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- Basic thermodynamics
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1 v Xy ={E;, Ny Vi, o} => 54(X)

| The combined system is in equilibrium
| provided S has a local maximum -
5 : X, ={E,, N,, V,, ...} =>SxX,) which requires 6S = 0 and &#*S < 0:
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Microcanonical thermodynamics: E and N are specified:

B(e, p) = O.0(g,p) =1/T (e, temperature
entropy (e, p)) = (€, p) (€,0) =1/T(e, p)
density ’ ale, p) = 0,0(¢, p) = —ule, p)/T (e, p) chemical potential
020 00,0 ple,p) =0T —e+pp pressure
<0 = stabilit _
0,0,0 0,0 / hie,p) =p+e enthalpy density
Canonical thermodynamics: <E>and N are specified:
Then replace Sby S’ = S—BE and require 6S =0 & 6°S’'<0
Same: <
- or consider F =-TS’ = E-TS and require 6F=0 & §#F>0

free
energy fr(p)
density

= er(p) —Tor(p) = pr(p)p—pr(p)

pr(p) = 0,fr(p)
0,%f(p) >0 = stability or(p) = —0rfr(p)

Free energy density

Phase coexistence & f,(p) has common tangent

Density
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Thermodynamics of non-uniform matter: microcanonical

Non-uniform charge density  p(7) —/—— N = | p(r)dr
Non-uniform energy density  £(7°) E = /é(r)d'r
S = / a(r)dr

Non-uniform entropy density

08 = /[B(r)éé(r) + a(r)ip(r)]dr

o
VN
=
N—"
|
Q
o
N—"
>,
™
N
=
.
o
=S

VOE(r),Yop(r) : 0=0S—BodE—aodN = [ [(B(r)—PB0)0e(r)+(
_Y_} %,_I
Vr: B(r)=03 = V3=0

Constant temperature:
Vr: a(r)=ay = Va=0

Constant chemical potential:
Tr=p/T =0—Fec—ap

0T = —e03 — poc
=> p(’r‘) = pO

Vi =-EVS—pVa
fr(r) = fr(p(r) + 5C(Vi(r))?

Constant pressure:

Gradient corrections: { 2
p(r) = pol(e(r), p(1)) — CpoV2p(r)



8]
o
o

Temperature T [MeV]
§

Net baryon'density n/ ng

Compact Stars
n,=0.16 fm=3
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Application to relativistic nuclear collisions

Equations of state

Two-phase EoS => Interface tension

One-phase EoS (Maxwell partner)

Fluid dynamics

Gradient term => Spinodal amplification

Collisions

Density moments: Enhancement



Hadron Gas versus Quark-Gluon Plasma

P =pr+ o8+ 05 + Pu

Free pions, nucleons, and antinucleons:

polT) = o7 [ 1 — e
pn(T) = —gNT/OO pgdg L+ e femn)]
p(T) = —gnT * pgdg > In[1 + e Pletro)]

+ compressional energy density:

A ()

20,(w(p)/p)

p= po + dpw = 3,
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w(p) =

pw(p) =p

p® =py+pg+pg— B

Free gluons, quarks, and antiquarks:

2
Py = gg=T*
790 T, 1 1
22
Dqg +DPg = — 1" + —pu T + 7
¢TI 360 1274 242"
Phase crossing
1601—4\\I ' 1 ' 1 1 1
— B \\\:\\\\\
= 120F AN RN
= \ RN
5 8o \ AN
S 7T ! N
S ‘. -—- QGP \
= | \
|9 40 1 — — — Hadron gas \
|
| ‘\
L | I
" 1 " 11 " 1 " 1 1
o0 2 4 6 8 10

Compression p/p



Equation of state:
Spline between HG and QGP

Free energy density f(p) 3,2f+(p) > 0

A
spline _
~ ~
160
8,f+(p) > 0 -
g

HG

oo o §

¢ o ® match f, f, f” -

® ® ’ 0
o © .

Compression p/p,

Density p



Isothermal speed of sound

Microcanonical representation: entropy density

O'(E,p) /62850-(57,0)20'5:1/T } Wza—ﬁg—ap:p/T
a=0,0(e,p) =0,=—p/T
R U ) N ——y .
T h\9p . ho.. ee pp ep What happens at T=0:

Canonical representation: free-energy density
o { pr(p) =0pfrp)  —>  pr(p) = pdpfr(p) — fr(p)
P19 0 orlp=—orse) — o) = frlo) - Torfr(p)

2

Use 0,0Ap) =0 fr{p) + pd () — 0 fr{p) = pO ur{(p) to get vF = % T
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Gluons:

(g, =16)

Quarks:

(9,=12)
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(%

Example: Free gluons, quarks, and antiquarks

2
T 4 8 94
r = g,—T* = T
Pr = 99g 5
2
T 4 8 9.4
6‘% = 3p!7]1 = gg%T = B T y
g _ g g __ 4 g __ 2 2T4 32 2T4
< hy = pr+er D 9957r T ,
g g g
+€ 4 2 32
ol = Orph = pTT T _ ;),T = 93 273 e 273
L 7 = ep—Tor = 3pp—4pp = —p7
T 379 ¢ 72 5471 972 9 81m2" 7
T2 1 1 7 1 p
qa _ _T4 - 2T2 41 _— L 2T4 - 2T2
Pr = da !360 Tt T 247r2“‘1] 30" © "o T iR
T2 1 1 7 1 p
qa _ _T4 - 2T2 = 4 = 2T4 - 2T2
T = 9 !120 gttt T 87r2“41 0" T Ty e
< e 1 1 14 4 2
hq — q q _ _T4 - 2T2 = 4 = = 2T4 = 2T2 4
o = Orpp = f[th—MBPqT] = Y4 [ET Tl = BWT +§MT,
Tm? 1 1 7 1 pt
9 _ 9 7ol |ty =22, & 4l L o2pd © 22 .
L Jr = er—Tor g"[ 360" | 12Ma T gpzta 507 0 oM T hae
2 _ Py = aTp+ /97 /54)° ] (gg[T° + /3] /54) — 1Y forT=0
T— pr 9g2m2T4 /45 + g, [Tm2T4 /90 + p2T2 /27 + pt /48672]
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Phase Equation of State

CQCBF) Maxwell line

.7 (tangent)
e

Free energy density f{p) 3,7f(p) > 0

A
critical
9 2f(p) < 0)~ ; -
p!'T P, SO : point
~
~ 2
: : I e Coexistence '
7 1 | = -== Vp,T)=0 |
| : I é Vp.T=0 -
| A
2 I ! I < 100
8 2f1(p) > 0 | : | =l
I : I I 5
I I 3 1
HG N T i
PR I : I 1 r [
| | I ! L |
| 1 ! | 0 . . A . |
I | 0 2 4 6 8 10
l | I 1 Compression p/p,
I |
I ! | 1 ’
1 A B 2 :
Density p
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Phase diagrams
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Compression p/p, Net baryon density p (in units of p,)

The spline construction yields f{p) |::> Fluid dynamics needs p(e,p)

First tabulate p{p) and ¢/{p) , /\

then get p(p,¢) by interpolation

pr(p) = p0, fr(p) — fr(p)
er(p) = fr(p) — Tor fr(p)

12



Finite-range (ideal) fluid dynamics

Interface tension y(T)

Gradient term in free energy density: " T
fr(r) = fr(a(r) + C(Va(r))? |
P2 M 1/2 %10_
vr= [ {2Clfr(p) — fr' (p)]} "~ dp N
pl - 00 50 100 150
Laplace Temperature T (MeV)
=> gradient term in the pressure: operator
. . - _ K Spinodal dispersion relation
p(r) = po(p(r),&(r)) — Cp(r)Ap(r)

p(r,t) = po + Sp(z,t) = po + preiFr—iwt

P — P+ Cpok?py

2 2(1.2 0(2) 4
= k*—C k
Vi ’/Us‘ g0 + Do
- easy to insert into a fluid dynamic transport code

Growth rate Y
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Energy density ¢ (in units of ¢ )

Interface tension o (MeV/fmZ)

Unstable matftter in a box

Phase diagram in (p,¢) plane
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Interface tension

Y e e T

o 4=0.10fm
A—A 3=0.08fm
¢ a=0.01fm

30

20

50 300
Temperature T (MeV)

150

fr(r) = fr(p(r)) +L1C(Vh(r)? =>
p(r) = po(p(r),E(r)) — Cp(r)Ap(r)
~jiddeaiia..

Ampilification of irreqgularities?

J. Steinheimer & JR, PRL 109, 212301 (2012)
J. Steinheimer & JR, PRC 87, 054903 (2013)
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Energy density ¢ (in units of ¢ )
N

Interface tension o (MeV/fmZ)

Unstable matftter in a box

Phase diagram in (p,¢) plane
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Maximum compression in Pb+Pb collisions
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=> Optimal energy range: 2-4 A GeV?



Evolution of the (net) baryon density p(r,t)

tt,=144fm| E_ =3AGeV

p in units of p_

9

] 8
7
Pb Elab Pb E 6
O > @ 5
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b=0 f 2
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0
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Total baryon number: — /p(r) d3
: N 1
N density moment: (p") = —

A
Mean baryon density: (p) = Z/,O(T)p(’r) &Pr = (P71



Phase Equation of State

Free energy density f{p)

A

HG

a,02": T(p) >0

8,2fr(p) < O . _

ap2f T(p) >0

I S —————

QGP

Construct a corresponding
one-phase Equation of State
by replacing each concave
section by the Maxwell line

- = Maxwell line: common tangent

a/027.: T(p) =0

>
Density p
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3 A GeV Pb + Pb (b=0)

Identical initial conditions

Two-phase EoS:
unstable

p in units of p_

o

Y-Axis [fm]

O =~ NWPH,OGOON®©®O© =

10 -5 0 5 10
X-Axis [fm]

Difference:
unstable - stable

Y-Axis [fm]

Density o(x,y,z=0)

t-t,= 2.50 fm

Maxwell EoS:

Stable

t-t,= 2.5 fm : :
p in units of p_

10

o

Y-Axis [fm]

-10

o

O =2 NWHAOOONX®O =

-10 -5 0 5 10

punstable - pMaxw

in units of p_

X-Axis [fm]

g

X-Axis [fm]
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N
>

N

Density moments <p >/<p

Evolution of the density moments

Density moment:  (p

Normalized moment: <pN>/<,0>N

Elapsed time t- t (fm/c)

N

N

Maximum enhancement of <p >/<p>

(¢}

o

(¢}

o

w

N

—

o

e—e std EoS

Cg-g o900 -~

G- —-© Maxw EoS _-

I
I ! I

e—e sid EoS

8 5 -o0--0-0 -0 ———-G ===

I

G- -0 Maxw EoS 1

2 3 4 5 6

Beam energy E_, (A GeV)
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Spinodal Instabilities at the Deconfinement Phase Transition

SUMMARY

s I: Phase coexistence

fr(r) = fr(p(r)) + 3C(Vp(r))? Gradient correction

Thermodynamics of non-uniform systems

Interface tension between coexisting phases

Il: Phase separation Needed:

theoretical
Two-phase equation of state <« equation of state

Growth rates of spinodal instabilities

% S 7 Needed:
i \\ finite-range
lll: Collision dynamics dissipative
L . fluid dynamics,
p(r) = po(p(r),&(r)) — Cp(r)Aj(r) Finite-range fluid dynamics / severa\llﬂavors

- /\\, Collisions: density enhancements, optimal energy

aaaaaa

Big quéstion: Is the presence of a phase transition experimentally visible?
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