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Lecture #3
The Universe: from today back to the primordial

nucleosynthesis having formulae at hand

Dmitry Gorbunov

Institute for Nuclear Research of RAS, Moscow, Russia

Dmitry Gorbunov (INR) Lecture #3 24 July 2007, Dubna, DIAS-TH 1 / 23



Outline
ИI
ЯN
ИR

Outline

1 The dynamics of the expanding Universe
Examples of cosmological solutions
Particles horizon
Events horizon

2 The present Universe
MD/Λ transition
RD/MD transition
The age and horizon of the Universe
Brightness–redshift dependence

3 Recombination

Dmitry Gorbunov (INR) Lecture #3 24 July 2007, Dubna, DIAS-TH 2 / 23



The dynamics of the expanding Universe
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Friedman equation (00) :
(

ȧ
a

)2
= 8π

3 Gρ− κ
a2

∇µT µ0 = 0 −→ ρ̇ +3
ȧ
a

(ρ +p) = 0

the equation of state
p = p(ρ)

many-component liquid, other equations
in case of termal equilibrium

−3d(lna) =
dρ

p +ρ
= d(lns)

entropy is conserved in a comoving frame

sa3 = const
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The dynamics of the expanding Universe Examples of cosmological solutions
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Examples of cosmological solutions

κ = 0
(

ȧ
a

)2

=
8π

3
Gρ

dust: p = 0 singular at t = ts

ρ =
const

a3 , a(t) = const · (t− ts)2/3 , ρ(t) =
const

(t− ts)2

ts = 0 , H(t) =
ȧ
a

(t) =
2
3t

, ρ =
3

8πG
H2 =

1
6πG

1
t2

the Universe is too young

t0 =
2

3H0
= 0.93 ·1010 yr (h = 0.7)
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The dynamics of the expanding Universe Particles horizon
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Cosmological (particle) horizon lH(t)

distnace covered by photons emitted at t = 0

the size of causal patch — the size of the visible part of the Universe

in conformal coordinates: ds2 = 0−→ |dx|= dη

coordinate size of the horizon equals η(t)

lH(t) = a(t)η(t) = a(t)
∫ t

0

dt ′

a(t ′)

dust

lH(t) = 3t =
2

H(t)
, lH,0 = 2.7 ·1028cm (h = 0.7)
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The dynamics of the expanding Universe Particles horizon
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Examples of cosmological solutions

radiation: p = 1
3ρ singular at t = ts

ρ =
const

a4 , a(t) = const · (t− ts)1/2 , ρ(t) =
const

(t− ts)2

ts = 0 , H(t) =
ȧ
a

(t) =
1
2t

, ρ =
3

8πG
H2 =

3
32πG

1
t2

lH(t) = a(t)
∫ t

0

dt ′

a(t ′)
= 2t =

1
H(t)

.

In case of termal equilibrium

ρb =
π2

30
gbT 4 , ρf =

7
8

π2

30
gf T

4

ρ =
π2

30
g∗T 4 , g∗ = ∑

b

gb +
7
8 ∑

f

gf
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The dynamics of the expanding Universe Particles horizon
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ρ =
π2

30
g∗T 4 , g∗ = ∑

b

gb +
7
8 ∑

f

gf

(
ȧ
a

)2

=
8π

3
Gρ− κ

a2 −→ H =
T 2

M∗
Pl

M∗
Pl =

√
90

8π3g∗
MPl =

1
1.66

√
g∗

MPl .

g∗ = g∗(T )

T (t)≈ const
a(t)
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The dynamics of the expanding Universe Particles horizon
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Examples of cosmological solutions

vacuum: Tµν = ρvacηµν p =−ρ

SG =− 1
16πG

∫
R
√
−gd4x , SΛ =−Λ

∫ √
−gd4x .

a = const ·eHdSt , HdS =

√
8π

3
Gρvac

de Sitter space: space-time of constant curvature

ds2 = dt2−e2HdS tdx2

ä > 0, no initial singularity
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The dynamics of the expanding Universe Events horizon
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ds2 = dt2−e2HdStdx2

no cosmological horizon: lH(t) = eHdS t ∫ t
−∞ dt ′e−HdS t ′ = ∞

de Sitter (events) horizon (x = 0, t):
from which distnace l(t) one can detect light emitted at t?

in conformal coordinates: ds2 = 0−→ |dx|= dη

coordinate size: η(t → ∞)−η(t) =
∫ ∞

t
dt ′

a(t ′)

physical size: ldS = a(t)
∫ ∞

t
dt ′

a(t ′) = 1
HdS

observer will never be informed what happens at distances larger
ldS = H−1

dS

marginal matter: gas of straight strings

p = wρ, w =−1
3 , p =−1

3ρ
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The present Universe
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Friedmann equaiton for the present Universe

H2 ≡
(

ȧ
a

)2

=
8π

3
G (ρM +ρrad +ρΛ +ρcurv)

8π

3
Gρcurv =− κ

a2 , ρc ≡
3

8πG
H2

0

ρc = ρM,0 +ρrad ,0 +ρΛ,0 = ρc = 0.53 ·10−5 GeV
cm3 , for h = 0.7

ΩX ≡
ρX

ρc

(
ȧ
a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3
+Ωrad

(a0

a

)4
+ΩΛ +Ωcurv

(a0

a

)2
]
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The present Universe MD/Λ transition
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Deceleration–accelaration transition

ȧ2 =
8π

3
Gρc

(
ΩMa3

0

a
+ΩΛa2

)
ä = a

4π

3
Gρc

(
2ΩΛ−ΩM

(a0

a

)3
)

zacc =

(
2ΩΛ

ΩM

)1/3

−1≈ 0.85

z ≡ a0/a−1 at z � 1 dust-dominated
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The present Universe RD/MD transition
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matter-radiation (RD/MD) transition(
ȧ
a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3
+Ωrad

(a0

a

)4
]

RD: a(t) ∝
√

t MD: a(t) ∝ t2/3

zeq +1 =
a0

aeq
∼ ΩM

Ωrad
∼ 104 , Teq = T0(1+zeq)∼ 104 K∼ 1 eV .

More accurately: Tν =
(

4
11

)1/3
Tγ

ρν = 3 ·2 · 7
8

π2

30
T 4

ν , ρrad = ργ +ρν =

[
2+

21
4

(
4

11

)4/3
]

π2

30
T 4
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The present Universe RD/MD transition
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matter-radiation (RD/MD) transition(
ȧ
a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3
+Ωrad

(a0

a

)4
]

RD: a(t) ∝
√

t smooth transition MD: a(t) ∝ t2/3

zeq +1 =
a0

aeq
= 0.6

ΩM

Ωrad
= 3.0 ·103 , Teq = T0(1+zeq) = 0.7 eV

More accurately: teq = 1
2Heq

=
M∗

Pl
2T 2

eq
= 80 kyr Tν =

(
4

11

)1/3
Tγ

ρν = 3 ·2 · 7
8

π2

30
T 4

ν , ρrad = ργ +ρν =

[
2+

21
4

(
4

11

)4/3
]

π2

30
T 4
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The present Universe The age and horizon of the Universe
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The age of the Universe

(
ȧ
a

)2

= H2
0

[
ΩM

(a0

a

)3
+ΩΛ

]
,

ΩM +ΩΛ = 1 , a(t) = a0

(
ΩM

ΩΛ

)1/3[
sinh

(
3
2

√
ΩΛH0t

)]2/3

t0 =
2

3
√

ΩΛ

1
H0

Arsinh

√
ΩΛ

ΩM

= 1.38 ·1010 yr

ΩM = 0.24 , ΩΛ = 0.76 , h = 0.73
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The present Universe The age and horizon of the Universe
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The size of the Horizon: visible part of the Universe

lH,0 = a0

∫ t0

0

dt
a(t)

=
2

H0
·1.8 = 14.8 Gpc
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The present Universe Brightness–redshift dependence
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Brightness–redshift dependence in the Universe

ds2 = dt2−a2(t)
[
dχ

2 +sinh2
χ

(
dθ

2 +sin2
θdφ

2
)]

coordinate distance χ =
∫ t0

ti
dt

a(t) z(t) = a0
a(t) −1

χ(z) =
∫ z

0

dz ′

a0H0

1√
ΩM(z ′+1)3 +ΩΛ +Ωcurv (z ′+1)2

a2
0H2

0Ωcurv = 1 , ΩM +ΩΛ +Ωcurv = 1

S(z) = 4πr2(z) , r(z) = a0 sinh χ(z)

detector: Nγ ∝ S−1, ω = ωi/(1+z), dt0 = (1+z)dti
hence, for the brightness (the flux as mesaured by a detector) one has

J =
L

(1+z)2S(z)
≡ L

4πr2
ph

, rph = (1+z) · r(z)
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The present Universe Brightness–redshift dependence
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Degeneracies in Brightness–redshift dependence

0.01 0.02 0.05 0.1 0.2 0.5 1
0

0.2

0.4

0.6

0.8 ΩM = 0.3 , ΩΛ = 0.7

ΩM = 0.0 , ΩΛ = 0.55

ΩM = 0.6 , ΩΛ = 0.85

H0r(z)

z

Dmitry Gorbunov (INR) Lecture #3 24 July 2007, Dubna, DIAS-TH 17 / 23



The present Universe Brightness–redshift dependence
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Brightness–redshift dependence: SN Ia

∆(m−M) = 5log
rph

rph(Ωcurve = 1)

     

-1.0

-0.5

0.0

0.5

1.0

∆(
m

-M
) 

(m
ag

)

HST Discovered
Ground Discovered

0.0 0.5 1.0 1.5 2.0
z

-0.5

0.0

0.5

∆(
m

-M
) 

(m
ag

)

ΩM=1.0, ΩΛ=0.0

high-z gray dust (+ΩM=1.0)
Evolution ~ z, (+ΩM=1.0)

 Empty (Ω=0)
ΩM=0.27, ΩΛ=0.73
"replenishing" gray Dust
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The present Universe Brightness–redshift dependence
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Cosmological parameters from SN Ia

χ(z) =
1

a0H0

[
z− z2

4
(ΩM −2ΩΛ)

+C1(ΩM −2ΩΛ) ·z3+C2(2ΩM−ΩΛ)·z3

]

q0 =− 1
H2

0

(
ä
a

)
0

0.0 0.5 1.0 1.5 2.0 2.5
ΩM

-1

0

1

2

3

Ω
Λ

68
.3

%

95
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99
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%

No 
Big 

Ban
g

Ω
tot =1

Expands to Infinity
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Accelerating

Decelerating
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q0=-0.5

^

 

 

 

 

 

 

 

 

 

Dmitry Gorbunov (INR) Lecture #3 24 July 2007, Dubna, DIAS-TH 19 / 23



Recombination
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Temperature of the recombination

ne = ge

(
meT
2π

)3/2

e(µe−me)/T , ge = 2 ,

np = gp

(
mpT
2π

)3/2

e(µp−mp)/T , gp = 2 ,

nH = gH

(
mHT
2π

)3/2

e(µH−mH)/T , gH = 4

Tr : np(Tr )' nH(Tr )

baryon number conservation

np +nH = nB , nB(T ) = ηBnγ (T ) ,

chemical equilibrium
p +e ↔ H + γ : µp + µe = µH

electroneutrality
np = ne
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Recombination
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Temperature of the recombination

Xp ≡
np

nB

, XH ≡
nH

nB

, ∆H ≡mp +me−mH = 13.6 eV

Saha equation

Xp +
2ζ (3)

π2 ηB

(
2πT
me

)3/2

X 2
p e

∆H
T = 1

XH =
2ζ (3)

π2 ηB

(
2πT
me

)3/2

X 2
p e

∆H
T

recombination: Xp ∼ 1, XH ∼ 1

Tr ≈
∆H

ln
( √

π

4
√

2ζ (3)

(
me
∆H

)3/2
η
−1
B

) ≈ 0.38 eV
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Recombination
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Last scattering: γe → γe

σT =
8π

3
α2

m2
e
≈ 0.67 ·10−24 cm2 , τγ =

1
σT ·ne(T )

n2
e = n2

p =

(
meT
2π

)3/2 2ζ (3)

π2 T 3
ηBe−∆H/T

last scattering: τγ(Tf )' H−1(Tf )' tf

∆H

Tf
= ln

[
σ

2
T t2

r ·
(

meTr

2π

)3/2

ηB

2ζ (3)

π2 T 3
r

]
Tf = 0.27 eV , z = 1100 , tf = 2.7 ·105 yr

for general processes one should solve kinetic equations

dnXi

dt
+3HnXi

=
∫

(production−destruction)
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Recombination
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TODAY2.7 K 14 Gyr
accelerating expansion

4.6 K matter dominated expansion 5.5 Gyr

0.27 eV recombination 0.3 Myr

matter dominated expansion
0.7 eV 80 kyr

radiation dominated expansion

50 keV 5 min

Big Bang Nucleosynthesis

1 MeV 1 s

neutrino decoupling2.5 MeV 0.1 s

QCD phase transition200 MeV 10 µs

Electroweak phase transition100 GeV 0.1 ns

hot Universe

preheating

inflation

dark matter generation

baryogenesis
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