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L = (i — myy + Gs ((01)? + (DinsTe)?)

(X)(x), T(x) = P(X)irsTY(X)
= L= (i9— m+2Gs(o +iys7 7)) ¢ — Gs (0 + 7?)

<

» bosonize: o(x) =

» mean-field approximation:

» S(X), P(X) time independent classical fields
» retain space dependence !

August 27, 2010 | Michael Buballa | 4



Mean-field model A TECHNISCHE

UNIVERSITAT
DARMSTADT

» mean-field Lagrangian:  Lyr = ¥(X)S~"(x)1h(x) — Gs (S?(X) + P?(X))
» inverse dressed propagator:
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August 27, 2010 | Michael Buballa | 5



Mean-field model

TECHNISCHE
UNIVERSITAT
DARMSTADT

» mean-field Lagrangian:  Lyr = ¥(X)S~"(x)1h(x) — Gs (S?(X) + P?(X))
» inverse dressed propagator:
S7'(x) = ip— m+2Gs (S(X) + ivsT3P(X)) = ° (i0o — Hur)

> Hwur = Hur[S, P]:  hermitean, time independent

August 27, 2010 | Michael Buballa | 5



Mean-field model

TECHNISCHE
UNIVERSITAT
DARMSTADT

» mean-field Lagrangian:  Lyr = ¥(X)S~"(x)1h(x) — Gs (S?(X) + P?(X))
» inverse dressed propagator:
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» mean-field Lagrangian:  Lyr = ¥(X)S~"(x)1h(x) — Gs (S?(X) + P?(X))
» inverse dressed propagator:
S7'(x) = ip— m+2Gs (S(X) + ivsT3P(X)) = ° (i0o — Hur)

> Hwur = Hur[S, P]:  hermitean, time independent

» thermodynamic potential:
: __ T 1 Gs [ 3 Ry
Que(T, 1 8, P) = =, Trln <T(/ao Hur +u)> + /d X (32(x) +P (x))

G
= VZ{ +TIn<1+eAT7 )} /d3 7()_262,”'2

» mass function:  M(X) = m — 2Gs(S(X) + iP(X))
» E, = E\[M(X)] = eigenvalues of Hur

August 27, 2010 | Michael Buballa | 5



One dimensional modulations TECHNISCHE

UNIVERSITAT
DARMSTADT

» remaining tasks:
» calculate eigenvalue spectrum of Hur for given mass function M(X)
> minimize w.r.t. M(X)
extremely difficult!
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Phase diagram (chiral limit)
[D. Nickel, PRD (2009)]
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» 1st-order line completely covered by the inhomogeneous phase!

» all phase boundaries 2nd order

» critical point coincides with Lifshitz point
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Free energy difference
[D. Nickel, PRD (2009)]
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» homogeneous chirally broken
> solitons

» chiral density wave:
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» soliton phase favored, when it exists
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» mean-field Hamiltonian: Hue — 1 = Huelgy=0 — (X)
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» questionable in the inhomogeneous phase at low p and T

» ok near the restored phase (including the Lifshitz point)
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additional vector term: Ly = —Gy(y")?

» additional mean field:  y* — (pyHep) = n(X) 6*°  (density!)
» mean-field Hamiltonian: Hue — 1 = Huelgy=0 — (X)

» [(X) = —2Gy n(X) “shifted chemical potential”
» further approximation: n(x) — (n) = const. = ji = const.

» questionable in the inhomogeneous phase at low p and T
» ok near the restored phase (including the Lifshitz point)
» advantage: known analytic solutions can still be used

> additional parameter: i, fixed by constraint %}f =0
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» homogeneous phases:

» inhomogeneous regime:

strong Gy-dependence of the critical point
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80

stretched in p direction, Lifshitz point at constant T
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100 100 ; .
T-(n) phase diagram:
80 Gv=0 Gu=Gs/5 80
60 60
0 4 )
I I < 120 | Homogeneous, broken "}
v 100 ;/
o 0 § 80 /
300 350 400 450 500 300 350 400 450 500 60 Restored

100 100 40 .,

\ 20 Inhomogeneous

£
80 Gv=Gs/2 Gv=Gs 80 0
0 02 04 06 08 1 1.2
60 60 Density (fm%)
40 40
20 20 » independent of Gy !
0 0
300 350 400 450 500 300 350 400 450 500
H (Mev) 1 (Mev)

» homogeneous phases: strong Gy-dependence of the critical point

» inhomogeneous regime: stretched in p direction, Lifshitz point at constant T
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Chiral density wave

» How much can we trust the approximation ji = u — 2Gvn?

> Chiral density wave: M(z) = A %

100

80 G=0
S 60
()
3
[ 40

20

0

300 350 400 450 500

1 (MeVv)

=

n(z) = const.

100

80

60 -

40

20

300 350 400 450 500
1 (MeV)

» CDW — restored and Lifshitz point agree with soliton solution

» chirally broken — CDW:

» exact phase boundary somewhere in between

1st order and at higher p
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Finite current quark masses
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» phase diagrams for m =5 MeV:

60

50

40

30

T (MeV)

20

10

G\=Gg
Gy=Gg/2
Gy=Gg/5
Gy=0

» same qualitative behavior

400
H (MeV)

450

500

550
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Susceptibilities ECHNISCHE
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» signature of the critical point: homogeneous phases only:
divergent susceptibilities 31 Cuem St

> e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34

[K. Fukushima, PRD (2008)]
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divergent susceptibilities 31 Cuem St

> e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34

» including inhomogeneous phases?

[K. Fukushima, PRD (2008)]
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Susceptibilities
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T (MeV)

» signature of the critical point:
divergent susceptibilities

> e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34

» including inhomogeneous phases?

» expectations:

100

300 350 400 450 500

homogeneous phases only:

3 Quark Num. Suscept.

u[Mev]

[K. Fukushima, PRD (2008)]

» Gy=0:

CcP =

—

Lifshitz point
no qualitative change
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» signature of the critical point: homogeneous phases only:
divergent susceptibilities 31 Cuem St

> e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34

» including inhomogeneous phases?

[K. Fukushima, PRD (2008)]

» expectations:

100

T (MeV)

» Gy=0:

80 Gv=0 Gv=Gs/5 80 . . .
CP = Lifshitz point
60 60
w0 o —  no qualitative change
20 20 > GV > 0 .
0 0 no CP — no divergence
300 350 400 450 500 300 350 400 450 500
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Susceptibilities
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» signature of the critical point:
divergent susceptibilities

> e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34
» including inhomogeneous phases?
> results:

Xon (%)

homogeneous phases only:

3 Quark Num. Suscept.

[K. Fukushima, PRD (2008)]

» Gy=0:
Xnn diverges
at phase boundary
(hom. broken - inhom.)
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» signature of the critical point:
divergent susceptibilities

> e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34
» including inhomogeneous phases?
> results:

200 40

360

320
1 (MeV)

0280

homogeneous phases only:

3 Quark Num. Suscept.

[K. Fukushima, PRD (2008)]

» Gy=0:
Xnn diverges
at phase boundary
(hom. broken - inhom.)

» Gy >0:
no divergence
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Susceptibilities

TECHNISCHE
UNIVERSITAT
DARMSTADT

» densities and quark number susceptibilities for Gy = 0:

0.8

0.6

0.4

0.2

average density (1m‘3)

500

400

300

Xon (fm?)

200

100

307 308 309

average density (1m‘3)

Xan (M)

-

0.6

08 /__—

T=Tip

300

2685 269
H(MeV)

269.5

250
200
150

100

268.5 269
1 (Mev)

269.5

> T=Tcp, pp < fic:

o 1
Xnn Te— i

> T=0, > per -

;
X —————
Xnn X e oG (1= prer)

> Gy > 0:

~ 1
5Xnn‘T=0,u=#c, ~ 26,
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Including Polyakov-loop dynamics TECHNISCHE
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» PNJLmodel: £ = ¢(i) — m)y) + Gs ()2 + (insTeh)2) + U(E, T)

» covariant derivative: D,, = 0, + iAoduo0,
1/T
» Polyakov loop: L(X) = P expli f ar Au(r, X)), Au(7,X) = iAo(t = —iT, X)

> expectation values: /£ = Ni(TrcL> = 5 (TreL")

» assumption:
¢, ¢ space-time independent, even in inhomogeneous phases

» main effect:
Tin (1 +e’E%‘) — Tln (1 e ¥ 4300 T +35e’2£%“)

— suppresion of thermally excited quarks at small ¢, 7
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NJL vs. PNJL
250 NIL ——

[ I—

T (MeV)

0
0 50 100 150 200 250 300 350
1 (Mev)

» Polyakov loop:
» suppression of thermal effects
— phase diagram stretched in T direction

» no qualitative change
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NJL vs. PNJL

» Polyakov loop:

» suppression of thermal effects
— phase diagram stretched in T direction

T (MeV)

» no qualitative change

0 50 100 150 200 250 300 350

H(Mev)
/ » Polyakov-loop expectation value:
05 > inhomogeneous regime:
s 025 05015, 1502
s o » effects of neglecting spatial variations of ¢, £
0.05 presumably small

270 285 300 315 330 345

H (MeV)
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» Inhomogeneous phases must be considered!
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» Inhomogeneous phases must be considered!

» NJL model with one-dimensional modulations of (gq):

\4

1st-order line and critical point covered by an inhomogeneous region
» inhomogeneous phase rather stable w.r.t. vector interactions
» number susceptibility always finite (for Gy > 0)

v

usual effect of the Polyakov loop
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» Inhomogeneous phases must be considered!

» NJL model with one-dimensional modulations of (gq):

\4

1st-order line and critical point covered by an inhomogeneous region
» inhomogeneous phase rather stable w.r.t. vector interactions
» number susceptibility always finite (for Gy > 0)

v

usual effect of the Polyakov loop

» outlook:
» include strange quarks
» include color superconductivity
» relax approximations (constant density, constant Polyakov loop)
» higher dimensional modulations
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