3l (Sl (S}

Modulo center-of-mass conformal potential, the bosonic limit

Tr SaSb

/dt{Zxaxa * Z 4(xa — xb)z}

is none other than the integrable U(2)-spin Calogero model
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