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Exact 141 dimensional hydrodynamical solutions

1. Help guide our intuition
2. Summarize important features

3. Point out essential elements

4.Can be used to investigate whether Hwa-Bjorken hydrodynamics is a
limiting case of Landau hydrodynamics



Contents of Landau Hydrodynamics in z, ¢

1. A uniform energy density of length z = 2[ initially at rest
2. An equation of state p = €/3



Boundary conditions

1. The flow velocity is zero at the center of he slab,
v=0at z=0.

2. The Khalatnikov solution need to match to the Riemann solution at the
edge of the system.



What is the Riemann solution ?

1. Riemann solution corresponds to the situation when the energy density
and the velocity can be expressed as a function of each other in which x
and t do not explicitly appear.

2. Because of this mutual dependence, the two independent degrees of free-
dom is reduced to a single degree of freedom.

3. The Riemann solution gives the superposition of (i) the propagation of
the disturbance with the speed of sound and (ii) the propagation of the
fluid element itself with the flow velocity



What is the Khalatnikov solution ?

1. Representing density by ¢ and velocity by v,

1 T
4 € 1y
Y= tanh ™1 v

[t is a general explicit solution of (x = z — [, t) as a function of ((,y).

2.1t is necessary to invert (z((,y),t((,y)) to yield ({(x,t),y(x,t)) for the
usual hydrodynamical equation. Inversion can be done only numerically.

3. The Khalatnikov solution cannot be applied to ¢/1 < /3.
4.For t/l < /3, only the Riemann solution applies.



Explicit form of the solution

Definition of various quantities

¢ = In(e/eq) = I(T/Ty).
efe) = (T/Tp)* = e,

s/s0= (e/e0)*/ = (T/Ty)> = %

Y= tanh ! v,
v= tanhy.

(i) Riemann solution




(ii) Khalatnikov solution

0 0
=YX _OX
t(C,y)=ce ( ’ cosh y N —— sinh y)

x((,y) = e S (?g sinhy — 6X COSh y)

Y
G =i [, \/<f2——y i
Y

where I(z) is the Bessel function of purely imaginary argument,

In(z) = e7107/2 ] (i2)
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Solid lines, Khalatinkov solutio
Dashed line, Riemann solution.
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Solid lines, Khalatinkov solution.
Dashed line, Riemann solution.
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Riemann solution
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Method of finding the Rieman solution is from Landau and Lifshitz page

503 Fluid Mechnics

@TOO N 8T01 _O
ot Or
aTlo N 8T11 _
ot Or

Because T depend on each other, we have
aTOO Ot
OT o " or
8T10 ot _
6T11 ox
6TOO B 6T10
o701 - oT11
dTOO dTll _ dTOl dTlO



T"= (e + p)u'u’ — pg" = (e + pJu'u’ — p
= cuu! + p(u’u’ — 1) = e’ + pule

TOl _ TlO: (6 _l_p)u()ul
T'= (e + plu'v’ — pg'' = (e + pju'u' +p

— eu'u! + putu! + 1) = ewlu! + pulil’

We use

p/e = cg, w = coshy, w'=sinhy,

we can rewrite THY and dTHY as

TV = e(uu! + Culul) = e(cosh? y + ¢Z sinh? y)

ATV = de(cosh2 Y + cg sinh? ) + 2¢e cosh y sinh y(1 + cg)dy
T = (e + p)u'u! = de(1 + ¢2) coshy sinh y

AT = de(1 4 ¢2) coshysinhy + €(1 4 ¢2)[cosh? y + sinh? y]dy
TH = ewlu! + pu'u = e(sinh? y + ¢ cosh? y)

AT = de(sinh2 Y + cg cosh? ) + 2e cosh y sinh y(1 + cg)dy
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Cosntruct dTW dTH — a7 a7V the dede term is

dede[(cosh? y + ¢ sinh? y)(sinh? y + ¢ cosh? y)
—(1+4 ¢2)coshysinhy x (14 ¢2) coshysinhy]
= dede|(1 + cﬁ) cosh? ysinh? y + ¢2(sinh® y + cosh* y)
(1 +2¢2 4 ¢4 cosh? y sinh? y]
= dedelc (Smh4 — 2cosh? y sinh?y + cosh y)]
= declecs(cosh2 — sinh? y)* = ¢2(de)?

Cosntruct dTW a7t — a7 a710 the dydy term is

dydy [26 cosh ysinhy(1 + ¢2)2e cosh y sinh y(1 + ¢2)
(1 + 2)?(cosh? y + sinh? y)?]
= dydye (1+c¢ )2[ cosh? i sinh? y — (Cosh4 + 2 cosh? y sinh? y + smh4)]
= dydye’ (1 + 2)?[—(cosh® y — 2 cosh? y sinh? y + sinh?)]
= —dydye (1+ ¢2)?(cosh? y — cosh?)?
= —dydye*(1 + 2)?

VAR NOLVARE W)
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Cosntruct dTW a7 — a7 a7V the dedy term is

dedy{[(cosh? y + ¢2 sinh® y)2e cosh y sinh y(1 + ¢2)
+2€ cosh gy sinh (1 + 02) (Sinh2 Y + cg cosh? )]
—2(1+ cg) cosh y sinh ye(1 + cg)[cosh2 y + sinh? Yy}
= dedy(1 + 62)2 cosh y sinh ye{(cosh2 y + cg sinh? V)
—|—(Siﬂh2 Y + cg cosh? y) — (1 + cg) [Cosh2 y + sinh? Yy}
= dedy(1 + ¢2)2 coshysinhy e{(1 + ¢2) cosh’ y
+(1 + cg) sinh? ¢ — (1+ cg)[cosh2 y -+ sinh? Y}
=0

Finally, we get
AT art — ar ar0 = Z(de)? — (1 + 2)?(dy)? = 0

We get

de

2
25

) =1+ ) (dy)”

g 4 csde _icsde
v (1+c2)e “e+p




which is equation (2) of Landau and Lifshitz, page 503. We have now

dy = + csde N 1 c2de L 1 c2d1In(e/ )
(1+ 62)6 cs(1+ 62)6 cs (14 c%)

9

CS d
— dlnl(e/e0) )} = 4

Cs
The Rieman solution is then
q

19



where we introduce

1+ ¢?
| 5 S)C = In|(¢/¢0)]
CS
(1+c§
£ _ . 2
€0
T
we can show (i)cg/ﬂﬂfg) -
€0 TO -
( =In(=
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The entrophy conservation equations, along '

We take projection along u’ the basic hydro equation:
7

“ Oxk =0

Upon multiply by u* and summed, we get

o1
Z U; — (0 we shall use summed convention
i

oxk

ui—:O

+(e+p)7—u — =0,

(e+p)=Ts, d(e+p)=Tds s isthe entropy density,

0s ou”
k _
Wl gr T ogar =0

O(su”)

T
Oxk

= (0, conservation of entropy

O(su”)
ox*

=0, conservation of entropy
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The equation perpendicular to /'

We take projection perpendicular to u’ the basic hydro equation:

ox!

Upon multiply by v’ and summed, we get

0Tt 9T
gk T R e T
8T@/{; aTkl
Corkh T Mgl T !
Let us expand out the terms:
8Tzk o 8Tkl 0
%xk ok or! 5
=5 k[(6+p)u ut = g"p] = w4 putu’ — g"p)
0 : .0 o, 0
&Uk[(e—i—p) — g"p] — (’9 l(e+p)u uluy, 4+ u' (e + p)u® 8 U, p+ gF uZuk@ D
a a 1k a a k 1 6 kl i
= [(e + p)u’ %u —I—um(e—l—p) —9 5 — ) —UW(E—F}?)U uluy, + u'(e + plu STk + g U
) 0 0
= [(e+p)u" %U - QZkg Dl + gkluluka =70

Now,

dp =sdT, (e+p)=Ts

22

0
(%clp

(5)



So, we have

o , 4 0 .0
(e + p)uk@u —g kwp} + g"u Uk o P = 0
o , 4 0 .0
[TSUk@U — g kS@T] + gleU ’U;]{;@T =0
0 -0 . 0
k 11 ik .
ou'T :
uk% — ¢ T =0
ou'T :
u” ;xk — 0T =0, asin Landau’s (4.5)
For ¢ = 1, we have
ou'T
k 1
u ok 0T =0,
ou'T ou'T ,
uo(?—ai“o +u' 51 +0,T =0, using o' =¢"9, = -0,
ou'T  O(u'Tuy) ou
0 1 1 1 . . 1 11 _
(7 (911’0 + 5l —UT%—F(%T—O, using 0" =g 01 = —0;
ourT  O|T (u'u’ — 1)] ou
0 1 1
BPR ¥y ahdint _
u 831“0 + (9851 u Il +81T O,
ou'T 0T ou’ ou
0 0 0 1 1 _
40 u Ox! 1 ozt T@xl =0,

outT  OTu’ N Z@(UO)Q — (u)?)

0 _
u{8x0+8:v1} 2 Ozl =0

23



24

ou'T  oTu _ 0
OV ox!
the solution is
0¢
I _
Tu TO@
0
0 _
TU —TO@
T T
dop = —Touodazo + Touldxl (7)
Introduce y, we have
y=o¢+Tuz’ — Tulzh «’ =coshy, u'=sinhy (8)
Then
dy = tu’d(T/Ty) + t(T/Ty) cosh ydy — xu'd(T/Ty) — x(T/Tp) cosh ydy
= (tu” — zu"d(T/Ty) + (T/Tp)(tsinh y —  cosh y)dy
dx = (t cosh —z sinh)d(T'/Ty) + (T /Tp)(t sinh y — x cosh y)dy
Therefore,
0
8(T7T0) = tcoshy — xsinhy)
ox .
— = (T/Tp)(tsinhy — x cosh y) (9)

oy



The inverse solution is

0

ToOx

t = Toa—;fcoshy — Ta—ysmhy
0 Ty 0
xr = Toa—;gsinhy — Toa—;(coshy

25



The Khalatnikov Equation for y

We can get an equation for y.
We have the equation along u’, the entropy conservation equation

Note that

Note that

Entropy equation is

We have therefore

Osu N Osu! _ 0
020 ox!

Osu¥  dsu’
Osu’ _ d(su’, x) _ 3(“)) %
0 T €T
Ox d(t, x) 30 3
Osu¥  dsul

_ o) Oz :(9(5“0)

0 % a(t)

dsul  O(sul,t) Osu) Oou)

_ _ agtg d(z)
Oxl @(t, x) ot o(t)

) o)
d(sul O(sul) 1
_ o0 0w | — _9(su)
10 d(x)

O(su’,x) O(su't)
d(t, ) ot,z)

Ot,z) [O(su’,x) O(su',t)|

AT o o)

{6’(su0, z)  J(su',t) }
AT.y)  OTy)

0
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Let us set T as a unit for 1" and add this unit factor to T' back later on

Odscoshy 0Oscoshy

I(su’, x) B O(sul,t) .
oT,y)  OT,y)

O(scoshy,z) O(ssinhy,t) 0

Jdssinhy 0dssinhy

o(T)
()

or)y Ay

oy o | =V

o

o(T)

o(T) Ny

(y)
(

o(T)
this leads to

which is Landau’s (4.13).

)
{83 coshyd(x)  Odssinhy I(¢)
0

Ay)  OT) J(y) Ay) o)  dy)

0
el i(x coshy — tsinhy) — (xsinhy — ¢t coshy)}

oT " 0(y)
~ Oscoshy d(x) = Ossinhy I(7)

oy oT) T o) aT) "

g—; %(m coshy — tsinhy) — (zsinhy — tcoshy)}
. O(z) o) _
Ssmhya(T> + Scoshya(T) =0
ds ~ 0 : :
saT{a(y) (z coshy — tsinhy) — (vsinhy — t coshy);
_6%(:6 sinhy — tcoshy) = 0,

} ~ Oscoshy d(x) N dssinhy O(t)



We introduce the transformation

X Ty Ox

t = Toa_T coshy — ?3_?; sinh y
0 Ty 0
T = Toa—;g sinhy — TO(’?_;( cosh y
Ty0 7.0
(# coshy — tsinhy) = —Toa—ﬁ(coshz y — sinh?y) = _TO(?_;(
0 0
(#sinhy — tcoshy) = To({)—;i(Sil’lh2 y — cosh®y) = _TO(?_;

Hydro equation becomes

s . Tp0%y ox 0%y B
T Taye  logpt+ T =
Os . Ty0*x ox oY% B
Ty arti—T g, t ) T gy =

{_

soI'  10p 10p0e 5

Tds Tos Toeds °
sOT

T
0s ©s
0s 1
sOT  Tc?
Ty 0*x Ox %

L LV + T T —= =
Tog2 T Lgpt T T gm

=0

0

0
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(=InT/Ty, (T/Tp)=e
 TydT 1 dT

0= =7 T, T

dx  Ox O _8)(1

oT  0CoT 0OoCT

Ox  0¢C 9 0x 1 0 Oy

or? 6T8C[8T} B Ta_g[a_T]

11 19T Pyl Dyl
T OCT  OCT?20C  0C2T?  OCT?
We get
Ty 0*x oy 1 ,,0°x 1 Ox 1
A LAY L T T - —
Tap Pl PTG GaTe ~ o) =0
We get finally
2 2
%_a_x_cga_x+cga_xzo
dy* (¢ o¢* a¢
0°x 2829{ 2 5%
A 222 —1)=2 =0
(9:(/2 Cs 8C2 + (Cs )8C

This is just Landau’s (4.15a), Khalatnikov equation.



Khalatnikov solution

First, we need to eliminate the first order term by the transformation

X(¢,y) = f(C)Z(¢,y),
—==f(OZ+ f(O)Z'(¢,y)

“ 2= "OZ+ 207 + f(OZ"(C,y)

We choose f according to

f’_cg—l
fooo2e
cg 1C l—c%C

30
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The Khaltnikov equation becomes, prime is for d/d¢

aQX 262X 2 5%
_ — 122 =

8y2 CS 8§2 (CS )8C O

aQZ 20 ¢l ! 7l " 2 / !
G_yZ_CS(f Z42f'Z'+ 2"+ (e —1O)(f'Z+fZ)=0

622 " 2 / 2 / 2 2 pll 2 /

0*Z

f— +2"=Ef+ Z]=E "+ (G- 1)f]1=0

82Z 2 7l [ 2f” (C2 )f/]
A/ s =0

Iy f
0*Z 2 21_022 1_C§ 2
a—yg_csz +Z[_Cs( 262 ) +(_ 202 )(Cs_l)]_o
822 2 71 ( T 02)2 (1 T 62)2 _
82 2 7l (1 B 65)2
a7+ ) =0
0z 02 (1— c2)?
We write it as
2z  0°Z [(1-3)]°
8 ~ 2o [ 2 )] 7= ()

This is the equation we would like to solve. We make a change of variables. We could use +( or —( below, but because



our ( is always negative, so we choose to use —( below, as argued by Beuf et al. [? ]

&:_§+68y7 6:_<_08y7

1 1

¢= —5(04 +8), cy= 5(04 - 8),

06 _0ad 09 0 9O
o O0CO0a 0COB  Oa 0P
dadf = 2d(c,dy

oY _ (Lo oY
(&) - ()
0 a0 o068 0 0 0

csOY B csay% * csﬁy% " da 0p

o\ _ (0 oY
() ~ (@)

2\’ 62_882882_4
<a_<> _<csay) _<_a_a_%) ‘(%‘%) " 0adp

{@2 D ]Z—{(l_cz)rZ:O

0¢?  20y? 2¢2
52 (1—c2)] B
48&85Z(a7ﬂ)_ ] QCE | Z(&75)_0
52 (1—c2)] B
a&aﬁz(aaﬂ)_ 465 Z(&75) 0

We solve this equation by using green’s function (Beuf et al (2008))

82
a0

(1= _
L2 Gl = stasto

Gla.5) - |

82

32
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Consider the following and we would like to choose a to make it work.

G(a, B) = ©(a)O(B)lo(ar/af)
0,6 (0., ) = 6(0)B(B)Io(a/aB) + O(a)O(F) fpaga™ /5,
( where [I'(z) = dly(z2)/dz,)

O(8)Io(av/aB)) + 6(a)6( )1(’)@(%) g
915G 0,6) = (@)D o(0/aB) + 6@)O(R) o s 0+ O a2y

+@<a>@</ﬁ>fga<%>\/§a<%> \[ ytacyy /L

:5<a>5<ﬂ>fo<o>+@<a>@<6>zga<§>@a<§>\f OB al) [~

o
= 5 (9) + OO x () + BRI [ 7
So, we have
o) - | Glan
o a? n o @ 1 / _(1 - 02) ?
= 5()3(5) + TO@OE) + /0O ) - | S | 6l
. a? n o @ 1 / _(1 - Cg)- ?
= 3()3(5) + TOBE) + 11/ 50O () ~ || e@ei)
Bessel equation for Iy(z) is (Abramowitz page 374 9.6.1)
Zd*I,  dI, B
R +z —~ — (2 4+, =0 (18)



We choose

The last three terms in (18) give

CL2

af 1

i
2= g Vb
e
2¢2

z=ayap
6o ) = 0@ (1= /o)
w1 / (1- Cz)

+ELeeE + 5/ eemr) - U

= Z6(a)0(A) I} + 26(a)O(A)I}(2) — T6(a)O(8)Iu(2)

which gives zero if [ is the solution. So, we have

Then
with

A general solution is

OupZ (v, B) — [

(1—c)

(1—c)

2
4cz

OupG(a, B) — [

6o, ) = 0@ (= /o)

S

X(@,8) = ¢ < 2(a, §

Z(a.p) = [ da'd5Gila - o', 5 - B)F(.5)
2

A 2(0,) = [ aalatsta - (s - )P )

S

= F(&aﬁ)

34
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as required.
. —#C ! 700 / / ! ol
w8 e ¢ [ dldiGla - a5~ F)F@.9)

We change variables:

dadp = 2d<csdy

/ 5(a)5(8)dadB = / y)dCeydy = 1
/ 5(a)5(8)dadB = / QdC dy

5(a)d(B) = 5(052(059)
Let us write the Green’s function for G((,y): Then
_2\12
oGl 2) - [(14058)] Glor ) = d(a)a(8) = XL

Eq. (16) gives

F(n'y)
9

X(Cy) = e_lgjfgfdé’csdy’G(C — L y—1)

35
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(28)
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(2 —c2y?)

(1—c)
2¢2

(_C + Csy)(a(_g - Csy)IO( CQ - ngQ)

(Coy) = e 7 [ dcteayOl-(c = ) + ety = 1101 = ) - oty ~ )

(1 — Cg) F(Clv y/)
2¢2 2

x Lo VC=0)?=cly—y)?)

We introduce
—(C=¢)=¢, =¢+¢ di=dd"
and choose
F(¢y) = f(¢)d(esy)
then we have
xX(¢y) = G_QC/dC’@[—(C — () + csy]O[—(C — ¢) — csylo(
We consider only the region of y > 0. We have from the step functions
O[-(¢ =) +esly —y)B=(C =) — sy =¥,
—((—=¢)+ey>0, —(C—¢)>—cy
_(C - C/> — CsY > 07 - (C - C/> > CslY > —CsY, C/ - C = C// > CslY

(1-¢3)
2c2

S

We consider only the region of y > 0, because there is complete symmetry in y. Then

6[_CH + Csy]g[_CH o Csy]: 9[_CH — Gy + 2Csy]@[_cﬁ o Csy]
= O[-(" — csy] because 2csy > 0,

36
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(32)

(34)
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) = H [aol-(c - )+ eylol-(c ) - el

<2 ye=—or-an s
=5 [acel-(c-¢)- csy]f()(“;(/,gs) Vo an
- [aceic -0 - a2 Vie= - g L)
- [Caenb ) oran )

We need to look for f(¢” + () to satisfy the boundary condition. the Khalatnikov solution must satisfy two boundary
conditions
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Boundary conditions

(1) It must match to the Rieman solution when ¢ = —c,y, as given by (1). This occurs when x((,y) is no longer a
function of ¢ and y, the case when there are two degrees of frrdom. Instead, y is a consstant. Note that beause x and ¢
are related to y by derivative, y is free up to a constant, and we can choose this constant to be zero, when we match to
the Riemann solution.

(i)  x({,y) =0 at Rieman matching (36)

In order to satisfy this boundary condition, we must have

Ve —apl (37)

_1=a ) 1—¢2
G = e [t

sY S

which gives zero when

—(=c¢y or (=—cy (38)

(2) When y = 0, whatever is €(¢), the matter is at rest, y = 0 and that occurs at x = —I. The midpoint is the point of
reflection and no motion. Eq.(??) gives

(1) at y =0, we must have (39)
0 0
r=e"¢ (8_2( sinh y — 8—>y<coshy) , a=1y
0 0
x = —eca—z coshy = —eca—;(
= —I
ox| _ el (40)
Y |,




We get from (37) that

Ix(¢,y) o udc [, (1-c) f(¢"+¢)
- 22 dc" T M2 __
=l / iy P = A e
= (elzcébg(—cs)_fo((l _265)\/(@’)2 c2y?) +y X integral...)
265 ""=c4, and y=0
N ASRY)
2

The term proportional to y inside the bracket is zero at y = 0. So, we are left with

Ix(¢,y) _de (1-¢3) f(("+ Q)
= (¢ ez VIO = ) e
ay y=0 20? ("=csy, and y=0 2
1—cg "
6_ 22 C( s)f(é. +C) — Cl
2
" 1—03
0 _ <.
We have therefore
F(C"+0) 6(%“)(&@‘") €<1;C§+1>< €<12Z§3+1><”> I €<12;s+ IS 61;584"
2 Cs T Cs T Cs

We put this back into x, and we get from (37),

_l—cy 1 — 2
X(Cay) — ¢ 22 C/ dC//I()(( 26205) \/(C//)Q _ c§y2) 5
CslY S

2
= +1)<€ Lt e

R P 1 -2 le 23 e
=5 [ acnd §5>¢<<~>2—Czy2><—1>6

sY 268 CS

1+c "

Y B (1= c)) N2 _ 22¢ " !
- ——¢ /Csy d¢ ]O(T\/(C) y?)e>E " | change (" — ¢

S S

Lo [, el o (1—¢c%) . :
= ——¢ d( 23 (¢")? —c2y? |, the Khalatnikov solution
csy

Cs 2¢2

39

(45)



Wong,Sen,Gerhard, Torrieri,Read, PRC90,064907('14)
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Conclusions

1. Exact solution of 1+1 dimensional hydrodynamics gives a compact form
of the solution with the Landau initial conditions

2. Landau hydrodynamics remain different from Hwa-Bjorken hydrody-
namics even at very late time

3. Hwa-Bjorken hydrodynmics must obtain the flow condition not from
hydrodynamics but from other types of initial conditions.



