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Possible (p, T) phase diagram of strongly interacting matter
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Equation of State
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Lecture I: Phase coexistence (equilibrium)

Thermodynamics:
large & uniform systems

Density p

)

° Q‘ Q o ©® Small & non-uniform: = o
Py gradient effects,
® O interface tension

o o ® - _
o o
o ] .
. . 0 T:r%perature T (h}loe({/) 190

p2AT) dp
yr=a / 2E.Afr(p))' /> —
(T Pg

Interface tension o (MeV/fmz)

Jgrgen Randrup Il



Lecture ll: Phase separation (non-equilibrium)

Spinodal instabilities (v, 4> < 0):

Dispersion relation for the amplification of irregularities

150 Coexistence
[ ——- vipT)=0 ]

— VD=0

-
o
o

Two-phase equation of state p(g,p):
Interpolate between hadron gas & quark-gluon plasma

Temperature T (MeV)
3
————

Compression p/p,

0=9,T" Dynamical model for £(t) & p(t):
Opp = _paivi Ideal and dissipative fluid dynamics
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Hadron Gas versus Quark-Gluon Plasma

P =pr+ o8+ 05 + Pu

Free pions, nucleons, and antinucleons:

polT) = o7 [ 1 — e
pn(T) = —gNT/ pgdg L+ e femn)]
p(T) = —gnT /OO pgdg > In[1 + e Pletro)]

+ compressional energy density:

A ()

20,(w(p)/p)

p= po + Gpw = 3pq

Jgrgen Randrup Il

w(p) =

pw(p) =p

p® =py+pg+pg— B

Free gluons, quarks, and antiquarks:
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Hadron Gas versus Quark-Gluon Plasma

Phase crossing
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Chemical potential u (MeV)

Temperature T (MeV)

Pressure p,(T) (MeV/fmS)

Phase “boundaries”
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Equation of state:

Spline between HG and QGP QGP
Free energy density f(p) \
t match f, ', "
common
; tangent
spline ~« _ (or ot
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Equation of State: spline QGP

Maxwell line
.7 (tangent)
Vd
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o€, p)

f=e—-To

Thermodynamic relations

B=0.0(g,p) =0.=1/T

T=0—pfe—ap=p/T
a=0,0(e,p)=0,=—p/T

pr(p) = Opfr(p) pr(p) = p0, fr(p) — fr(p)
UT(P) — —3TfT(P) €T(P) — fT(P) — TanT(P)

hr(p) = pr(p) +er(p) = pOpfr(p) —TOrfr(p)  Enthalpy density

S

v% — (3}9 ) __PP I [0cc0pp — o2 ] Isothermal sound speed
T

o)y~ how ”

V2 = % (%ﬁ) — —%[h2066 + 2hpo., + pQUpp] Isentropic sound speed

S
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Dynamical models for HIC

From the lecture by
E. Bratskovskaya:

Macroscopic -
" ‘

hydro-models:
= description of QGP and hadronic phase
by hydrodanamical equations for fluid
= assumption of local equilibrium
= EoS with phase transition from QGP to HG
= initial conditions (e-b-e, fluctuating)

~— Microscopic

Non-equilibrium microscopic transport models —

based on many-body theory

Hadron-string Partonic cascades

models pQCD based
(UrQMD, IQMD, HSD, (Duke, BAMPS, ...)
QGSM ...)

Parton-hadron models:

= QGP: pQCD based cascade
» massless q, g
» hadronization: coalescence

= QGP: IQCD EoS

‘IIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

ideal viscous
(Jyvaskyla,SHASTA, (Romachkke,(2+1)D VISH2+1,
TAMU, ...) (3+1)D MUSIC,...)
(AMPT, HJING)
H (1
fireball models: Hybrid

* massive quasi-particles @

(g and g with spectral functions)

" no explicit dynamics:
parametrized time
evolution (TAMU)

QGP phase: hydro with QGP EoS
= hadronic freeze-out: after burner -
hadron-string transport model

(,hybrid‘-UrQMD, EPOS, ...)

in self-generated mean-field
» dynamical hadronization
» HG: off-shell dynamics
(applicable for strongly interacting
systems)
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7 Ideal fluid dynamics without conserved flavors

n. & k=0
Stress tensor: ™ = (e + p)utu” — pgh” ut = (v,7v)
" v=0: 0=0,T" = 0;(c + pv*)v* + 0;(c + p)y*v" E
" { v=i: 0=0,T" = 0(c +p)y°v" + 9;(c + p)y*v'v' + I'p P
v=0: O =—0;(c+p) E
Non-relativistic flow (v << 1): ~|: v=i: Dye+ p)vi _ —8ip p
0,E - 0/P;: O7e(x) = 0,0'p(x) Sound equation
: Opnn (e .
Equation of state: py(e)  p(x) =pole(x)) = 0;0'p(x) = pgi )87;37’5(93)

"

8?8 = v? Ve v? = 0:po (sound speed)?
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Evolution of small disturbances

Small disturbance in a o
uniform stationary fluid e(x,t) = eo + de(z, 1), de <€

=> y<<1

Oioe(x,t) =~ (g0 + po)Oyvz(x,t)

First order in O€: O
{ (€0 4+ po)Orvz(x,t) ~ Op(z,t) =~ 7ro O0y0e(x,t)

D=0
0
Sound equation: 026e(x,t) = gpo 26e(x,t) 02 = 9p
(950 8 Oe
Harmonic disturbance: ey, (xz,t) ~ ek@—iwkt
9 9 ’U?>O: W = vk
Dispersion relation: w S ’U k {
0: wp = Fiy = ti|vslk

\ @GS for Ia@
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Ideal fluid dynamics with one conserved flavor

_ 07 ] e
THv(x): 79O ~ ¢ T = 70 (e —I—p)vi TY =TT ~ 0i;D
E 0=09,T" = 9,T° + ;T = O + (¢ + p)Ojv* = wep = (g0 + po)kvg
P 0=09,T" = 0,7 + 0;T7" = (¢ + p)Oyv’ + ;T
F Oep = —,087;'0 = wpr = pokug Continuity equation
E&F => (€0 + Po) Pk = pock o tracks € when k=0

&2e = 0,0,T7" = 9;0'p => w’er, =k’pr  Sound equation

0,E-0.P; =>
Op Op op po  Op 2 p [0Op
p(e,p) =  pp= €kt pr =[5+ Ep = VsER 2 =
Oe 8p'0 [86 €0 + Po 8,0] Us e+p \Op/,
== wiy = vg k? => Yk — |Us|k Dispersion relation

\ @es for /@
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Inclusion of gradient correction

fr(r) = fr(p(r)) + 3C(Vi(r))?

=>  p(r) = po(e(r), p(r))& CpoV2p(r)

p(r,t) = po+ 0p(x,t) = po + ppe’io—iwt
.{lw 2 p% 2 .
— resists
=> Pr — Pk - ['US + 080 —|—p0k ]Ek riogling

maximum/!

2
=> w% = ’ng2 + CLICZL
€0 1+ Do

Growth rate Y
ya
(o4
()
>9
\

2
> R =l - 0P

Wave number k = 2w/A

Inclusion of finite range in EoS => favored length scale!
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Viscous fluid dynamics with one conserved ﬂavor

= de(
>0 elz) = o+ belw }I z)| <1
9 p(z) = po + 0p(z
k=0
Tiv(x): { T™re  TV=T"x (c+p)'
. T” CF‘7Z db-jp—n[@ivj +8jvi - %5UV . ’U] —C(SijV Y

=> V.T = Vp—nAv—[5n+(]V(V-v)

E 0=9,T" = 9,T" + ;T = Oye + (e + p)ov* = wer = (€0 + po)kvk
p 0=09,T" = 0,1 + 0;T"" = (¢ + p)Oyv’ + ;T
F Op = —pOiv' = wpr = pokvg

«— C(Continuity equation
E&F => (€0 +Po)pr = pock «— ptracks e when k=0

0E-0p = 0O7e=0,0,T"" = 9;0"[p — ( n+¢)0;v']  «— Sound equation

w
=> wiey, = k*pp — i€kvy, = v2k2ey, — i€ ke,
€0 + Po

p2 k2
S IR SR B,
€0 + Po €0 + Po
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n . k>0 —s Dissipative fluid dynamics

Energy-
momentum
tensor:

Equations
of motion:

—

Sound
equation:

Heat flow:

Equation
of state:

Dispersion
equation:
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T ~e & TV (e+p'+4¢ &
Tij ~ 5Z-jp — 77[8,"0‘1 + 6jvi — %ciwakvk] — Céijakvk

A Muronga, PRC 76, 014909 (2007)
lorl < po = v <1

VT & Vp-nho— [+ V(Y 0) = Oep— [n+ Q20 Eckortsiame
C: Op =—poV-v = wpr = pokui flavor
M : hoOyv =—-V[p—(V - -v]-V - -m7—0q momentum
E: 0ie =—hgV-v—V -q energy
OHE -~V -M: hodic = Alp—(V - -v]+V- (V- 7)

=> w’e, = Kpp—il3n+ C]pimpk §=3n+¢

0

—~ . . . To w2 - 1 & @

q~ —k[VT +Toow|: q = —ikl[kTy — %?pk] Ty =~ T+ ink? Jwey 7o (&s)ppk

0 h
pr(p) = pr = LY e+ 2
88 P Po

2 2 2
2 . 929 Po,4 .oW ;92 Vg — Up 2
= k C—=k* —i&E—k k

w vrkT ho i ho + 1+ ikk?/we,

J Randrup, PRC 82, 034902 (2010)
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Transport coefficients

KQ Z 1
. . . _ 4 - 4
1) Bulk viscosity £ : Ignore (Kn = E= 3N +(~ 37
2) Shear viscosity n :
p=0: h=p+e=To p>0, T<me®: h=mc*n>To
0 S h h h . Be
= . — 0 — — — = : ~ — =
P 77_47T Ar T p=0: n~T° = T dmeg d
77([), T) = To c d(pa T) h(p7 T) Avisc = c h(p, T)/C2 ~ 3To Co d(p,T)
3) Heat conductivity k :
o - 2
77%%71]55 K e D =mu h/\mé)cn
k=~ Lole, n  hjc ¢y = 0rer(p)  Co = M
1 wk(p,T
k(p,T) = rococd(p,T)cy(p,T) Aheat = ECU((I,Z, T)) = kocod(p,T)
*) V Koch & J Liao, PRC81, 014902 (2010) co = % [(gg - ggq)gl b 012779
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Evolution of density fluctuations
with dissipative fluid dynamics

W = €+ 1Yk
Dispersion equations:
Ideal fluid 2 . 2,9
dynamics: W = Vg k
. ,02
+ g::;jrlne.nt w2 - /Ug k2 + Ch_0k4 <=
. 0

1.0 T T
T=70 MeV PPN
—_ 0.8_ ~ N -
£ p=6.5p, /7 AN
S /
=06 /) .
2 I
o
E 0.4 E:K -1
% I — 0,0
(’5 —F— 1,0
0.2 [
- === 0,1 \
| _ 11 \
1 1 \
0'00 1 2

s z Q ¢
Compression p/p

Wave number k (fm™)

pe — Dr+ Cpok?pr

+ shear & bulk 29 . 92,9 ,08 4 LW o9 _ _ 4
viscosity: W= = Usk + Ch_gk - Zgh_ok == 5 = 37 + C
+ heat 2 - 212 C”O% A e g2 vy — V7 1.2 <=
conduction: VT T ho Zgh_g i 1 +ikk? /we, )
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Spinodal growth rates

Fastest growth rate y,,

p2 w ’U2 _ ,02
(07): w? = vik® + C2k* —if — k> + —=—— T k7 => 7(p,T)
ho ho 1+ 1xk /wcv
T T T T T T T T T 1.0 I I I
1501 oexistence ]
R I [ TEToMev ]
2 V0. T)=0 £ p=6.50p
= < |
~ 100 o6l .
S} i
g [ 50.4— -
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ogp o 020 T=70MeV { £ osf
[ —o 1,1 b |
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APPLICATION:

Use of spinodal instabilities to reveal
the nuclear liquid-gas phase transition

Basic idea:
Spinodal amplification favors a certain length scale,
so all the nuclear fragments should be of similar size

Jgrgen Randrup Il Dubna: 2 July 2015 21



Nuclear matter
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Dependence of growth rates on density, temperature, and wave length:

= F T 1‘ T |‘|| |\| T \I T || LI I |....| T |:/| I/ :I, (——— :
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Temperature T (MeV)
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Temperature T (MeV)
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Experiment: INDRA @ GANIL

B. Borderie et al, Phys. Rev. Lett. 86 (2001) 3252

32 MeV/A Xe + Sn (b=0)

Analysis:

For each event having M IMFs,
calculate mean IMF charge <Z>
and IMF charge dispersion AZ.

(suggested by L.G. Moretto)

INDRA

Make a LEGO plot of (<Z>, AZ):

10 20



Transport calculations

... Suggest a visible spinodal signal:

Brownian One-Body dynamics *)
= Boltzmann-Langevin

32 MeV/A Xe + Sn (b=0): /

AN

*) Ph. Chomaz, M. Colonna, A. Guarnera, J. Randrup,
Physical Review Letters 73 (1994) 3512

BoB [Brownian One-Body model]




B. Borderie et al, Phys. Rev. Lett. 86 (2001) 3252

Experiment: INDRA @ GANIL SK[f] — —oF- L

op
/ Experiment

Brownian One-Body dynamics

= Boltzmann-Langevin

BoB —

Correlation

Correlation

Z1S€ (¥66T) €4 'Mma7 A3y sAud ‘Ip 12 zewoy) "yd




Use of spinodal instabilities to reveal
the nuclear liquid-gas phase transition

LESSONS:

A first-order phase transition
implies existence of instabilities

Such instabilities can have large dynamical effects
- provided that the conditions are suitably chosen

These effect may be seen experimentally
- If the data is analyzed appropriately

Ph. Chomaz, M. Colonna, J. Randrup
Physics Reports 389 (2004) 263-440
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