
ИI
ЯN
ИR

Lecture #2
The Universe: from today back to the primordial

nucleosynthesis having formulae at hand
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1 The FRW metric, reddening and the Hubble law

2 Gas of free particles in the expanding Universe

3 The dynamics of the expanding Universe
Einstein equations
Eamples of cosmological solutions
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The FRW metric, reddening and the Hubble law
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Homogeneous and isotropic 3d manifolds

dl2 = dρ
2 + r2(ρ)(dθ

2 +sin2
θdφ

2)

r(ρ) =


R sin(ρ/R) , 3-sphere

ρ , 3-plane
R sinh(ρ/R) , 3-hyperboloid

ρ is a geodesic distance; S = 4πr2(ρ); ∆θ = l
r(ρ)

dρ
2 =

dr2

cosh2 ρ

R

=
dr2

1+ r2

R2

dρ
2 =

dr2

cos2 ρ

R

=
dr2

1− r2

R2

dl2 =
dr2

1−κ r2

R2

+ r2(dθ
2 +sin2

θdφ
2)
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The FRW metric, reddening and the Hubble law
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Homogeneous and isotropic 3d manifolds

dl2 = γjidx idx j =
dr2

1−κ r2

R2

+ r2(dθ
2 +sin2

θdφ
2)

κ =


+1 , 3-sphere

0 , 3-plane
−1 , 3-hyperboloid

(3)Rijkl =
κ
R2 (γik γjl − γilγjk )

(3)Rij = 2
κ
R2 γij , (3)R = 6κR−2
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The FRW metric, reddening and the Hubble law
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FRW(L) metric

ds2 = dt2−a2(t)γijdx idx j ,

H(t) =
ȧ(t)
a(t)

Special frame: different parts look similar
Also this is comoving frame: world lines of particles at rest are
geodesics,

duµ

ds
+Γ

µ

νλ
uνuλ = 0 .

γij ≈ δij
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The FRW metric, reddening and the Hubble law
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Photons in the expanding Universe

S =−1
4

∫
d4x

√
−ggµνgλρFµλ Fνρ

dt = adη conformally flat metric

ds2 = dt2−a2(t)δijdx idx j −→ ds2 = a2(η)[dη
2−δijdx idx j ]

S =−1
4

∫
d4x η

µν
η

λρFµλ Fνρ , A(α)
µ = e(α)

µ eikη−ikx , k = |k|

∆x = 2π/k , ∆η = 2π/k

λ (t) = a(t)∆x = 2π
a(t)
k

, T = a(t)∆η = 2π
a(t)
k
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The FRW metric, reddening and the Hubble law
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Redshift and the Hubble law λ0 = λi
a0

a(ti)
≡ λi(1+z(ti))

p(t) =
k

a(t)
, ω(t) =

k
a(t)

for not very distant objects

a(ti) = a0− ȧ(t0)(t0− ti) −→ a(ti) = a0[1−H0(t0− ti)]

z(ti) = H0(t0− ti) = H0r , z � 1

H0 = h ·100
km

s·Mpc
, h = 0.73+0.04

−0.03

similar reddening for other relativistic particles (small H, Ḣ, etc.)

p = k
a(t) is true for massive particles as well
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Gas of free particles in the expanding Universe
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Gas of free particles in the expanding Universe

homogeneous gas dN = f (t ,p)d3Xd3p

d3x = const , d3k = const , f (k) = const

f (k)d3xd3k = const

comoving volume equals physical volume

d3xd3k = d3(ax)d3
(

k
a

)
= d3Xd3p

f (p, t) = f (k) = f [a(t) ·p] .

fi(p) −→ f (p, t) = fi

(
a(t)
ai

p
)
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Gas of free particles in the expanding Universe
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Massless bosons (photons) fermions

fi(p) = fPl

(
|p|
Ti

)
=

1

(2π)3

1
e|p|/Ti −1

f (p, t) = f
(

a(t)|p|
aiTi

)
= f

(
|p|

Teff (t)

)
Teff (t) =

ai

a(t)
Ti

decoupling at T �m : neutrinos, hot dark matter

decoupling at T �m : f (p) = 1
(2π)3 exp

(
−m−µi

Ti

)
exp

(
−a2(t)p2

2ma2
i Ti

)
f (p, t) =

1
2π3 exp

(
−m−µeff

Teff

)
exp

(
− p2

2mTeff

)

Teff (t) =

(
ai

a(t)

)2

Ti ,
m−µeff (t)

Teff
=

m−µi

Ti
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The dynamics of the expanding Universe Einstein equations
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Einstein equations

ds2 = dt2−a2(t)γijdx idx j ,

Rµν −
1
2

gµνR = 8πGTµν .

R00 =−3
ä
a

, R0i = 0 , Rij = (äa+2ȧ2 +2κ)γij ,

R = gµνRµν =−6
(

ä
a

+
ȧ2

a2 +
κ
a2

)

Tµν : macroscopic description
Tµν = (p +ρ)uµuν −gµνp liquid with ρ(t) and p(t)

in the comoving frame u0 = 1, u = 0

Tµν = diag(ρ, a2(t)γijp)
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The dynamics of the expanding Universe Einstein equations
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Friedman equation (00) :
(

ȧ
a

)2
= 8π

3 Gρ− κ
a2

∇µT µ0 = 0 −→ ρ̇ +3
ȧ
a

(ρ +p) = 0

the equation of state
p = p(ρ)

many-component liquid, other equations
in case of termal equilibrium

−3d(lna) =
dρ

p +ρ
= d(lns)

entropy is conserved in a comoving frame

sa3 = const
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The dynamics of the expanding Universe Eamples of cosmological solutions
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Examples of cosmological solutions

κ = 0
(

ȧ
a

)2

=
8π

3
Gρ

dust: p = 0 singular at t = ts

ρ =
const

a3 , a(t) = const · (t− ts)2/3 , ρ(t) =
const

(t− ts)2

ts = 0 , H(t) =
ȧ
a

(t) =
2
3t

, ρ =
3

8πG
H2 =

1
6πG

1
t2

the Universe is too young

t0 =
2

3H0
= 0.93 ·1010 yr (h = 0.7)
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The dynamics of the expanding Universe Particles horizon
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Cosmological (particle) horizon lH(t)

distnace covered by photons emitted at t = 0

the size of causally-connected region — the size of the visible part of
the Universe

in conformal coordinates: ds2 = 0−→ |dx|= dη

coordinate size of the horizon equals η(t)

lH(t) = a(t)η(t) = a(t)
∫ t

0

dt ′

a(t ′)

dust

lH(t) = 3t =
2

H(t)
, lH,0 = 2.7 ·1028cm (h = 0.7)
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The dynamics of the expanding Universe Particles horizon
ИI
ЯN
ИR

Examples of cosmological solutions

radiation: p = 1
3ρ singular at t = ts

ρ =
const

a4 , a(t) = const · (t− ts)1/2 , ρ(t) =
const

(t− ts)2

ts = 0 , H(t) =
ȧ
a

(t) =
1
2t

, ρ =
3

8πG
H2 =

3
32πG

1
t2

lH(t) = a(t)
∫ t

0

dt ′

a(t ′)
= 2t =

1
H(t)

.

In case of termal equilibrium

ρb =
π2

30
gbT 4 , ρf =

7
8

π2

30
gf T

4

ρ =
π2

30
g∗T 4 , g∗ = ∑

b

gb +
7
8 ∑

f

gf
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The dynamics of the expanding Universe Particles horizon
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ρ =
π2

30
g∗T 4 , g∗ = ∑

b

gb +
7
8 ∑

f

gf

(
ȧ
a

)2

=
8π

3
Gρ− κ

a2 −→ H =
T 2

M∗
Pl

M∗
Pl =

√
90

8π3g∗
MPl =

1
1.66

√
g∗

MPl .

g∗ = g∗(T )

T (t)≈ const
a(t)
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The dynamics of the expanding Universe Particles horizon
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Examples of cosmological solutions

vacuum: Tµν = ρvacηµν p =−ρ

SG =− 1
16πG

∫
R
√
−gd4x , SΛ =−Λ

∫ √
−gd4x .

a = const ·eHdSt , HdS =

√
8π

3
Gρvac

de Sitter space: space-time of constant curvature

ds2 = dt2−e2HdS tdx2

ä > 0, no initial singularity

Dmitry Gorbunov (INR) Lecture #2 24 July 2007, Dubna, DIAS-TH 16 / 17



The dynamics of the expanding Universe Events horizon
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ds2 = dt2−e2HdStdx2

no cosmological horizon: lH(t) = eHdS t ∫ t
−∞ dt ′e−HdS t ′ = ∞

de Sitter (events) horizon (x = 0, t):
from which distnace l(t) one can detect light emitted at t?

in conformal coordinates: ds2 = 0−→ |dx|= dη

coordinate size: η(t → ∞)−η(t) =
∫ ∞

t
dt ′

a(t ′)

physical size: ldS = a(t)
∫ ∞

t
dt ′

a(t ′) = 1
HdS

observer will never be informed what happens at distances larger
ldS = H−1

dS

marginal matter: gas of stright strings

p = wρ, w =−1
3 , p =−1

3ρ

Dmitry Gorbunov (INR) Lecture #2 24 July 2007, Dubna, DIAS-TH 17 / 17


	Outline
	The FRW metric, reddening and the Hubble law
	Gas of free particles in the expanding Universe
	The dynamics of the expanding Universe
	Einstein equations
	Eamples of cosmological solutions
	Particles horizon
	Events horizon


