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S Coleman: “Can a black hole have colored hair?”

J Wheeler:  “Black holes have no hair”

S Hawking: “Black holes have hair “

IsraelIsrael’’s theorem:s theorem: Static Einstein-Maxwell black holes are spherically symmetric

‘‘NoNo--hairhair’’ theorem:theorem:
Stationary black holes are completely characterized 

by their mass MM,  charge QQ and angular momentum JJ

1970s- 1980s :



Bekenstein:  “No free massive scalar, 
vector, or spin 2  hairs”

Chase:   “No massless scalar hairs“

NoNo--hair theorem (beginning of 1990s):hair theorem (beginning of 1990s):
““The only allowed characteristics of black holes The only allowed characteristics of black holes 

are those associated with Gauss laware those associated with Gauss law””

Teitelboim:    “No weakly and strongly interacting hairs”

Sudarsky: “No Einstein-Higgs hair with arbitrary 
number of scalar fields and potential

1970s-1990s:

More noMore no--go statements:go statements:

Heusler: „No sigma-model hair“Finster, Smoller & Yau: 
„No Dirac hair“



The hairs areThe hairs are::
Other observables apart the mass MM,  
charge QQ and angular momentum JJ

Examples:Examples:

 Einstein gravity coupled to Yang-Mills fields
 Einstein gravity coupled to self-interacting scalar fields
 Modified models of gravity
 Einstein-Skyrme theory
 Higher dimensional theories
 Models in AdS spacetime
 Spinning black holes with matter fields

From 1990s… Black holes may have hairs! 

Primary hairs: Primary hairs: New global chargesNew global charges

Secondary hairs: Secondary hairs: Fields which are not associated with a Gauss lawFields which are not associated with a Gauss law



LocalisedLocalised solitonssolitons: Gravity : Gravity vsvs YangYang--MillsMills

Pure gravity (attraction)Pure gravity (attraction)Pure gravity (attraction)

LL == −− RR

1166ππGG

Pure Yang-Mills  (attraction/repulsion)Pure YangPure Yang--Mills  (attraction/repulsion)Mills  (attraction/repulsion)

L =
1

2
Tr F 2µν

Lichenrowitz: there are black holes  

but there are no gravitational solitons, the 

only globally regular, asymptotically flat, 

static vacuum solution to the Einstein eqs

with finite energy is Minkowski space.

Derrek theorem: Classical Yang-Mills 

theory in 3+1 dim do not admit localised 

soliton solutions



EinsteinEinstein--YangYang--Mills modelMills model

S =
1

2

�
d4x

√−g {(R− 2Λ)−Tr FµνFµν}

Rµν − 12Rgµν +Λgµν = Tµν ; DµF
µ
ν = ∇µFµν + [Aµ, Fµν ] = 0

Spherical symmetry: ds2 = −σ2(r)N (r)dt2 + 1

N (r)
dr2 + r2(dθ2 + sin2 θdφ2)

Static asymptotically flatStatic asymptotically flat solutionsolution

The The BartnikBartnik--McKinnon McKinnon solitonssolitons (1988)(1988)

Found numerically by the shooting method;

The solution is globally regular;

Analytic proof of existence of solutions of the differential 

equation;

Gauge function ω(r) has at least one zero,  the solutions 

are characterized by the number of nodes of the ω(r)

Aak = εiak
xk

r2
(w(r) − 1)



Properties of the solutionsProperties of the solutions

Dimensionless variables:

MMPP ll ∼∼ 11//
√√
GG;; llPP ll ∼∼

√√
GG

x = e√
4πG

r ∼ r
lPl
; M̃ = eM

�
G
4π ∼ M

MPl

ΙΙ ΙΙΙΙ ΙΙΙΙΙΙ

Region Region ΙΙ:: Yang-Mills field is almost trivial, the metric

is close to Schwarzchild

Region Region ΙΙΙΙ:: Yang-Mills field corresponds to monopole

the metric is almost Reissner–Nordström

Region Region ΙΙΙΙΙΙ:: Yang-Mills field is almost trivial, 

the metric is asymptotically Schwarzchild

All All BartnikBartnik--McKinnonMcKinnon configurations are configurations are sphaleronssphalerons

Galtsov, Volkov: There are EYM black hole 

solutions with long-range non-abelian fields

(hairy black holes)

The catch:The catch: the asymptotically flat solutions are unstable
BM solutions are static asymptotically flat

gravitationally bound EYM sphaleron solutions; 
the exterior of the limiting solution approaches

RN black hole   



SkyrmeSkyrme modelmodel

The The SkyrmeSkyrme field:field:

Sigma-model term Skyrme term Potential term

= 186 MeV,          = 136 MeVffππ mmππ

The topological charge:The topological charge: QQ ==
11

2244ππ22
εεiijjkk

��
dd33xxTTrr

��
((UU ††∂∂iiUU ))((UU ††∂∂jjUU ))((UU ††∂∂kkUU ))

��

Ri = (∂iU)U
†The su(2) current:The su(2) current: QQ == −− 11

2244ππ22
εεiijjkk

��
dd33xxTTrr((RRiiRRjjRRkk))

Rescaling:

LL ==
ff 22ππ
44
TTrr

��
∂∂µµUU∂∂

µµUU ††
��
++

11

3322ee22
TTrr

����
UU ††∂∂µµUU,, UU

††∂∂ννUU
��22��

++
mm22
ππff

22
ππ

88
TTrr ((UU −− II))

EE ==
ffππ
44ee

��
dd33xx

		
−− 11
22
TTrr ((RRiiRR

ii)) −− 11

1166
TTrr (([[RRii ,, RRjj ]]))

22 ++mm22TTrr((UU −− II))




xxµµ →→ 22xxµµ//((eeffππ));; mm == 22mmππ//((ffππee))

UU :: SS33 →→ SS33
UU ((!!rr,, tt)) −−−−−−→→rr→→∞∞ II

(Skyrme, 1961)



Gravitating Gravitating SkyrmionsSkyrmions

SS ==

�� 		
RR

αα22
++ LLSSkk



√√−−ggdd44xx
Dimensionless variables:

Spherical symmetry: ds2 = −σ2(r)N (r)dt2 + 1

N (r)
dr2 + r2(dθ2 + sin2 θdφ2)

LL22 ++ LL44



Gravitating Gravitating SkyrmionsSkyrmions

SS ==

�� 		
RR

αα22
++ LLSSkk



√√−−ggdd44xx
Dimensionless variables:

Branch of gravitating Skyrmions is linked to the BM solutions

cos[f(x)]⇋ ω(r)

Spherical symmetry: ds2 = −σ2(r)N (r)dt2 + 1

N (r)
dr2 + r2(dθ2 + sin2 θdφ2)

LL22 ++ LL44

x = erfπ/2; α2 = 4πGfπ



Black holes with  Black holes with  skyrmionicskyrmionic hairshairs

(Luckock and Moss, 1986, Bison 1992,

Shiiki and Sawado, 2005)

SkyrmionSkyrmion sizesize RRSkSk ~ (~ (eeFFpp) ) 
--11 vsvs Schwarzschild Schwarzschild radiusradius RRSchSch= 2M= 2MSkSkG; G; 

MMSkSk ~~ FFppee--1               1               RRSkSk ~~ RRSchSch asas FFpp ~ ~ MMPlPl = G = G --1/21/2

Hairy black hole – event horizon inside Skyrmion



Gravitating Gravitating isospinningisospinning SkyrmionsSkyrmions

T.Ioannidou, B.Kleihaus and J.Kunz

Phys.Lett. B643 (2006) 213

ππ11 == φφ11 ccooss((nnϕϕ ++ ωωtt));; ππ22 == φφ11 ssiinn((nnϕϕ ++ ωωtt));; ππ33 == φφ22 ;; σσ == φφ33

UU ((rr)) == σσ ++ ππaa ·· ττ aa

LewisLewis--PapapetrouPapapetrou parametrizationparametrization::

I.Perapechka and Ya.Shnir

Phys.Rev. D96 (2017) 125006
Generalized EinsteinGeneralized Einstein--SkyrmeSkyrme model:model:

SS ==

�� 		
RR

αα22
++ LLSSkk



√√−−ggdd44xx

Potential                      µµ22((11 −− σσ22))

LLSSkk == LL22 ++ LL44 ++ ccLL66 ++ LL00

Asymptotic expansion:Asymptotic expansion:

ddss22 == −−ffddtt22 ++ mm

ff

��
ddrr22 ++ rr22ddθθ22

��
++ llrr22 ssiinn22 θθ

��
ddϕϕ −− oo

rr
ddtt
��22

ff ≈≈ 11 −− 22MMGG

rr
++ OO

��
11

rr22

��
,, oo ≈≈ −− 22JJGG

rr22
++ OO

��
11

rr33

��

PionPion clouds:clouds: φφ11 == ssiinnHH((rr,, θθ));; φφ22 == 00;; φφ33 == ccoossHH((rr,, θθ))

Q=1             

Q=0             



Gravitating Gravitating isospinningisospinning SkyrmionsSkyrmions



Spinning black holes with Spinning black holes with SkyrmeSkyrme hairhair

Line element (fixed Kerr BH geometry):

ds2 = −F0(r, θ)dt2 + F1(r, θ)
�
dr2 + r2dθ2

�
+ F2(r, θ)r

2 sin2 θ [dϕ−W (r, θ)dt]2

F1(r, θ) =
2M2

Kerr

r2
+

�
1− r

2
H

r2

�2
+
2MKerr

r

�
1 +

r2H
r2

�
− M

2
Kerr − 4r2H
r2

sin2 θ

F2(r, θ) =
S(r, θ)

F1(r, θ)
F0(r, θ) =

�
1− r2H

r2

�2
F1(r, θ)

S(r, θ)

W (r, θ) =
2MKerr



M2
Kerr − 4r2H

r3
1 + MKerr

r
+

r2
H

r2

S(r, θ)

S(r, θ) =

�
2M2

Kerr

r2
+

�
1− r

2
H

r2

�2
+
2MKerr

r

�
1+

r2H
r2

��2
−
�
1− r

2
H

r2

�2
M2
Kerr−4r2H
r2

sin2 θ ,

Two input parameters: rH , MKerr



KomarKomar integrals: Horizon integrals: Horizon vsvs asymptotic quantities asymptotic quantities 

KomarKomar integralsintegrals:: M =
3

32π

�

∂Σ

⋆dξ̃, J =
1

16π

�

∂Σ

⋆dζ̃

1-form, dual to the timelike

Killing vector ξ
1-form, dual to the spacelike

Killing vector ζ

∂Σ→∞

∂Σ→ rh

Arnowitt Deser & Misner (ADM) mass and 

angular momentum (M, J)

Horizon mass and angular momentum (MH, JH)

J = JH +

�

Σ

dSµ

�
Tµν ζ

ν − 1
2
T νν ζ

µ

�

Fractions of ADM mass and  angular

momentum stored inside the horizon:

pp == MMHH//MM,, qq == JJHH//JJ

MM == MMHH ++ 22

��

ΣΣ

ddSSµµ

��
TT µµνν ξξ

νν −− 11
22
TT νννν ξξ

µµ

��

p=1            Kerr BH



SkerrmionsSkerrmions

U = σ I+ τa · πa π1 + iπ2 = φ1(r, θ)ei(mϕ−wt), π3 = φ2(r, θ), σ = φ3(r, θ)

Synchronisation condition: w = mΩH

The event horizon angular velocity: ΩH =



M2
Kerr − 4r2H

2MKerr(MKerr + 2rH)

Q density E density J density

ΩΩHH == 00..9955,, MMKKeerrrr == 00..0044

LLmm == LL22 ++ LL44



SkerrmionsSkerrmions (Topological sector)(Topological sector)

Line element (with backreaction):

ds2 = −F0(r, θ)dt2 + F1(r, θ)
�
dr2 + r2dθ2

�
+ F2(r, θ)r

2 sin2 θ [dϕ−W (r, θ)dt]2

SS ==

�� 		
RR
αα22
++ LLSSkk



√√−−ggdd44xx

BH hairiness:  p =MH/M p=1 p=1 →→ Kerr BHKerr BH p=0 p=0 →→ GraviSkyrmeGraviSkyrme

(Herdeiro, Perapechka, Radu & Ya S 2018)



SkerrmionsSkerrmions ((PioPion n cloudsclouds))

U = σ I+ τa · πa

α = 0.5

π1 + iπ2 = sin f(r, θ)ei(mϕ−wt), π3 = 0, σ = cos f(r, θ)

U(1) U(1) NoetherNoether charge:charge: J = mQ



SkerrmionsSkerrmions ((PioPion n cloudsclouds))

U = σ I+ τa · πa

α = 0.5

π1 + iπ2 = sin f(r, θ)ei(mϕ−wt), π3 = 0, σ = cos f(r, θ)

ErgosurfacesErgosurfaces::

Type II boson stars with ergoregion

Type I hairy black holes

Type III hairy black holes

gtt = F
2
0 − r2 sin2 θF 22W 2 = 0



Kerr black holes with parity odd hairsKerr black holes with parity odd hairs

U(1) current:U(1) current:

LLmm == ||∂∂µµφφ||22 ++ µµ22 ||φφ||22
(Herdeiro & Radu 2014)

jjµµ == ii((φφ∂∂µµφφ
∗∗ −− φφ∗∗∂∂µµφφ))

φφ == ff ((rr,, θθ))eeii((ωωtt++nnϕϕ))

((�� −− µµ22))φφ == 00

ParityParity--even solutions:even solutions:

ff ((rr,, θθ)) == ff ((rr,, ππ −− θθ))

ff ((rr,, θθ)) == −−ff ((rr,, ππ −− θθ))
ParityParity--odd solutions:odd solutions:

(Kunz, Perapechka & Ya S 2019)



ErgosurfacesErgosurfaces

gtt = F
2
0 − r2 sin2 θF 22W 2 = 0



DiracDirac starsstars

LLmm == −−ii
11

22

��
γγµµDDµµ

¯̄ΨΨΨΨ −− ¯̄ΨΨγγµµDDµµΨΨ
��
++ µµ ¯̄ΨΨΨΨ

FermionicFermionic current:current: jjµµ == ¯̄ΨΨγγµµΨΨ ¯̄ΨΨ == eeii((mmϕϕ−−ωωtt))((ψψ11,, ψψ22,,−−iiψψ∗∗11 ,,−−iiψψ∗∗22 ))

(Herdeiro, Perapechka, Radu & Ya S 2019)



There are Skyrme-type models which support self-gravitating  

regular topological solitons which are linked to hairy black holes

The hairy black holes are necessarily spinning,  the internal rotation 

(isorotation) must be synchronous with the rotational angular velocity 

of the event horizon. 

There is a family of rotating BHs with synchronised Skyrme hair, 

which are continously connected to the Kerr solution

We constructed new family of non-topological Skerrmions which do 

not carry topological charge and bifurcate from a subset of Kerr

solutions

We constructed new families of parity-odd spinning boson stars and 

hairy BHs

Similar pattern for axially symmetric boson stars and hairy Q-balls

Fermion and boson stars show similar behavior  

SummarySummary



"How the Universe Works" 
(Discovery channel, 2018 )



Thank you!Thank you!


