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Lecture 1: Grounds for supersymmetry Unification in elementary particle physics

In elementary particle physics, the hope is that we will eventually achieve a unified scheme which
combines all particles and all their interactions into one consistent theory.
Modern particles:

Bosons:

Maxwell Theory, U(1)︷ ︸︸ ︷
Aµ ∼ (~E , ~B) ⊕ W±

µ , W 0
µ︸ ︷︷ ︸

Electroweek Theory, SU(2)×U(1)

⊕ G r
µ, r=1,...,8︸ ︷︷ ︸

Strong Interaction, SU(3)

⊕ gµν︸︷︷︸
Gravity

Fermions: ψi
α , ψ̄α̇i

µ, ν = 0, 1, 2, 3, α = 1, 2, α̇ = 1, 2 are the Lorentz indices; i is internal symmetry index

[Lµν , Lρλ] = i (ηνρLµλ + ηµλLνρ − (µ↔ ν)) SL(2,C)
[Pµ,Pν ] = 0 , [Lµν ,Pλ] = i (ηνλPµ + ηµλPν)

}
Poincare algebra

[D,Pµ] = i Pµ , [D,Kµ] = −i Kµ , [D, Lµν ] = 0
[Kµ,Kν ] = 0 , [Pµ,Kν ] = −2i (ηµνD + Lµν) , [Lµν ,Kλ] = i (ηνλKµ + ηµλKν)


conformal
algebra

[T i
j ,T

k
l ] = i (δi

l T
k
j −δk

j T i
l ) , (T i

j )
+ = −T j

i , T i
i = 0 internal summetry algebra SU(n)

[T i
j , Lµν ] = [T i

j ,Pµ] = [T i
j ,Kµ] = [T i

j ,D] = 0
Coleman, Mandula, 1967: it is impossible to unify space–time symmetry with internal

symmetries in frame of local relativistic field theory in four dimension with finite number of
massive particles.

W µ = 1
2 ε

µνλρPµLλρ , W 2 = −m2~J2 (P2 6= 0) , Wµ = ΛPµ (P2 = 0)
[T i

j ,P
2] = [T i

j ,W
2] = [T i

j ,Λ] = 0 – all particles of an irreducible multiplet must have

the same mass and the same spin (helicity)
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Lecture 1: Grounds for supersymmetry Haag-Lopushanski-Sohnius theorem: Graded symmetry algebra

Bypass of the Coleman–Mandula theorem:
Haag, Lopushanski, Sohnius, 1975 proved that in the context of relativistic field theory the only
models which lead to the unification problem are supersymmetric theories.
Symmetry algebras of the supersymmetric models are graded Lie algebras or Lie superalgebras

[BA,BB] = i cC
ABBC , [BA,QK ] = i gM

AK QM , {QK ,QM} = i f A
KMBA

BA are even (commuting, bosonic) elements; QK are odd (anticommuting, fermionic) elements
Graded Jacobi identities

[[G1,G2},G3}+ graded cyclic= 0

(there is additional minus sign if two fermionic operators are interchanged)
Bosonic subalgebra BA are defined by Coleman–Mandula theorem.

On the fermionic operators QM it is realized the representation of the bosonic subalgebra.
QM generate supersymmetric tansformations

Q |boson>= |fermion> , Q |fermion>= |boson>

Parity: q(B) = 0, q(Q) = 1, q(|boson>) = 0, q(|fermion>) = 1

Simple example of SUSY algebra: BRST symmetry
[BA,Q] = 0 , {Q,Q} = 0

Q is BRST charge
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Lecture 1: Grounds for supersymmetry Brief sketch on supermatrix and supergroups

X =

(
B1 F1

F2 B2

)
;

B1,2 are ordinary matrices,
F1,2 are fermionic matrices

strX = tr B1 − tr B2 , strXY = strYX

sdet

(
B1 F1

0 1

)
= detB1, sdet

(
1 F1

0 B2

)
= detB−1

2 ; sdetXY = sdetX · sdetY(
B1 F1

F2 B2

)
=

(
1 F1

0 B2

) (
B1 − F1B−1

2 F2 0
B−1

2 1

)
, sdetX = det(B1−F1B−1

2 F2)·detB−1
2

sdetX = exp {str(ln X )}

OSp(m|n) : G = eX =

(
Sp(n) F1

F2 SO(m)

)
U(m, n|p) : G = eX =

(
U(m, n) F1

F2 U(p)

)
SU(m, n|p) : G = eX , strX = 0

For m + n = p the identity matrix obeys tr B1 = tr B2 and generates U(1) subgroup.
The quotient PSU(m, n|p) = SU(m, n|p)/U(1) is simple and is often denoted just SU(m, n|p).
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Lecture 1: Grounds for supersymmetry Super–Poincare algebra

Notations used: (γµ)a
b =

(
0 (σµ)αβ̇

(σ̃µ)α̇β 0

)
, a = 1, .., 4

α = 1, 2, α̇ = 1, 2

Ψa =

(
ψα

χ̄α̇

)
, χ̄α̇ = (ψα) for a Majorana spinor

σµσ̃ν + σν σ̃µ = 2ηµν , σµν = iσ[µσ̃ν], σ̃µν = iσ̃[µσν]

ψα=εαβψβ , ψα=εαβψ
β , ψ̄α̇=εα̇β̇ψ̄β̇ , ψ̄α̇=εα̇β̇ψ̄

β̇ ,

εαβ=− εβα, εα̇β̇=− εβ̇α̇, ε12=− ε12=1

(σ̃µ)α̇α = εαβεα̇β̇ (σµ)ββ̇ , (σµ)αα̇ = (1, ~σ)αα̇ , (σ̃µ)α̇α = (1,−~σ)α̇α

xαβ̇ = σµ

αβ̇
xµ, x α̇β = σ̃α̇α

µ xµ, xµ = x α̇ασµ
αα̇
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Lecture 1: Grounds for supersymmetry Super–Poincare algebra

Pµ, Lµν , T i
j ⊕ Q i

α, Q̄α̇i = (Q i
α)+ ⊕ Z ij , Z̄ij = (Z ij)+

{Q i
α, Q̄β̇j} = 2δi

j (σ
µ)αβ̇Pµ, {Q i

α,Q
j
β} = εαβZ ij , {Q̄α̇i , Q̄β̇j} = εα̇β̇Z̄ij ,

[Pµ,Q
i
α] = 0, [Pµ, Q̄α̇i ] = 0, [Lµν ,Q

i
α] = − 1

2 (σµν)β
αQ i

α, [Lµν , Q̄α̇i ] = 1
2 (σ̃µν)β̇

α̇Qα̇i ,

[T i
j ,Q

k
α] = δk

j Q i
α − 1

N δ
i
j Q

k
α, [T i

j , Q̄α̇k ] = −δi
k Q̄α̇j + 1

N δ
i
j Q̄α̇k

Z ij , Z̄ij = (Z ij)+ are central charges, [Z ,P] = [Z , L] = [Z ,Q] = [Z ,Z ] = 0

In massless case, P2 = 0, : Z ij = 0, Z̄ij = 0

——————————–

Basic properties of Poincare supersymmetry

[P2,Q] = 0 - all particles of any supermultiplet have the same mass

0 ≤
∑

i

∑
α{Q

i
α, Q̄α̇i} = 4N P0 - the energy is non-negative

{|bosons>} Q→ {|fermions>} Q→ {|bosons>} translated by Pµ ⇒
There are an equal number of bosons and fermions
when translations are an invertible operator
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Lecture 1: Grounds for supersymmetry Conformal supersymmetry

SU(2, 2|N)

Pµ, Lµν , T i
j , R︸ ︷︷ ︸
U(N)

⊕ Kµ, D ⊕ Q i
α, Q̄α̇i = (Q i

α)+ ⊕ Sαi , S̄ i
α̇ = (Sαi)

+

{Sαi , S̄
j
α̇} = 2δj

i (σ
µ)αα̇Kµ ,

{Q i
α,S

β
j } = −δi

j (σ
µν)β

αLµν − 4iδβ
αT i

j − 2iδβ
αδ

i
j D + 2(4−N)

N δβ
αδ

i
j R ,

[Kµ,Q
i
α] = (σµ)αα̇ S̄α̇i , [Kµ, Q̄α̇i ] = − (σµ)αα̇ Sα

i ,

[Pµ,Sαi ] = (σµ)αα̇ Q̄α̇
i , [Pµ, S̄

i
α̇] = − (σµ)αα̇ Qαi ,

[D,Q] = i
2 Q , [D, Q̄] = i

2 Q̄ , [D,S] = − i
2 S , [D, S̄] = − i

2 S̄ ,

[R,Q] = − 1
2 Q , [R, Q̄] = 1

2 Q̄ , [R,S] = 1
2 S , [R, S̄] = − 1

2 S̄ ,
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Lecture 1: Grounds for supersymmetry Wess–Zumino model

Simple 4D supersymmetric field theory: Wess–Zumino model

φ(x), φ̄(x), F (x), F̄ (x),︸ ︷︷ ︸
bosons(c−number)

ψα(x), ψ̄α̇(x)︸ ︷︷ ︸
fermions(Grassmann)

εα, ε̄α̇ – Grassmann parameters of SUSY translations , {εα, εβ} = {εα, ε̄β̇} = 0

δφ = (εαQα + ε̄α̇Q̄α̇)φ , ... , δψ̄α̇ = (εαQα + ε̄α̇Q̄α̇)ψ̄α̇

(δ1δ2−δ2δ1)φ = 2(ε1σ
µε̄2−ε2σ

µε̄1)Pµφ, ..., (δ1δ2−δ2δ1)ψ̄α̇ = 2(ε1σ
µε̄2−ε2σ

µε̄1)Pµψ̄α̇

δφ = −εαψα , δψα = −2iσµ
αα̇ε̄

α̇∂µφ− 2εαF , δF = −iσµ
αα̇ε̄

α̇∂µψ
α

S =

∫
d4x L , L = − i

2 ψσ
µ∂µψ̄ − φ̄�φ+F̄F + m (φF + φ̄F̄ )︸ ︷︷ ︸

−mφφ̄

− 1
4 m (ψψ + ψ̄ψ̄)

F (x), F̄ (x) – auxiliary fields; its equations of motion is purely algebraic: F + mφ̄ = 0
δφ = −εαψα , δψα = −2iσµ

αα̇ε̄
α̇∂µφ+ 2m εαφ - on-shell SUSY transformations

(nonlinear in case of the interaction,
closed only on field equations of motion)
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Lecture 2: 1D SUSY in usual space
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Lecture 2: 1D SUSY in usual space 1D super-Poincare and superconformal symmerties

1D N-extended super-Poincare algebra

{Qa,Qb} = 2δabH , (Qa)
+ = Q , a = 1, ...,N

1D N-extended superconformal algebra

1D superconformal algebra ⊃ 1D conformal symmetry SO(1, 2) ∼ Sp(2) ∼ SU(1, 1)

∼
(

Sp(2) Q + S
Q − S SO(N)

)
, ∼

(
SU(1, 1) Q + S
Q − S SU(M)

)
{Q,Q} ∼ H, {S,S} ∼ K , {Q,S} ∼ D+J, (H,K ,D)⊂su(1, 1), J⊂o(N) orsu(M)

N=1 : OSp(1|2)
N=2 : OSp(2|2) ∼ SU(1, 1|1)
N=4 : D(2, 1;α)

α = −1/2, α = 1 : D(2, 1;α) ∼ OSp(4|2)
α = 0, α = −1 : D(2, 1;α) ∼ SU(1, 1|2)⊕S SU(2)

D(2, 1;α) : {Qai′ i ,Qbk′k} = 2
(
εikεi′k′T ab + αεabεi′k′J ik − (1 + α)εabεik I i′k′

)
,

[T ab,T cd ] = i(εacT bd + εbd T ac), ..., [T ab,Qci′ i ] = iεc(aQb)i′ i , ...

Q21′ i=−Q i , Q22′ i = −Q̄ i , Q11′ i=S i , Q12′ i = S̄ i , T 22=H, T 11=K , T 12=−D.

Bosonic generators T ab, J ik and I i′k′ form su(1, 1), su(2) and su ′(2) algebras.
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Lecture 2: 1D SUSY in usual space Example of 1D field theory: relativistic particle

t - time coordinate; 1D field theory - mechanics

S̃ =
∫

dt L̃, L̃ = 1
2 φ̇

Aφ̇BηAB - 1D massless Klein-Gordon action

Global invariance: t ′ = t + a, φ′(t ′) = φ(t)

Local invariance: 1D gravity

4D: gµν = ηmnem
µ en

ν , em
µ are vielbein fields

Γλ
µν = gλρ 1

2 (∂µgνρ + ∂νgµρ − ∂ρgµν), Rρ
µνλ = ∂µΓρ

νλ + Γρ
µσΓσ

νλ − (µ↔ ν)

1D: gµν = e2, gµν = e−2,
√

g = e, Γ = (ln e)·, R ≡ 0

S =

∫
dt L, L = 1

2

√
ggµν∂µφ · ∂µφ+ 1

2

√
gm2 = 1

2 (e−1φ̇ · φ̇+ em2)

H = 1
2 e (p · p −m2), T1 = p · p −m2 ≈ 0, T2 = pe ≈ 0

Quantization:

[Â, B̂] = i{A,B}P : φ̂ = x , p̂ = −i∂x , ê = e, p̂e = −i∂e

Φ = Φ(x , e, t), i∂tΦ = ĤΦ, T̂1,2Φ = 0

⇒ (� + m2)Φ(x) = 0, Klein− Gordon equation

Quantization 1D matter fields in 1D gravity background ⇒ spin 0 target space field

Note: String action Sstring =
∫

d2σLstring , Lstring = T
√

g gαβ∂αXµ∂βXµ
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Lecture 2: 1D SUSY in usual space 1D field theory with global SUSY

S =

∫
dt L, L = 1

2 φ̇
2 + i

2 ψψ̇

[φ(t1), φ(t2)] = φ(t1)φ(t2)−φ(t2)φ(t1) = 0, {ψ(t1), ψ(t2)} = ψ(t1)ψ(t2)+ψ(t2)ψ(t1) = 0

φ+ = φ, ψ+ = ψ; (AB)+ = B+A+

Q : φ → ψ, ψ → φ ⇒ the parameterε = ε+ must be anticommuting

[S/~] = 0, ~ = 1 ⇒ [L] = +1, [t ] = −1 ⇒ [φ] = −1/2, [ψ] = 0

δφ = iεψ ⇒ [ε] = −1/2 ⇒ δψ ∼ εφ̇

δφ = iεψ, δψ = −εφ̇
δL = i

2 (εψφ̇)· + i ε̇ψφ̇ = 0, ε = const , φ|t=±∞ = φ|t=±∞ = 0

[δ1, δ2]φ = 2iε1ε2φ̇, [δ1, δ2]ψ = 2iε1ε2ψ̇

Note: In N > 1 1D and D > 1 [δ1, δ2]ψ = 2iε1ε2ψ̇ + (eq.of motion)
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Lecture 2: 1D SUSY in usual space Hamiltonian analysis and supercharges

p =
∂L

∂φ̇
, π =

∂r L

∂ψ̇
⇒ p = φ̇, π = i

2 ψ

H0 = pφ̇+ πψ̇ − L = 1
2 p2

G ≡ π − i
2 ψ ≈ 0 − the constraint

H = H0 + λG

{φ, p}P = 1, {ψ, π}P = 1
{G,G}P = −i 6= 0 − second class constraint

Ġ = {H,G}P = 0 ⇒ λ = 0 ⇒ H = 1
2 p2

{A,B}D = {A,B}P − {A,G}P{G,G}
−1
P
{G,B}P

{φ, p}D = 1, {ψ,ψ}D = −i ⇒ [φ, p] = i, {ψ,ψ} = 1

δS=

∫
dtΛ̇=

∫
dt

(
∂L

∂q
δq +

∂L

∂q̇
δq̇

)
⇒

∫
dt

d

dt

(
∂L

∂q̇
δq − Λ

)
=

∫
dt

(
∂L

∂q
−

d

dt

∂L

∂q̇

)
δq = 0

p δq − Λ = const on− shell

p δφ+ π δψ − Λ = iεpψ = i εQ,
Q = pψ, {Q,Q}D = −2i H ⇒ {Q,Q} = 2H
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Lecture 2: 1D SUSY in usual space N = 1 supergravity in 1D

S =

∫
dt ( 1

2 φ̇
2 + i

2 ψψ̇), δS = i
∫

dt ε̇ψφ̇ !!! ε = ε(t)

Introduce the gauge fermionic field (the gravitino) χ = χ+: δχ = ε̇+ ...

New term: S′ = −i
∫

dt χψφ̇, δS′ = −i
∫

dt εχ(iψψ̇ + φ̇φ̇)

The first term can be canceled by adding a new term in δψ
The last term can only be canceled by introducing a new field h (the graviton) and coupling φ̇2

Local SUSY is a theory of gravity!!!

New term: S′′ = −
∫

dt hφ̇φ̇

L1D SUGRA = 1
2 φ̇

2 + i
2 ψψ̇ − i χψφ̇− hφ̇φ̇

Local SUSY: δφ = iεψ, δψ = −ε(1− 2h)φ̇+ iεχψ,

δh = −iε(1− 2h)χ, δχ = (1− 2h)ε̇

[δε1 , δε2 ]φ = 2iε1ε2(1− 2h)φ̇− ε1ε2χψ = ξ̂φ̇+ i ε̂ψ

Gravity transformation: δφ = ξφ̇, δψ = ξψ̇, δh = 1
2 ξ̇ + ξḣ − ξ̇h, δχ = ξχ̇

Note: δgµν = ξλ∂λgµν + ∂µξλgλν + ∂νξλgνλ, δem
µ = ξλ∂λem

µ + ∂µξλem
λ ,

δeµ
m = ξλ∂λeµ

m − eλ
m∂λξ

µ, eµ
m = 1− 2h
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Lecture 2: 1D SUSY in usual space Quantization: spin 1/2 particle in pseudoclassical approach

φ = (φµ), ψ = (ψµ), µ = 0, 1, ...,D − 1, e−1 = 1− 2h

S =

∫
dt L, L = 1

2 e−1φ̇µφ̇µ + i
2 ψ

µψ̇µ − i χφ̇µψµ

pµ = e−1φ̇µ − iχψµ, πµ = i
2 ψµ, pe = 0, πχ = 0

H0 = pµφ̇
µ + πµψ̇

µ + peė − L = 1
2 e pµpµ + i

2 χ pµψµ

pe ≈ 0, πχ ≈ 0, Gµ ≡ πµ − i
2 ψµ ≈ 0 − primary constraints

H = H0 + λµGµ + λepe + λχπχ

{φµ, pν}P = ηµν , {ψµ, πν}P = ηµν {e, pe}P = 1 {χ, pχ}P = 1

{Gµ,Gν}P = −iηµν − second class constraints

Ġµ = {H,Gµ}P = 0 ⇒ λµ = 0

ṗe = {H, pe}P = 0 ⇒ T ≡ pµpµ ≈ 0

π̇χ = {H, πχ}P = 0 ⇒ D ≡ pµψµ ≈ 0
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Lecture 2: 1D SUSY in usual space Quantization: spin 1/2 particle in pseudoclassical approach

{A,B}D = {A,B}P − {A,G
µ}P{Gµ,Gν}−1

P
{Gν ,B}P

{φµ, pν}D = ηµν , {ψµ, ψν}D = −iηµν

Quantization:

[Â, B̂] = i{A,B}D : [φ̂µ, p̂ν ] = i ηµν , {ψ̂µ, ψ̂ν} = ηµν

φ̂µ = xµ, p̂µ = −i∂µ, ψ̂µ = 1√
2
γµ

Ψ = Ψa(x), γµ∂µΨ = 0, ∂µ∂µΨ = 0 Dirac field

Quantization 1D matter fields in 1D supergravity background ⇒ spin 1
2 target space field

Note: Fermionic string action: Sf−string =
∫

d2σLf−string ,

Lf−string = T
√

g
{

gαβ∂αXµ∂βXµ − ψ̄µγα∂αψµ − 2χ̄αγ
βγαψµ

(
∂βXµ + 1

2 χ̄βψµ

)}
γα = eα

a γ
a, α = 1, 2, a = 1, 2, µ = 0, 1, ...,D − 1
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Lecture 3: 1D SUSY in superspace

Lecture 3: 1D SUSY in superspace

Superfields in superspace

1D supergravity in superspace

Extended SUSY in superspace
N=2 supersymmetric models

Real superfield
Chiral superfield
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Lecture 3: 1D SUSY in superspace Superfields in superspace

Superspace: Supersymmetry is realized by coordinate transformations
Q describes fermionic transformations → translations in odd direction of extended space
Usual 1D space: (t) ⇒

N=1, 1D superspace: (t , θ), where θ = θ̄ is Grassmann coordinate, θθ ≡ 0

Q = Q+ = ∂θ + i θ ∂t , H = H+ = i ∂t ; {Q,Q} = 2 H , [H,Q] = 0

δt = εQ · t , δθ = εQ · θ : δt = i εθ, δθ = ε

N=1, 1D superfield: Φ(t , θ) = φ(t) + i θψ(t)

Φ′(t ′, θ′) = Φ(t , θ), δΦ = Φ(t ′, θ′)− Φ(t , θ) = εQ · Φ = δφ+ i θδψ ⇒
δφ = i εψ, δψ = −εφ̇

Integration over odd variable:
∫

dθ f (θ) =

∫
dθ f (θ+α) ⇒

∫
dθ θ = 1,

∫
dθ α = 0

Covariant derivatives: Dθ = ∂θ − i θ ∂t ≡ D , Dt = ∂t , {Q,D} = 0 , [Q, ∂t ] = 0

S =
∫

dt dθL(Φ, ∂tΦ,DΦ), δ S =
∫

dt dθQ [...] =
∫

dt dθ ∂θ [...]︸ ︷︷ ︸
=0,∂θ [...] contains noθ

+
∫

dt dθ iθ∂t [...]︸ ︷︷ ︸
the total derivative

Any action, built from superfields and covariant derivatives ∂t and D, is always supersymmetric
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Lecture 3: 1D SUSY in superspace Superfields in superspace

Examples of the N=1 supermultiplets

Φ(t , θ) = φ(t) + i θψ(t) − even superfield

S = i
2

∫
dt dθ ∂tΦ DΦ = 1

2

∫
dt

(
φ̇2 + i ψψ̇

)
(1, 1, 0) supermultiplet

—————————–

Ψ(t , θ) = ψ(t) + θF (t) − odd superfield

S = 1
2

∫
dt dθΨ DΨ = 1

2

∫
dt

(
i ψψ̇ + F 2

)
F=0→ i

2

∫
dt ψψ̇

(0, 1, 1) supermultiplet

—————————–

The supermultiplet (m, n, n −m) contains


m physical bosons
n fermions
n −m auxiliary bosons
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Lecture 3: 1D SUSY in superspace 1D supergravity in superspace

Supergravity: local translations and local supertranslations ⇒
general coordinate transformations in superspace

4D scalar matter in the curved space: ∼
∫

d4x det(em
µ ) ηmn eµ

m∂µφ︸ ︷︷ ︸
Dmφ

· eν
n ∂νφ︸ ︷︷ ︸
Dnφ

4D space → 1D superspace ⇓

S = i
2

∫
dt dθ sdet(EM

A) Et
M∂MΦ︸ ︷︷ ︸
Dt Φ

Eθ
N∂NΦ︸ ︷︷ ︸
DθΦ

EM
A(t , θ) − the super vierbein(supermatrix)

M,N = (1, 2) = (t , θ) are curved indices; A,B = (1, 2) = (t, θ) are flat indices

EA
M(t , θ) − the inverse super vierbein, EA

MEM
B = δB

A

∂M = (∂t , ∂θ) − curved derivatives

Dt = Et
M∂M = Et

t∂t + Et
θ∂θ

Dθ = Eθ
N∂N = Eθ

t∂t + Eθ
θ∂θ

}
− covariant derivatives
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Lecture 3: 1D SUSY in superspace 1D supergravity in superspace

General coordinate transformations in superspace:

δEM
A = ξN∂NEM

A + ∂Mξ
N EN

A,
δEA

M = ξN∂NEA
M − EA

N ∂Nξ
M ,

δΦ = ξM∂MΦ, ξM(t , θ) − 2 local parameters

The extra symmetry which acts on tangent vectors:

δEM
A = EM

B δ
t
B α

A,

δEA
M = −δt

A α
BEB

M ,

δ sdet(EM
A) = αt sdet(EM

A),
δΦ = 0,

αA(t , θ) − 2 local parameters

Gauge fixing for 3 local transformations eliminates 3 from 4 superfields in EM
A. Possible choice:

EM
t = E

o
EM

t, EM
θ = E1/2 o

EM
θ, E(t , θ) − residual gauge superfield

o
EM

A =

(
1 0
i θ 1

)
,

o
EA

M =

(
1 0
−i θ 1

)
, − flat vielbein

o
EA

M∂M = (∂t ,D), EA
M =

(
E−1 0

−i θ E−1/2 E−1/2

)
, sdet(EM

A) = E1/2

S = i
2

∫
dt dθ E−1 Φ̇ DΦ

E(t , θ) = e(t)− iθχ(t), Φ(t , θ) = φ(t) + iθψ(t), S = 1
2

∫
dt e−1(φ̇2 + i ψψ̇− i e−1χφ̇ψ)

Replacement ψ → e1/2ψ, χ→ e3/2χ yields the component action considered.
Residual gauge transformations coincide with local SUSY of the component action considered.
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Lecture 3: 1D SUSY in superspace Extended SUSY in superspace

N-extended 1D superspace:

(t , θi), θk = (θk ), {θi , θk} = 0, i, j, k = 1, ...,N

Realization of super-Poincare algebra in superspace:

Qk = Q+
k =

∂

∂θk
+ i θk

∂

∂t
, H = H+ = i ∂t ; {Qk ,Qj} = 2 δkj H , [H,Qk ] = 0

δt = εk Qk · t , δθk = εjQj · θk : δt = i εkθk , δθk = εk

General supersfield:

Φ(t , θk ) = φ(t)+ θkψk (t)+ θk1θk2φk1k2(t)+ θk1θk2θk3ψk1k2k3(t)+ · · ·+ θk1 . . . θkNφk1...kN (t)

Off-shell contents:

2N−1 bosonic(fermionic) component fieldsφ, φk1k2 , . . .

2N−1 fermionic(bosonic) component fieldsψk1 , ψk1k2k3 , . . .

}
if Φ(t , θk ) is bosonic(fermionic)

Covariant derivatives:

Dk =
∂

∂θk
− i θk

∂

∂t
, {Qj ,Dk} = 0

F (Dk )Φ = 0 − covariant constraint

On-shell (physical) contents of a model is defined by the action.
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Lecture 3: 1D SUSY in superspace N=2 supersymmetric models

N=2 1D supersymmetric models are similar to the models with N=1 4D SUSY

Real N=2, 1D superspace: (t , θ1, θ2), θ1 = θ+
1 , θ2 = θ+

2

Q1 =
∂

∂θ1
+ i θ1 ∂t , Q2 =

∂

∂θ2
+ i θ2 ∂t , H = i ∂t ;

{Q1,Q1} = 2 H, {Q2,Q2} = 2 H, {Q1,Q2} = 0, [H,Q1] = [H,Q2] = 0

δt = i (ε1θ1 + ε2θ2), δθ1 = ε1, δθ2 = ε2

Complex N=2, 1D superspace:

(t , θ, θ̄), θ = 1√
2
(θ1 + i θ2), θ̄ = θ+ = 1√

2
(θ1 − i θ2)

Q =
∂

∂θ
+ i θ̄ ∂t , Q̄ =

∂

∂θ̄
+ i θ ∂t , H = i ∂t

{Q, Q̄} = 2 H, {Q,Q} = {Q̄, Q̄} = 0, [H,Q] = [H, Q̄] = 0

δt = i (εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄, ε̄ = ε+

General N=2, 1D superfield:

Φ(t , θ) = φ(t) + θψ(t) + θ̄χ(t) + θθ̄F (t)

δφ = εψ + ε̄χ, δψ = −i ε̄φ̇+ ε̄F , δχ = −i εφ̇− εF , δF = −i εψ̇ + i ε̄χ̇

Covariant derivatives: D =
∂

∂θ
− i θ̄ ∂t , D̄ =

∂

∂θ̄
− i θ ∂t , {D,Q} = {D, Q̄} = 0

Φ+ = Φ − the real superfield; D̄ Φ = 0 − the chiral superfield
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Lecture 3: 1D SUSY in superspace N=2 supersymmetric models

Real superfield:

Φ(t , θ) = Φ+ = φ(t) + θψ(t)− θ̄ψ̄(t) + θθ̄F (t), φ+ = φ, F+ = F , ψ+ = ψ̄

Off-shell SUSY transformations:

δφ = εψ − ε̄ψ̄, δψ = −i ε̄φ̇+ ε̄F , δψ̄ = i εφ̇+ εF , δF = −i (εψ̇ + ε̄ψ̇)

S = i
2

∫
dt dθ d θ̄ D̄Φ DΦ= 1

2

∫
dt

{
φ̇2 + i (ψ ˙̄ψ − ψ̇ψ̄) + F 2

}
On− shell : φ̈ = 0, ψ̇ = 0, ˙̄ψ = 0, F = 0 (1, 2, 1) multiplet

On-shell action:

S = 1
2

∫
dt

{
φ̇2 + i (ψ ˙̄ψ − ψ̇ψ̄)

}
On-shell SUSY transformations:

δφ = εψ − ε̄ψ̄, δψ = −i ε̄φ̇, δψ̄ = i εφ̇

[δ1, δ2]ψ = i (ε1ε̄2 − ε2ε̄1) ψ̇ − 2i ε̄1ε̄2
˙̄ψ︸ ︷︷ ︸

=0 on−shell

On-shell SUSY transformations are closed only on equations of motion.
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Lecture 3: 1D SUSY in superspace N=2 supersymmetric models

Chiral superfield:

D̄ Φ = 0 → Φ(t , θ) = φ(t) + θψ(t)− i θθ̄φ̇(t), φ, ψ − complex fields

(2, 2, 0) multiplet

Φ(t , θ) = φ(t) + θψ(t)− i θθ̄φ̇(t) = φ(tL) + θψ(tL) = Φ(tL, θ)

Chiral N=2, 1D subspace:
(tL, θ), tL ≡ t − i θθ̄

δt = i (εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄ ⇒ δtL = 2i ε̄θ, δθ = ε

Supercharges in superspace (tL, θ, θ̄):

Q =
∂

∂θ
, Q̄ =

∂

∂θ̄
+ 2i θ ∂tL

SUSY transformations of component fields:

δφ = εψ , δψ = −2i ε̄φ̇

SUSY invariant action:

S = − 1
2

∫
dt dθ d θ̄ D̄Φ D̄Φ̄ = 1

2

∫
dt

{
4φ̇ ˙̄φ− i (ψ ˙̄ψ − ψ̇ψ̄)

}
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Lecture 4: Superconformal mechanics

Lecture 4: Superconformal mechanics

Conformal mechanics: peculiarities

Matrix models as multiparticle conformal mechanics

N= 2 superconformal mechanics

Brief sketch on N= 4 superconformal mechanics
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Lecture 4: Superconformal mechanics Conformal mechanics: peculiarities

Conformal mechanics action:

S = 1
2

∫
dt

(
ẋ2 − g

x2

)
Conformal invariance:

δt = a + b t + c t2 ≡ f (t), δx = 1
2 ḟ x , δS =

∫
dt Λ̇ , Λ = 1

2 f̈ x2

Conserved charges
(

p = ẋ ; d
dt (H δt − p δx + Λ) = 0

)
:

H = 1
2

(
p2 + g

x2

)
D = tH − 1

2 xp
K = t2H − txp + 1

2 x2

d
dt

K =
∂

∂t
K + {K ,H}P = 0,

d
dt

D =
∂

∂t
D + {D,H}P = 0, H − the Hamiltonian

{H,D}P = H, {K ,D}P = −K , {H,K}P = 2D − dynamical symmetry

[A,B] = i{A,B}P : [H,D] = i H, [K,D] = −i K, [H,K] = 2i D − sl(2,R) algebra
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Lecture 4: Superconformal mechanics Conformal mechanics: peculiarities

Properties of the conformal mechanics:

If H |E >= E |E >, then H eiαD |E >= e2α E |E > ⇒
the spectrum of H is continuous;

The eigenspectrum of H includes all E>0 values,
for each of which there exists a plane wave narmalizable state;

The spectrum of H does not have an endpoint (ground state),
the state with E=0 is not even plane wave normalizible.

It is awkward to describe the conformal theory in terms of H eigenstates.

The sl(2,R) algebra in the Virasoro form:

R = 1
2 (a H +

1
a

K), L± = − 1
2 (a H− 1

a
K ∓ i D); a is a parameter

[R, L±] = ± L±, [L+, L−] = −2 R
R is the u(1) generator in sl(2,R) ∼ o(1, 2) algebra.

The eigenvalues of

R|t=0, a=1 = 1
2

(
p2 +

g
x2

+ x2
)

are given by a discrete series

rn = r0 + n, n = 0, 1, 2, . . . ; r0 = 1
2

(
1 +

√
g + 1

4

)
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Lecture 4: Superconformal mechanics Matrix models as multiparticle conformal mechanics

the hermitian n×n-matrix field X b
a (t), (X b

a ) = X a
b ,

complex commuting U(n)-spinor field Za(t), Z̄ a = (Za),

n2 non–propagating “gauge fields” Ab
a(t), (Ab

a) = Aa
b.

S0 =

∫
dt

[
1
2 Tr (∇X∇X ) + i

2 (Z̄∇Z −∇Z̄Z ) + c TrA
]
,

∇X = Ẋ + i[A,X ], ∇Z = Ż + iAZ .

The 1D conformal SO(1, 2) symmetry:

δt = f , δX b
a = 1

2 ḟ X b
a , δZa = 0, δAb

a = −ḟ Ab
a, ∂3

t f = 0

The local U(n) symmetry, g(τ) ∈ U(n):

X→ gXg†, Z→ gZ , A→ gAg† + i ġg†.

The U(n) gauge fixing: X b
a = xaδ

b
a , Z̄ a = Za.

The algebraic equations of motion

(Za)
2 = c (which implies c > 0); Ab

a =
ZaZb

2(xa − xb)2
, a 6=b

As result, we arrive at the standard Calogero action

S = 1
2

∫
dt

[ ∑
a

ẋaẋa −
∑
a 6=b

c2

(xa − xb)2

]
, H = 1

2

[ ∑
a

papa +
∑
a 6=b

c2

(xa − xb)2

]
,
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Lecture 4: Superconformal mechanics N= 2 superconformal mechanics

The N= 2 superconformal group OSp(2|2)∼SU(1,1|1)

{Q, Q̄} = 2H, {S, S̄} = 2K , {Q, S̄} = 2(D − U), {S, Q̄} = 2(D + U),

i
[
P,

(
S
S̄

)]
= −

(
Q
Q̄

)
, i

[
K ,

(
Q
Q̄

)]
=

(
S
S̄

)
,

i
[
D,

(
Q
Q̄

)]
=

1
2

(
Q
Q̄

)
, i

[
D,

(
S
S̄

)]
= −1

2

(
S
S̄

)
,

i
[
U,

(
Q
Q̄

)]
=

1
2

(
Q
−Q̄

)
, i

[
U,

(
S
S̄

)]
= −1

2

(
S
−S̄

)
The closure of S, S̄ with Q, Q̄ ⇒ the full OSp(2|2).

We obtain the superconformal transformations by nonlinear realization method.
——————

Coset realization of N = 2 superspace:

G = {H,Q, Q̄,U}, H = {U}, K = {H,Q, Q̄}

K(t , θ, θ̄) = eitH+θQ+θ̄Q̄ , t , θ, θ̄ are the coordinates on the coset

eεQ+ε̄Q̄ eitH+θQ+θ̄Q̄ = eit′H+θ′Q+θ̄′Q̄ : δt = i(εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄

Note : eA eB = exp
{

A + B + 1
2 [A,B] + 1

12 ([A, [A,B]] + [[A,B],B]) + · · ·
}
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Lecture 4: Superconformal mechanics N= 2 superconformal mechanics

Coset realization of SU(1,1|1):

G = {H,D,K ,Q, Q̄,S, S̄,U}, H = {U}, K = {H,D,K ,Q, Q̄,S, S̄}

K = eitH eθQ+θ̄Q̄ eiuD eizK eζS+ζ̄S̄

eεQ+ε̄Q̄ K = K′H, eηS+η̄S̄ K = K′H
Note : eA B e−A = eA∧B, 1∧B ≡ B, A∧B ≡ [A,B], A2∧B ≡ [A, [A,B]], · · ·

δt = i(εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄;

δ′t = i(ηθ̄ + η̄θ)t , δ′θ = η(t − iθθ̄), δ′θ̄ = η̄(t + iθθ̄)

δ′(dtd2θ) = 0, δ′D = −2i ηθ̄D, δ′D̄ = −2i η̄θ D̄

——————

X = x(t) + θψ − θ̄ψ̄(t) + θθ̄F (t), δ′X = i(ηθ̄ + η̄θ) X

S =

∫
dtd2θ

(
1
2 DXD̄X + γ ln X

)
= 1

2

∫
dt

{
ẋ2 + i (ψ ˙̄ψ − ψ̇ψ̄)− γ2 + γψψ̄

x2

}
Multi-particle generalization (N=2 superconformal Calogero):

S =

∫
dt d2θ

 1
2

∑
a

DXaD̄Xa + γ
∑
a 6=b

ln |Xa − Xb|


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Lecture 4: Superconformal mechanics Brief sketch onN= 4 superconformal mechanics

The standard N= 4, 1D superspace:{
t , θk , θ̄

k = (θk )
+

}
, k = 1, 2

Supersymmetry transformations from the N= 4, 1D superconformal group D(2, 1;α):

δt = i(θk ε̄
k − εk θ̄

k ), δθk = εk , δθ̄k = ε̄k ;

δ′t = −i(ηk θ̄
k − η̄kθk )t + (1 + 2α)θj θ̄

j(ηk θ̄
k + η̄kθk ),

δ′θk = ηk t − 2iαθkθj η̄
j + 2i(1 + α)θk θ̄

jηj − i(1 + 2α)ηkθj θ̄
j

Covariant derivatives: Dk =
∂

∂θk
+ i θ̄k∂t D̄k =

∂

∂θ̄k
+ i θ̄k∂t

Some types of the N= 4, 1D superfields:

Dk DkX = m, D̄k D̄kX = m, [Dk , D̄k ]X = 0 - scalar superfield, (1,4,3) multiplet

D(iV jk) = 0, D̄(iV jk) = 0 - vector superfield, (3,4,1)

Superconformal models (X = (V ik Vik )
1/2 for vector superfield):

S ∼
∫

dt d4θ X
−1/2 for α 6= −1; S ∼

∫
dt d4θ X ln X for α = −1

In components: S ∼
∫

dt
[
ẋ2 + i (ψk

˙̄ψk − ψ̇k ψ̄
k )− g + F (ψ, ψ̄)

x2

]
More general formulations of N= 4, 1D models is achieved in harmonic superspace
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Lecture 5: Supersymmetric models in harmonic superspace

Lecture 5: Supersymmetric models
in harmonic superspace

Harmonic superspace for N= 4, 1D SUSY models

Harmonics and harmonic analysis

Harmonic superfield models

Multiparticle N= 4 superconformal models
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Lecture 5: Supersymmetric models in harmonic superspace Harmonic superspace forN= 4, 1D SUSY models

N= 4, 1D SUSY algebra:
{

H, Qk , Q̄k = (Qk )+,

R−symmetry︷ ︸︸ ︷
J(ik),︸︷︷︸
suL(2)

I(i
′k′)︸ ︷︷ ︸

suR (2)

}
, i, k = 1, 2

StandardN= 4, 1D superspace:
{

H, Qk , Q̄k = (Qk )+, J ik , I i′k′
}
/

{
J ik , I i′k′

}
Standard superspace coordinates:

{
t , θk , θ̄

k = (θk )
+

}
suL(2) algebra: J(ik) =

{
J±, J 0

}
, J 0 − u(1) generator

N= 4, 1D harmonic superspace:
{

H, Qk , Q̄k = (Qk )+, J ik , I i′k′
}
/

{
J 0, I i′k′

}
Harmonic superspace coordinates:

{
t , θk , θ̄

k , u±i
}

Harmonic coordinates u±i parametrize the sphereS 2 ∼ SU(2)/U(1)
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Lecture 5: Supersymmetric models in harmonic superspace Harmonics and harmonic analysis

Parametrize S 2 ∼ SU(2)/U(1) by two SU(2) spinors

u±i , u−i = (u+i)

which subject to the constraint

u+iu−i = 1 → u+
i u−k − u+

k u−i = εik

and are defined up to a U(1) phase transformations

u+
i → eiαu+

i , u−i → e−iαu−i

||u|| =
(

u+
1 u−1

u+
2 u−2

)
∈ SU(2), ||u|| → g ||u|| h , g ∈ SU(2), h ∈ U(1)

i, k are SU(2) indices; ± are U(1) charges

Any function on S 2 ∼ SU(2)/U(1) must have a definite U(1) charge q

Φ(q)(u) =
∞∑

n=0

φi1...i n+q j1...j n u+
i1
. . . u+

i n+q
u−j1 . . . u

−
j n

for n ≥ 0

Harmonic functions are defined up to the transformations Φ(q) → eiαqΦ(q).

The use of such parametrization of S 2 has the advantage of manifest SU(2) covariance
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Lecture 5: Supersymmetric models in harmonic superspace Harmonics and harmonic analysis

Covariant derivatives on the harmonic sphere S 2:

D±± = u±i
∂

∂u∓i
≡ ∂±± , D 0 = u+

i
∂

∂u+
i

− u−i
∂

∂u−i
≡ ∂ 0

[D++,D−−] = D 0 , [D 0,D±±] = ±2 D±±

Harmonic fields satisfy
D 0 Φ(q) = q Φ(q)

Harmonic integrals: ∫
du u+

(i1
. . . u+

i m
u−j1 . . . u

−
j n) = 0 ,∫

du 1 = 1 ,∫
du F (q) = 0 if q 6= 0
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Lecture 5: Supersymmetric models in harmonic superspace Harmonics and harmonic analysis

Central basis in harmonic superspace:{
t , θk , θ̄

k , u±i
}
≡ { z, u }

The N= 4, 1D Poincare supersymmetry:

δt = i(θk ε̄
k − εk θ̄

k ), δθk = εk , δθ̄k = ε̄k , δu±i = 0

Analytic basis in harmonic superspace:{
tA, θ

±, θ̄±, u±i
}
≡ { zA, u } , θ± = θiu±i , θ̄± = θ̄iu±i , tA = t−i

(
θ+θ̄− + θ−θ̄+)

Analytic superspace {
tA, θ

+, θ̄+, u±i
}
≡ { ζ, u }

is closed under N= 4 Poincare SUSY (and under N= 4 superconformal symmetry)

δtA = −2i(ε−θ̄+ + θ+ε̄−), δθ+ = ε+ = εiu+
i , δθ̄+ = ε̄+ = ε̄iu+

i , δu±i = 0

Covariant derivatives D± = Diu±i , D̄± = D̄iu±i in analytic basis:

D+ =
∂

∂θ−
, D̄+ = − ∂

∂θ̄−
, D− = − ∂

∂θ+
+ 2i θ̄−∂A , D̄− =

∂

∂θ̄−
+ 2iθ−∂A

D+ Ψ(z, u) = D̄+ Ψ(z, u) = 0 ⇒ Ψ = Ψ(ζ, u)
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Lecture 5: Supersymmetric models in harmonic superspace Harmonic superfield models

Vector superfield (3,4,1) multiplet

D+V ++ = D̄+V ++ = 0, D++V ++ = 0

Central basis:

D++V ++ = 0 ⇒ V ++ = V ik (z)u+
i u+

k

D+V ++ = D̄+V ++ = 0 ⇒ D(iV kl) = D̄(iV kl) = 0

Analytic basis:

D+V ++ = D̄+V ++ = 0 ⇒ V ++ = V ++(ζ, u)

D++V ++ = 0 ⇒ V ++ = v ik u+
i u+

k + θ+ψiu+
i + θ̄+ψ̄iu+

i + iθ+θ̄+(F + 2v̇ ik u+
i u+

k )

S = γ

∫
dt d4θ du L

(
V ++,D−−V ++, (D−−)2V ++, u

)
+γ′

∫
dt dθ+d θ̄+ du L++ (

V ++, u
)

first term ⇒ γ

∫
dt H(v)

(
v̇ ik v̇ik + F 2

)
second term ⇒ γ′

∫
dt

{
FV(v) + v̇ ikAik (v)

}
∂ikAlt − ∂ltAik = (εil∂kt − εkt∂il)V − monopole− like potential
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Lecture 5: Supersymmetric models in harmonic superspace Harmonic superfield models

Hypermultiplet (4,4,0) multiplet

D+q+
a = D̄+q+

a = 0, D++q+
a = 0, (q̃+

a ) = εabq+
b , a, b = 1, 2

Central basis:
D++q+

a = 0 ⇒ q+
a = q i

a(z)u+
i

D+q+
a = D̄+q+

a = 0 ⇒ D(iqk)
a = D̄(iqk)

a = 0

Analytic basis:

D+q+
a = D̄+q+

a = 0 ⇒ q+
a = q+

a (ζ, u)

D++q+
a = 0 ⇒ q+

a = f i
au+

i + θ+χa + θ̄+χ̄a + 2iθ+θ̄+ ḟ i
au−i

S = γ

∫
dt d4θ du L

(
q+

a ,D
−−q+

a , u
)

+γ′
∫

dt dθ+d θ̄+ du L++ (
q+

a , u
)

first term ⇒ γ

∫
dt Gab(f ) ḟ i

a ḟib

second term ⇒ γ′
∫

dt ḟ iaAia(f )

Aia − self− dual gauge potential
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Lecture 5: Supersymmetric models in harmonic superspace MultiparticleN= 4 superconformal models

The N= 4 superconformal matrix model (µH = dudtd4θ, µ
(−2)
A = dudζ(−2)):

S = − 1
2

∫
µHTr(X 2) + 1

2

∫
µ

(−2)
A V0 Z̃+Z+ + i

2 c
∫
µ

(−2)
A Tr V ++ ,

Superfield contents:

hermitian matrix superfields X = (Xb
a):

D
++

X = 0, D
+
D
−

X = 0, (D+
D̄
− + D̄

+
D
−) X = 0;

analytic superfields Z+
a (ζ, u): D++Z+ = 0;

the gauge matrix connection V ++(ζ, u).

D++ = D++ + i V ++, D++X = D++X + i [V ++,X], etc.

The superfield V0(ζ, u) is defined by the integral transform (X0 ≡ Tr (X))

X0(t , θi , θ̄
i) =

∫
du V0

(
tA, θ

+, θ̄+, u±
) ∣∣∣

θ±=θi u±i , θ̄±=θ̄i u±i

.
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Lecture 5: Supersymmetric models in harmonic superspace MultiparticleN= 4 superconformal models

Symmetries

The N= 4 superconformal symmetry D(2, 1;α) with α = − 1
2 ' OSp(4|2):

δ′X = −Λ0 X, δ′Z+ = ΛZ+, δ′V ++ = 0, Λ = 2iα(η̄−θ+ − η−θ̄+), Λ0 = 2Λ− D−−D++Λ

It is important that just the field multiplier V0 in the action provides this invariance.

The local U(n) invariance:

X
′ = eiλ

Xe−iλ, Z+′ = eiλZ+, V ++ ′ = eiλ V ++ e−iλ − i eiλ(D++e−iλ),

where λb
a(ζ, u

±) ∈ u(n) is the ‘hermitian’ analytic matrix parameter, λ̃ = λ.

Using gauge freedom we choose the WZ gauge: V ++ = −2i θ+θ̄+A(tA).
In the WZ gauge: S4 = Sb + Sf ,

Sb =

∫
dt

[
Tr (∇X∇X + c A) + i

2 X0

(
Z̄k∇Z k−∇Z̄k Z k

)
+ n

8 (Z̄ (iZ k))(Z̄iZk )
]
,

Sf = −iTr
∫

dt
(
Ψ̄k∇Ψk −∇Ψ̄kΨ

k
)
−

∫
dt

Ψ
(i
0 Ψ̄

k)
0 (Z̄iZk )

X0
,

where X = X (tA) + θ−Ψi(tA)u+
i + θ̄−Ψ̄i(tA)u+

i + . . ., Z+ = Z i(tA)u+
i + . . .

X0 ≡ Tr(X ), Ψi
0 ≡ Tr(Ψi), Ψ̄i

0 ≡ Tr(Ψ̄i).
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Lecture 5: Supersymmetric models in harmonic superspace MultiparticleN= 4 superconformal models

- imposing the gauge X b
a = 0, a 6= b,

- eliminating Ab
a, a 6= b, by the equations of motion,

- introducing the new fields Z ′ ia = (X0)
1/2Z i

a (omit the primes):

Sb =

∫
dt

{∑
a

ẋaẋa + i
2

∑
a

(Z̄ a
k Ż k

a − ˙̄Z a
k Z k

a ) +
∑
a 6=b

Tr(SaSb)

4(xa − xb)2
− n Tr(ŜŜ)

2(X0)2

}
,

where (Sa)i
j ≡ Z̄ a

i Z j
a, (Ŝ)i

j ≡
∑

a

[
(Sa)i

j − 1
2δ

j
i (Sa)k

k
]
.

The fields Z k
a are subject to the constraints

Z̄ a
i Z i

a = c ∀ a .

i
2

∫
dt

∑
a

(Z̄ a
k Ż k

a − ˙̄Z a
k Z k

a ) ⇒ [Z̄ a
i ,Z

j
b]D = iδa

bδ
j
i .

Thus the quantities Sa for each a form u(2) algebras

[(Sa)i
j , (Sb)k

l ]D = iδab

{
δl

i (Sa)k
j − δj

k (Sa)i
l
}
.

Modulo center-of-mass conformal potential, the bosonic limit

S′b =

∫
dt

{∑
a

ẋaẋa +
∑
a 6=b

Tr(SaSb)

4(xa − xb)2

}
is none other than the integrable U(2)-spin Calogero model
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