
non Abelian CS in d = 2n + 1, n = 1, 2, 3

Ω
(1)
CS = εµνλTrAλ

(
Fµν −

2

3
FµFν

)
(1)

Ω
(2)
CS = εµνρσλ TrAλ

(
FµνFρσ − FµνAρAσ +

2

5
AµAνAρAσ

)
(2)

Ω
(3)
CS = εµνρστληTrAη

(
FµνFρσFτλ −

4

5
FµνFρσAτAλ −

2

5
FµνAρFστAλ

+
4

5
FµνAρAσAτAλ −

8

35
AµAνAρAσAτAλ

)
.(3)



Gauge variation of non Abelian CS

Ω
(2)
CS → Ω̄

(2)
CS = Ω

(2)
CS −

2

3
ελµνTrαλαµαν − 2ελµν ∂λTrαµ Aν

Ω
(3)
CS → Ω̄

(3)
CS = Ω

(3)
CS −

2

5
ελµνρσTrαλαµαναρασ

+2 ελµνρσ ∂λTrαµ

[
Aν

(
Fρσ −

1

2
AρAσ

)
+

(
Fρσ −

1

2
AρAσ

)
Aν

−1

2
Aν αρ Aσ − αν αρ Aσ

]



Higgs–Chern-Simons densities d = 3, 5, 7

Ω
(3,6)
HCS = η2Ω̃

(1)
CS + εµνλTr γ5DλΦ (Fµν Φ + FµνΦ) .

Ω
(5,8)
HCS = η2Ω̃

(2)
CS +

+εµνρσλ Tr γ7

[
DλΦ (ΦFµνFρσ + FµνΦFρσ + FµνFρσΦ)

]
Ω
(7,10)
HCS = η2Ω̃

(3)
CS

+εµνρστλκ Tr γ9DκΦ(ΦFµνFρσFτλ + FµνΦFρσFτλ

+FµνFρσΦFτλ + FµνFρσFτλΦ) .

Ω
(3,8)
HCS = 6η4Ω̃

(1)
CS − ε

µνλ Tr γ5

{
6 η2 (ΦDλΦ− DλΦ Φ) Fµν

−
[ (

Φ2DλΦ Φ− ΦDλΦ Φ2
)
− 2

(
Φ3DλΦ− DλΦ Φ3

) ]
Fµν

}



Higgs–Chern-Simons densities d = 4

Ω
(4,6)
HCS = εµνρσ Tr Fµν Fρσ Φ

Ω
(4,8)
HCS = εµνρσ Tr

[
Φ

(
η2 FµνFρσ +

2

9
Φ2 FµνFρσ +

1

9
FµνΦ2Fρσ

)
−2

9
(ΦDµΦDνΦ− DµΦΦDνΦ + DµΦDνΦΦ)Fρσ

]
.





The Higgs–Chern-Simons (HCS) densities

Aµ = −1

2
ωab
µ γab ⇒ Fµν = −1

2
Rab
µν γab

Φ =
1

2
φa γa,d+1 ⇒ DµΦ =

1

2
Dµφ

a .

Dµφ
a = ∂µφ

a + ωab
µ φ

b .

Contraction
ωα,d+1
µ = 0



Gravitational CS densities in 3 and 4

Ω
(3,6)
GHCS = ελµν

[
η2 ωαβλ

(
Rαβµν −

2

3
(ωµων)αβ

)
+ 4φαRαβµν Dλφ

β

]

Ω
(4,6)
GHCS = εµνρσ Rαβµν Rγδρσ (φε Tr ΣαβΣγδΣε6 + φTr ΣαβΣγδΣ56)

= εµνρσ φ

[
1

3
εαβγδ R

αβ
µν Rγδρσ Tr Σ2

56 −
1

2
Rαβµν Rαβρσ Tr Σ56

]
identity

ΣαβΣγδ =
1

3
εαβγδΣ56+

1

2
[(δαγΣβδ − (γ, δ))− (α, β)]−1

4
(δαγδβδ−(γ, δ)) .



Ω
(4,6)
GHCS = −1

2
εµνρσ Rαβµν Rαβρσ φ

Ω
(4,8)
GHCS =

1

2

(
η2 − 1

3
|φa|2

)
Ω
(4,6)
GHCS

−1

6
εµνρσ Rαβµν

(
φαβρσ φ+ 4φαφβρ φσ

)
where |φa|2 = |φα|2 + φ2 and the abbreviated notations

φαµ = Dµφ
α, φµ = ∂µφ and φαβµν = D[µφ

αDν]φ
β are used



nA gauge-Higgs to gravity: no contraction

Aµ = −1

2
ωαβµ γαβ + κ eαµ γα,d+1 ⇒ Fµν = −1

2

(
Rαβµν − κ2 eα[µ e

β
ν]

)
γαβ .

1

2
Φ = (φα γα,d+2 + φγd+1,d+2) ⇒

⇒ 1

2
DµΦ = (Dµφ

α − κ eαµ φ)γα,d+2 + (∂µφ+ κ eαµ φ
α)γd+1,d+2



Chern-Simons Gravities in d = 3, 5, 7 (without Higgs)

L(1)CSG = −κ εµνλεαβγ
(
Rαβµν −

2

3
κ2 eαµ e

β
ν

)
eγλ

L(2)CSG = κ εµνρσλεαβγδε

(
3

4
Rαβµν Rγδρσ − κ2 Rαβµν eγρ e

δ
σ +

3

5
κ4 eaµe

β
ν e

γ
ρ e

δ
σ

)
eελ

L(3)CSG = −κ εµνρστκλεαβγδεθψ
(

1

8
Rαβµν Rγδρσ R

εθ
τκ −

1

4
κ2 Rαβµν Rγδρσ e

ε
τe
θ
κ

+
3

10
κ4 Rαβµν eγρ e

δ
σe

ε
τe
θ
κ −

1

7
κ6 eαµ e

β
ν e

γ
ρ e

δ
σe

ε
τe
θ
κ

)
eψλ



Chern-Simons Gravities in d = 3, 5, 7 (with Higgs)

R̄αβµν = Rαβµν − κ2 eα[µe
β
ν]

φαµ = Dµφ
α − κ eαµφ

φµ = ∂µφ+ κ eαµφ
α

L(3,6)HCSG = η2κL(1)CSG + εµνλεαβγR̄
αβ
µν (φφγλ − φ

γφλ)

L(5,8)HCSG = η2κL(2)CSG −
3

4
εµνρσλεαβγδεR̄

αβ
µν R̄

γδ
ρσ(φφελ − φεφλ)

L(7,10)HCSG = η2κL(3)CSG + 2εµνρστλκεαβγδεθψR̄
αβ
µν R̄

γδ
ρσ R̄

εθ
τλ(φφψλ − φ

ψφλ)



Chern-Simons Gravities in d = 4 (with Higgs)

L(4,6)HCSG = −εµνρσεαβγδ φ R̄αβµν R̄γδρσ

L(4,8)HCSG =

(
η2 − 1

3
|φa|2

)
L(4,6)HGCS −

−2

3
εµνρσεαβγδR̄

αβ
µν Dρφ

γ(φDσφ
δ − 2φδ∂σφ)



Black hole solutions: d = 3

ds2 = A2(r)dr2 + r2dϕ2 − B2(r)dt2,

Dreibeine eαµ = (eAµ , e
3
µ), with α = A, 3 ; A = 1, 2, with

µ = (r , ϕ, t)

eAr = AnA(1) , eAϕ = r nA(2) , e3t = B,

nA(1) and nA(2) complete orthonormal set of vectors of unit length.

Ansatz for the frame vector field φα = (φA, φ3) and scalar field φ

φA = f (r) nA(1) , φ3 = g(r),

φ = h(r) . (4)

The closed-form solution

B2(r) =
1

A2(r)
= κ2r2 + ct ,

h(r) = c0r , g(r) = 0 , f (r) =
c0
κ
B(r), (5)

ct , c0 are free parameters



Black hole solutions: odd d

(
N ′

2N
+ 2κ2 r N

)
= 0(6)[

2κ2 r2 −
(

1− 1

N

)](
N ′

2N
+ 2κ2 r N

)
= 0[

−4κ4 r4 + 4κ2 r2
(

1− 1

N

)
−
(

1− 1

N

)2
](

N ′

2N
+ 2κ2 r N

)
= 0

which all yield the one solution

N =
1

2(κ2r2 + c2)
(7)















Skyrme–Chern-Pontryagin (SCP) densities: D̄ = 2, 3, 4









Remarks on Skyrme-CP and Skyrme CS densities



The Skyrme–Chern-Simons (SCS) densities






