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(Under	
  what	
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can	
  spinodal	
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  separa/on	
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  in	
  nuclear	
  collisions?	
  

JR:	
  CPOD	
  2010	
  



JR:	
  CPOD	
  2010	
  

Spinodal	
  phase	
  decomposi/on	
  
with	
  dissipa/ve	
  fluid	
  dynamics	
  

Nuclear	
  spinodal	
  fragmenta9on	
  

Equa9on	
  of	
  state	
  

Inclusion	
  of	
  finite	
  range	
  

Dissipa9ve	
  fluid	
  dynamics	
  	
  =>	
  	
  dispersion	
  rela9ons	
  

Dynamical	
  phase	
  trajectories	
  	
  =>	
  	
  spinodal	
  amplifica9on	
  



(ρ,T)  phase diagram Equa9on	
  of	
  state:	
  	
  	
  pT(ρ)	
  

Nuclear	
  liquid-­‐gas	
  phase	
  transi/on	
  

Phase	
  coexistence	
   Phase	
  mixture	
  

liquid	
  gas	
   nucleons	
  &	
  fragments	
  
JR:	
  CPOD	
  2010	
  

≠	
  

gas	
   liquid	
  



=>	
  	
  Equal-­‐size	
  fragments!	
  

Nuclear	
  spinodal	
  	
  fragmenta/on	
  

Density	
  undula9ons	
  	
  
are	
  amplified	
  in	
  
the	
  spinodal	
  region:	
  

Long-­‐wavelength	
  distor9ons	
  grow	
  slowly	
  
(it	
  takes	
  9me	
  to	
  relocate	
  the	
  ma[er)	



Short-­‐wavelength	
  distor9ons	
  grow	
  slowly	
  
(they	
  are	
  hardly	
  felt	
  due	
  to	
  finite	
  range)	
   There	
  is	
  an	
  op/mal	
  length	
  scale	
  

that	
  grows	
  faster	
  than	
  all	
  others:	
  

Ph	
  Chomaz,	
  M	
  Colonna,	
  J	
  Randrup:	
  	
  	
  
Nuclear	
  Spinodal	
  Fragmenta/on,	
  
Physics	
  Reports	
  389	
  (2004)	
  263	
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  )	
  

The	
  local	
  density	
  approxima9on:	
  

Equa/on	
  of	
  state:	
  Finite	
  range	
  

Free	
  energy	
  density	
  for	
  uniform	
  ma[er:	
   f0(ρ, T )

But	
  we	
  need	
  to	
  treat	
  non-­‐uniform	
  systems:	
  	
  

No	
  good!	
  

…	
  implies:	
  

=>	
  	
  	
  Finite	
  range	
  must	
  be	
  taken	
  into	
  account	
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f [ρ̃(·), T̃ (·)](r)
.
= f0(ρ̃(r), T̃ (r))

ρ̃(r) T̃ (r),	
  



local	
  pressure	
   &	
  	
  local	
  enthalpy	
  density	
   &	
  	
  	
  	
  …	
  

Free	
  energy	
  density:	
  

Non-­‐uniform	
  density	
  	
  

	
  	
  	
  gradient	
  
contribu/on	
  

local	
  entropy	
  density:	
  

total	
  entropy:	
  

H.	
  Heiselberg	
  et	
  al.,	
  Phys.	
  Rev.	
  Le[.	
  	
  70,	
  1355	
  (1993)	
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J.	
  Randrup,	
  Phys.	
  Rev.	
  C	
  79,	
  054911	
  (2009)	
  



Interface	
  equilibrium	
  

PHASE	
  1	
   PHASE	
  2	
  

Global	
  equilibrium	
  requires	
  constant	
  T,	
  µ,	
  p:	
  

The	
  interface	
  density	
  profile	
  is	
  determined	
  by	
  	
  

where	
  

The	
  interface	
  tension	
  is	
  given	
  by	
  

[ρ(x)	
  not	
  
needed!]	
  

J.	
  Randrup,	
  Phys.	
  Rev.	
  C	
  79,	
  054911	
  (2009)	
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=> 



pk → pk + Cρ0k
2ρk

Dynamical	
  effect	
  of	
  the	
  gradient	
  term:	
  
	
  	
  	
  	
  	
  	
  	
  	
  The	
  local	
  pressure	
  is	
  modified	
  

Small	
  devia9ons	
  from	
  uniformity:	
  

Small	
  harmonic	
  density	
  undula9ons:	
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p̃(r) ≈ p0(ε̃(r), ρ̃(r)) − Cρ0∇
2ρ̃(r)

ρ̃(r, t) = ρ0 + δρ(x, t)
.
= ρ0 + ρkeikx−iωt
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Transport	
  model:	
  	
  Dissipa/ve	
  fluid	
  dynamics	
  

A	
  Muronga,	
  PRC	
  76,	
  014909	
  (2007)	
  

T ij
≈ δijp − η[∂iv
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i
−
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  Energy-­‐	
  
momentum	
  
	
  	
  	
  tensor:	
  

Equa9ons	
  
of	
  mo9on:	
  

	
  	
  Sound	
  
equa9on:	
  

Heat	
  
flow:	
   Tk ≈

1

1 + iκk2/ωcv

T0

ρ0

(

∂p

∂ε

)

ρ

ρk

pT (ρ) ⇒ pk =

(

∂p

∂ε

)

ρ

cvTk +
h0

p0

v2

T ρk
Equa9on	
  
	
  of	
  state:	
  

Heiselberg,	
  Pethick,	
  Ravenhall,	
  	
  
	
  	
  	
  	
  Ann.	
  Phys.	
  233,	
  37	
  (1993)	
  

charge	
  

momentum	
  

energy	
  

ω2εk

.
= k2pk − i[ 4

3
η + ζ]

ω

ρ0

k2ρk
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|ρk| ! ρ0 ⇒ |v| ! 1

Eckart	
  frame	
  

T 0i
≈ (ε + p)vi + qiT

00
≈ ε &	
   &	
  

∇ · T ≈ ∇p − η∆v − [ 1
3
η + ζ]∇(∇ · v) # ∂xp − [ 4

3
η + ζ]∂2

x
v

q ≈ −κ[∇T + T0∂tv] : qk = −iκ[kTk −
T0

ρ0

ω2

k
ρk]

C : ∂tρ
.
= −ρ0∇ · v ⇒ ωρk

.
= ρ0kvk

M : h0∂tv
.
= −∇[p − ζ∇ · v] − ∇ · π − ∂tq

∂tE − ∇ · M : h0∂
2

t
ε

.
= ∆[p − ζ∇ · v] + ∇ · (∇ · π)

E : ∂tε
.
= −h0∇ · v − ∇ · q

Dispersion	
  
	
  equa/on:	
  

ξ ≡
4

3
η + ζ
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Ideal	
  fluid	
  
dynamics:	
  

+	
  gradient	
  
	
  	
  	
  	
  	
  term:	
  

+	
  shear	
  &	
  bulk	
  
	
  	
  	
  	
  	
  	
  viscosity:	
  

+	
  	
  	
  	
  	
  	
  heat	
  
	
  	
  	
  conduc9on:	
  

ω
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= v
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s
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Transport	
  coefficients	
  

η ≈
1

3
np̄" p̄ = mv̄

λvisc ≡
1

c

ξ(ρ, T )

h(ρ, T )/c2
≈

4

3
η0 c0 d(ρ, T )

h ! mc
2
n

λheat ≡
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c

κ(ρ, T )

cv(ρ, T )
= κ0 c0 d(ρ, T )

κ

η
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cv

h/c2

ζ ! η ⇒ ξ ≡
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3
η + ζ ≈

4

3
η

η(ρ, T ) = η0

c0

c
d(ρ, T ) h(ρ, T )

κ(ρ, T ) = κ0 c0 c d(ρ, T ) cv(ρ, T )

d ≡ n
1/3

cv ≡ ∂T εT (ρ) cv !
3

2
n

ρ = 0 : h ≡ p + ε = Tσ

κ ≈
1

3
v̄"cv

c0 =
1

4π

[

(gg + 3

3
gq)

ζ(3)

π2

]
1

3

≈ 0.12779

1)	
  Bulk	
  viscosity	
  ζ:	
  Ignore	
  	
  

2)	
  Shear	
  viscosity	
  η:	
  	
  

3)	
  Heat	
  conduc/vity	
  κ:	
  	
  

ρ = 0 : η ≥
h̄

4π
σ =

h̄

4π

h

T

ρ > 0, T ! mc2
: h " mc2n # Tσ

ρ = 0 : n ∼ T 3
⇒

h̄c

T
= 4πc0 d
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  V	
  Koch	
  &	
  J	
  Liao,	
  PRC81,	
  014902	
  (2010)	
  	
  

η0 ≥ 1

κ0 ≥ 1
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Dynamics	
  of	
  collec/ve	
  modes	
  in	
  many-­‐body	
  systems	
  
Amplitude	
  evolu9on:	
  

Correla9on	
  func9on:	
  

Markovian	
  noise:	
  

Evolu9on:	
  

Variance	
  of	
  a	
  single	
  mode:	
  

=>	
  

feedback	
  seed	
  

σ
2
ν
(t) =

[

2Dν

∫

t

0
e−2Γν(t′)

dt
′ + σ

2
0

]

e2Γν(t)

γν < 0 : σ2

ν
(t) → −Dν/γν

Amplifica/on	
  coefficient:	
  

Lalime	
  Equa/on	
  

Colonna,	
  Chomaz,	
  Randrup,	
  NPA	
  567	
  (1994)	
  637	
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Gk = e
2Γk

Spinodal	
  amplifica/on	
  

Amplifica9on	
  coefficient:	
  

Amplifica9on	
  factor:	
  

Phase	
  trajectories	
  

Amplifica9on	
  rate	
   Amplifica9on	
  factor	
  



Dynamics	
  with	
  instabili9es*	
  

EoS	
  p(ρ,T)	
  with	
  phase	
  transi9on	
  

Phase	
  coexistence,	
  incl	
  interface*	
  

Spinodal	
  modes*	
  

*	
  Requires	
  finite	
  range	
  
Important	
  

(Under	
  what	
  circumstances)	
  	
  
can	
  spinodal	
  phase	
  separa/on	
  
occur	
  in	
  nuclear	
  collisions?	
  

Full	
  dynamical	
  calcula/ons	
  are	
  needed!	
  
MODEL	
  REQUIREMENTS:	
  

Sugges/on:	
  	
  Use	
  fluid	
  dynamics	
  with	
  finite	
  range	
  

Need:	
  	
  Transport	
  coefficients	
  η(ρ,T), ζ(ρ,T), κ(ρ,T)	
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Confined	
  &	
  deconfined	
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