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Layered Bi2Sr2CaCu2Oy(Bi2212) single crystals represent natural 
stacks of atomic scale intrinsic Josephson junctions. 
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CCJJ+DC model 
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Simulation procedure for IV-characteristics 
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CVC and charge-time dependence in CCJJ model 

Breakpoint 

region 

A.Irie et al, Apl.Phys.Lett., 2008 



Radiation effects 



                   IV-characteristics 

without irradiation                 (curve 1)  

under radiation with A = 0.1 (curve 2)  

                                 A = 0.5 (curve 3).  
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Phys.Rev.B, 86, 184502  (2012)   
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Demonstration of changing of LPW wavelength 

with an increase of the amplitude of radiation.  



Waves in the stack of coupled JJ 

LPW wavelengths at w = 2    

Filled squares  -  fundamental PR  

Circles  -  radiation related PR 

Yu.M.Shukrinov, I.Rahmonov, M. Gaafar,   Phys.Rev.B, 86, 184502  (2012)   



IVC of a stack with 10 JJ at w= 1.151 and different A. 

Inset (b) shows the charge-time dependence at A = 0.06. 

A=0.06 



DS structure, 

A=0.8  

DS structure, 

A=0.9  

Devil's Staircases and Continued Fractions in 

Josephson Junctions. 



Yu. M. S., S. Yu. Medvedeva, A. E. Botha, M. R. Kolahchi, and A. Irie., 

 -      Phys. Rev. B,  88, 214515 (2013) 

Fractal  structure 





Comparison of the J. Clarke’s experimental results   

[ Phys. Rev 155, 419 (1967)]  

with continued fractions. 



Analysis of subharmonic appearance with an 

increase in A 

(a) A=0.17; (b) A=0.35 

2/3, 3/5, 4/7…1/2  

N-1/(n+(1/m))  with N=1, n=2 

3/4, 4/5, 5/6, 6/7… 1 

N-1/n  with N=1 

3/4, 5/7, 7/10…  2/3 

N-1/(n+(1/m)) with N=1, n=3 



Step 2/3 Parametric resonance and double 

resonance conditions in case of SSS 



Chaos induced by coupling between 

Josephson junctions 
 



CVC  and Lyapunov exponent as function of current  

with the charge in the S-layer as a function of time. 

Yu. M. S., M. Hamdipour, M. R. Kolahchi, A. E. Botha, and M. Suzuki,  

Physics Letters A 376 (2012) 3609–3619 



IV-characteristics at two amplitudes of 

radiation 

 Yu.M. Shukrinov, H.Azemtsa-Donfack, À.E.Botha.  

JETP Letters, 101, 251--257 (2015) 



Charging of superconducting layers  

and chaos 



Lyapunov exponents 

and  Poincare section 



Comparison with a case of  

single Josephson junction 



Effect of coupling between junctions 

A=0.27 
A=0.25 

 Yu.M. Shukrinov, H.Azemtsa-Donfack, 

À.E.Botha.  

JETP Letters, 101, 251--257 (2015) 



DS structure “Svetlana” 

Yu. M. Shukrinov,  S. Yu. Medvedeva,  A. E. Botha,  M. R. Kolahchi, A. Irie, 

Chaos 24, 033115, 2014 



Shunting of Josephson 

junctions  



Shunting  



Resonance circuit branches 

Yu. M. Shukrinov, I. R. Rahmonov, K. Kulikov - JETP Letters, 96, 657 (2012). 



We calculate the necessary capacitance of 

theshunt at a given inductance L = 50 pH 

using the typical parameters for BSCCO 

S = 1 μm^2, 

d_I = 12 × 10^(–10 )m,  

ε = 25,  

β = 0.1,  

α = 0.1,  

ω_p = 0.5 THz.  

At these parameters, the capacitance of 

the Josephson junction is C_J = 0.2 pF. 

At real inductance L = 50 pH, the 

dimensionless inductance is L = 2.5. 

Consequently, the shunting capacitance 

Csh = 0.04 pF is sufficient for the 

observation of the rc branch at LC =0.5, 

* Presented by A. Ustinov and E. Ilichev 

Current–voltage characteristics for 

the cases N = (a) 1 and (b) 10 calculated at the parameters* 

corresponding to BSCCO 



Variation of amplitude dependence of SS width  

in resonance region 

Yu. M. Shukrinov, I. R. Rahmonov, K. 

V. Kulikov and P. Seidel.  

- EPL, 110, 47001 (2015)  



Resonance conditions 

Yu. M. Shukrinov, I. R. Rahmonov, K. V. Kulikov and P. Seidel.  

- EPL, 110, 47001 (2015)  



 

- Charge density wave 
 

 



LPW CDW,   CDW  CDW 

Charge Density Waves 

Yu. M. S., and H. Abdelhafiz., JETP Letters, 2013, Vol. 98, No. 9, 551 

 



Breathing Charge Density Waves  

in Intrinsic Josephson Junctions 

Yu. M. Shukrinov  and H. Abdelhafiz. - Pis'ma v ZhETF, 98, (2013) 619--624; JETP 

Letters, 2013, Vol. 98, No. 9, pp. 551–556. 

The effect of external electromagnetic radiation on 

the system of coupled Josephson junctions in the 

CDW state is completely different from the case of 

single JJ. It causes the appearance of the set of 

the Shapiro steps in the IV-characteristics of JJ of 

the stack related to the voltage distribution among 

JJs. However, usual harmonics and subharmonics 

of radiation frequency are observed in the total IV-

characteristics of the stack. 



Generalized Josephson Relation with Charge Imbalance: 

Where  

CCJJ+DC Model 

Total current : 



Dynamics for the Quasi-particle Potential for Nonstationary Case 

For Numerical Calculations: 

 

Where : 

η is the disequilibrium parameter 

ζ is the normalized QP relaxation 

time 

ωp is the plasma freq. 



Effect of the boundary conditions on the Shapiro Step 

Yu. M. Shukrinov , M. Nashaat , K. V. Kulikov , R. Dawood 

Effect of Charge Imbalance on Shapiro Step in Intrinsic Josephson 

Junctions,  in preparation , 2015 

Variation of the Shapiro 

step slope with η 



Conclusions 

 

We predict  a series of effects in intrinsic 

Josephson junction in HTSC, particularly: 

Variation of longitudinal plasma  wavelength with an 

increase of the amplitude of radiation.  

Breathing charge density waves 

Variation of amplitude dependence of SS width in 

resonance region 

Chaos induced by coupling between Josephson 

junctions 

Slope and shift of the Shapiro step in IV-characteristics 
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Estimation of charge 



Shunted stack with N=10 under external 

radiation 

Yu.Shukrinov, I. Rahmonov, K. Kulikov, P. Seidel, E. Il'ichev,  

      ISEC'13, 219-221, 2013. 



Results of FFT analysis of V(t) 

Charging of S-layers 


