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Extension of Yang-Mills Theory

Tensorgluons

Extension of Poincaré Algebra
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Space-Time symmetry.
∗ · ∗ The Lorentz and Poincaré groups were discovered during the

investigating of the symmetries of the Maxwell equations

∇ · ~E = 0, ∇ · ~B = 0,

∇× ~E = −1

c

∂ ~B

∂t
, ∇× ~B =

1

c

∂ ~E

∂t
invariant with respect to the transformations of space-time

coordinates

x
′

=
x− vt√
1− v2/c2

, t
′

=
t− v

c2
x√

1− v2/c2
, y

′
= y + a, z

′
= z + b

and fields

E
′
y =

Ey + v
cBz√

1− v2/c2
, E

′
z =

Ez − v
cBy√

1− v2/c2
,

B
′
y =

By − v
cEz√

1− v2/c2
, B

′
z =

Bz + v
cBy√

1− v2/c2
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The Poincaré algebra L(P)

[Pµ, P ν ] = 0,

[Mµν , P λ] = i(ηλν Pµ − ηλµ P ν),

[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),

G. Savvidy, Demokritos National Research Centre, Athens
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∗ · ∗ It have been found that The Maxwell equations are invariant
with respect to the conformal group H. Bateman, ”The
Transformation of the Electrodynamics Equations” . Proc. of
London Math.Soc.. 8 (1910) 223-264.

xµ → λxµ,

xµ →
xµ
x2

∗ · ∗The other important symmetry exhibited by Electrodynamic
Equations is the gauge symmetry

Aµ → Aµ + ∂µφ, Fµν → Fµν , Action→ Action

The Faraday-Maxwell equations were the indispensable source of
fundamental symmetries !

G. Savvidy, Demokritos National Research Centre, Athens
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In Quantum Field Theory

One of the main requirement imposed on quantum field theories is
their invariance with respect to the Poincaré group P.

It is of great interest to study extended Poincaré algebras and
groups, the invariance with respect to which may impose
limitations on the form of the Fundamental interactions and
became the guiding principle in formulating theories beyond the
Standard Model.

G. Savvidy, Demokritos National Research Centre, Athens
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We propose to formulate a quantum field theory based on algebra
LG(P) = L(P)⊗ L(G), an extension of the Poincaré L(P) and
Lee L(G) algebras with infinite set of tensor generators Lλ1...λsa .

La

Lλ1a

Lλ1,λ2a

.......................

Lλ1...λsa

....................... λ = (0, 1, 2, 3) s = 0, 1, 2, ....

where La ∈ G and the extended current algebra is defined as

[La, Lb] = ifabcLc

[La, L
λ1
b ] = ifabcL

λ1
c

[Lλ1a , L
λ2
b ] = ifabcL

λ1λ2
c

.......................
G. Savvidy, Demokritos National Research Centre, Athens
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We add to the generators Pµ and Mµν the new generators Lλ1...λsa

The extension of the Poincaré algebra LG(P) is:

[Pµ, P ν ] = 0,

[Mµν , P λ] = i(ηλν Pµ − ηλµ P ν),

[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),

[Pµ, Lλ1...λsa ] = 0,

[Mµν , Lλ1...λsa ] = i(ηλ1νLµλ2...λsa + ...+−ηλsµLλ1...λs−1ν
a ),

[Lλ1...λna , L
λn+1...λs
b ] = ifabcL

λ1...λs
c (s = 0, 1, 2, ...).

The generators Lλ1...λsa carry internal charges a and high helicities .

G. Savvidy, Demokritos National Research Centre, Athens
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Pµ = −i∂(x)
µ Lµ1,...,µna = xµ1 ... xµnLa [La, Lb] = ifabcLc

[Pµ, Lµ1,...,µna ] = −i(δµµ1Lµ2,...,µna + ...+ δµµnQµ1,...,µn−1
a )

[Lµ1,...,µka , L
µk+1,...,µn
b ] = ifabcL

µ1,...,µn
c

E.A. Ivanov, V.I. Ogievetsky
Lett.Math.Phys. 1 (1976) 309-313
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Supersymmetric Extension of LG(P)

[Pµ, P ν ] = 0, (1)

[Mµν , P λ] = i(ηλν Pµ − ηλµ P ν),

[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),

[Pµ, Lλ1...λsa ] = 0, (2)

[Pµ, Qiα] = 0,

[Mµν , Lλ1...λsa ] = i(ηλ1νLµλ2...λsa − ηλ1µLνλ2...λsa + ...+ ηλsνLλ1...λs−1µ
a − ηλsµLλ1...λs−1ν

a ),

[Mµν , Qiα] =
i

2
(γµνQi)α, γµν =

1

2
[γµ, γν ]

[Lλ1...λna , L
λn+1...λs
b ] = ifabcL

λ1...λs
c , s = 0, 1, 2, ...

{Qiα, Qjβ} = −2 δij(γµC)αβPµ, i = 1, ..., N

[Lλ1...λsa , Qiα] = 0 . (3)

G. Savvidy, Demokritos National Research Centre, Athens
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Automorphism of the extended current algebra

La → La

Lλ1a → Lλ1a + P λ1La

Lλ1λ2a → Lλ1λ2a + P λ1Lλ2a + P λ2Lλ1a + P λ1P λ2La

..........................

P λ → P λ,

Mµν → Mµν ,

The example how the gauge transformation works

[Lλ1a + P λ1La, L
λ2
b + P λ2Lb] =

= ifabc(L
λ1λ2
c + P λ1Lλ2c + P λ2Lλ1c + P λ1P λ2Lc)

G. Savvidy, Demokritos National Research Centre, Athens
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The algebra LG(P) is gauge invariant:

Lλ1...λsa → Lλ1...λsa +

+
∑

1

P λ1Lλ2...λsa +
∑

2

P λ1P λ2Lλ3...λsa + ...+ P λ1 ...P λsLa,

P λ → P λ,

Mµν → Mµν ,

These generators are transforming similar to the Abelian tensor
gauge field.

This is “off-shell” symmetry, the operator P 2 has any value.

All representations of the Lλ1...λsa , s = 1, 2, ... are defined modulo
longitudinal terms.

G. Savvidy, Demokritos National Research Centre, Athens
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This extended authomorphism of the algebra is a property intrinsic
to the algebroids

G. Savvidy, Demokritos National Research Centre, Athens
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The reducible representation of LG(P) has the following form:

Pµ = kµ,

Mµν = i(kµ
∂

∂kν
− kν ∂

∂kµ
) + i(eµ

∂

∂eν
− eν ∂

∂eµ
),

Lλ1...λsa = eλ1 ...eλs ⊗ La,

The gauge transformation of Lλ1...λsa induces the transformation

eµ → eµ + αkµ,

which is a gauge transformation of the photon polarisation vector.
The generators Lλ1...λsa are indeed gauge generators.

G. Savvidy, Demokritos National Research Centre, Athens
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What is the helicity content of the Lλ1...λsa operators ?

The Pauli-Lubanski operators Wµ can be used to investigate the
helicity content

Wµ =
1

2
εµνλρMνλPρ

G. Savvidy, Demokritos National Research Centre, Athens
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The Longitudinal representation

L||λ1...λsa = P λ1 ......P λsLa

it is trivial representation as far as the helicity content of this
representation is empty

[Wµ, L||λ1...λsa ] = 0

G. Savvidy, Demokritos National Research Centre, Athens
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The Transversal representation

the following commutation relation take place with Lλa

[Wµ, L
a
ν ] = −iεµνλρLλaPρ

for massless states Pµ = (ω, 0, 0, ω) Wµ = ω(−h, π′′ ,−π′ , h),

h = J3, π
′

= K1 − J2, π
′′

= K2 + J1,

defining La± = La1 ± La2, we shall get

[h, La±] = ±La±,

therefore the helicity content is h = (+1,−1)

G. Savvidy, Demokritos National Research Centre, Athens
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The commutation relation with second level generator Lλ1λ2a is

[Wµ, L
a
νλ] = −i(εµνρσLaρλ + εµλρσL

a
ρν)Pσ

defining

La++ = La11 + 2iLa12 − La22,

La−− = La11 − 2iLa12 − La22,

La+− = La11 + La22

we shall get

[h, La±±] = ±2 La±±, [h, La+−] = 0,

therefore the helicity content is h = (+2, 0,−2)

G. Savvidy, Demokritos National Research Centre, Athens
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The rank-s generators

(L+....+
a , ....., L−....−a )

carry the helicities:

h = (+s, s− 2, ..........,−s+ 2,−s)
in total s+ 1 states

G.S. J.Phys.A 47 (2014) 055204

G. Savvidy, Demokritos National Research Centre, Athens
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The explicit Transversal representation of the generators L⊥λ1...λsa

L⊥λ1...λsa =

s∏
n=1

(ξkλn + eiϕeλn+ + e−iϕeλn− )⊕ La,

where the helicity vectors are eλ± = (eλ1 ∓ ieλ2)/2,

La ∈ SU(N)

kµ is the momentum vector k2 = 0 , k · e± = 0

the ξ and ϕ are Wigner variables on the cylinder

ϕ ∈ S1, ξ ∈ R1.

G. Savvidy, Demokritos National Research Centre, Athens
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The L⊥µ1...µsa are high helicity generators

L⊥λ1...λsa =

= (eisϕeλ1+ ....eλs+ + e−isϕeλ1− ....e
λs
− + ....+ ξskλ1 ...kλs)⊕ La,

indeed the helicity operator has the form

h = −i ∂
∂ϕ

and the operator L⊥µ1...µsa carries the helicities

h = ±s,±(s− 2), ......,

we have also the transversality properties

kµ1L
⊥µ1,...,µs
a = 0, k2 = 0, kµeµ = 0

G. Savvidy, Demokritos National Research Centre, Athens
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Using transversal representation one can calculate Killing forms:

LG : tr(LaLb) = δab,

LG(P) : tr(Lλ1...λna L
λn+1....λ2s
b ) = δabs!(η̄

λ1λ2 η̄λ3λ4 ...η̄λ2s−1λ2s + per)

where

η̄λ1λ2 = ηλ1λ2 − kλ1 k̄λ2 + k̄λ1kλ2

kk̄
, kλ1 η̄

λ1λ2 = 0

tr(Lλ1...λna L
λn+1....λ2s
b ) = δab

∫
eλ1 ...eλ2se−

1
4
F 2
λρ(e)Deλ.

G. Savvidy, Demokritos National Research Centre, Athens
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Tree and 1-loop amplitudes
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The Yang-Mills theory is defined using Killing form on the Lee
algebra L(G)

tr(LaLb) = δab

and the Lagrangian is

L = −1

4
tr(GµνGµν)

where

Gµν = LaG
a
µν = ∂µAν(x)− ∂νAµ(x)− ig[Aµ(x) Aν(x)]

G. Savvidy, Demokritos National Research Centre, Athens
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The Yang-Mills non-Abelian tensor gauge fields

Aµ(x, L) =

∞∑
s=0

1

s!
Aaµλ1...λs(x) Lλ1...λsa = AaµLa +AaµλL

λ
a + ....

The field strength tensor

Gµν(x, e) = ∂µAν(x, e)− ∂νAµ(x, e)− ig[Aµ(x, e) Aν(x, e)]

and the Lagrangian density is

L(x) = tr Gµν(x, e)Gµν(x, e) =

∫
Gaµν(x, e)Gaµν(x, e)e−

1
4
F 2
λρ(e)Deλ.

G. Savvidy, Demokritos National Research Centre, Athens
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In components the Lagrangian is

L = L1 + L2+ = − 1

4
GaµνG

a
µν

− 1

4
Gaµν,λ̄G

a
µν,λ̄ −

1

4
GaµνG

a
µν,λ̄λ̄ + ...

where the field strength tensors are:

Gaµν = ∂µA
a
ν − ∂νAaµ + gfabc Abµ A

c
ν ,

Gaµν,λ = ∂µA
a
νλ − ∂νAaµλ + gfabc( Abµ A

c
νλ +Abµλ A

c
ν ),

............................ ....................................

G. Savvidy, Demokritos National Research Centre, Athens



Extension of Poincaré Algebra
Extension of Yang-Mills Theory

Tensorgluons

Tree and 1-loop amplitudes
Asymptotic Freedom of Tensorgluons

Helicity spectrum of the tensorgluons

±1

±2, 0

±3, ± 1, ± 1

±4, ± 2, ± 2, 0

±5, ± 3, ± 3, ± 1, ± 1

±6, ± 4, ± 4, ± 2, ± 2, 0

....................................................,

G. Savvidy, Demokritos National Research Centre, Athens
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b, β

a, ’αα c, ’γγ

k

p

q

b, β

d, ’δδ c, ’γγ

k p

qr

a, α

Interaction Vertices of gluons and tensorgluons

G. Savvidy, Demokritos National Research Centre, Athens
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Tree level scattering amplitudes of (n-2)-gluons and 2-tensorgluons
calculated using BCFW formalism.G.Georgiou and G.S. IJMP 2011.

M̂n(1+, ..i−, ...k+s, ..j−s, ..n+) =

= ign−2(2π)4δ(4)(P aḃ)
< ij >4∏n

l=1 < ll + 1 >

(< ij >

< ik >

)2s−2
,

They reduce to the Parke-Taylor formula when s = 1.

G. Savvidy, Demokritos National Research Centre, Athens
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The collinear behavior:

M tree
n (..., aλa , bλb , ...)

a ‖ b
→

∑
λ=±1

Splittree−λ (aλa , bλb)×M tree
n−1(..., P λ, ..),

Mn Mn-1

a

b
P

a

b

z

z-1
Splitting

Antoniadis and Savvidy, Mod.Phys.Lett.(2012)

G. Savvidy, Demokritos National Research Centre, Athens
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The splitting probabilities are:

PTG(z) = C2(G)

[
z2s+1

(1− z)2s−1
+

(1− z)2s+1

z2s−1

]
,

PGT (z) = C2(G)

[
1

z(1− z)2s−1
+

(1− z)2s+1

z

]
,

PTT (z) = C2(G)

[
1

(1− z)z2s−1
+

z2s+1

1− z

]
.

s=0,1,2,3,......

G. Savvidy, Demokritos National Research Centre, Athens
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The quark and gluon splitting probabilities of Altarelli-Parisi:

Pqq(z) = C2(R)
1 + z2

1− z ,

PGq(z) = C2(R)
1 + (1− z)2

z
,

PqG(z) = T (R)[z2 + (1− z)2],

PGG(z) = C2(G)

[
1

z(1− z) +
z4

z(1− z) +
(1− z)4

z(1− z)

]
,

where C2(G) = N,C2(R) = N2−1
2N , T (R) = 1

2 for the SU(N)
groups.

G. Savvidy, Demokritos National Research Centre, Athens
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P hChBhA =
1

z2ηhB−1(1− z)2ηhC−1
, hC + hB + hA = η = ±1.

The formula describes all known splitting probabilities found earlier
in QFT and the generalised Yang-Mills theory.

R. Kirschner, G.S.,Mod.Phys.Lett.A32(2017)1750121

G. Savvidy, Demokritos National Research Centre, Athens
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Generalisation of DIGLAP evolution equations

q̇i(x, t) = α(t)
2π

∫ 1
x
dy
y [qj(y, t) Pqiqj (

x
y ) +G(y, t) PqiG(xy )], (4)

Ġ(x, t) = α(t)
2π

∫ 1
x
dy
y [qj(y, t)PGqj (

x
y ) +G(y, t)PGG(xy ) + T (y, t)PGT (xy )],

Ṫ (x, t) = α(t)
2π

∫ 1
x
dy
y [G(y, t) PTG(xy ) + T (y, t) PTT (xy )].

The α(t) is the running coupling constant (α = g2/4π)

α(t) =
α

1 + b1 α t
,

where
b1 = bquarks + bgluons + btensorgluons

G. Savvidy, Demokritos National Research Centre, Athens
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Both calculations gave the identical result :

α(t) =
α

1 + b1α t
,

where

b1 =

∑
s=1(12s2 − 1)C2(G)− 4nfT (R)

12π
s = 0, 1, 2.....

at s=1 it reproduces the Gross-Wilczek-Politzer result

Tensorgluons ”accelerate” the asymptotic freedom !

G. Savvidy, Demokritos National Research Centre, Athens
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Generalisation of the YM effective action Γ(A) gives 1-loop
effective action similar to G.S., Phys.Lett.B 1977

Summing the spectrum of the tensorgluons in external field

k2
0 = (2n+ 1± 2s)gH + k2

‖

one can get

V (H) =
H2

2
+

(gH)2

4π
b1 [ln

gH

µ2
− 1

2
],

where now

b1 =
12s2 − 1

12π
C2(G),

G. Savvidy, Demokritos National Research Centre, Athens
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How the contribution of tensor-gluons changes the high energy
behavior of the coupling constants of the SM ?
The coupling constants evolve with scale as

1

αi(M)
=

1

αi(µ)
+ 2bi ln

M

µ
, i = 1, 2, 3,

consider only the contribution of s = 2 tensor-bosons:
For the SU(3)c × SU(2)L × U(1) group with its coupling
constants α3, α2 and α1 and six quarks nf = 6 and SU(5)
unification group we will get

2b3 =
1

2π
54, 2b2 =

1

2π

10

3
, 2b1 = − 1

2π
4,

the solution of the system of equations (5) gives

ln
M

µ
=

π

58

(
1

αel(µ)
− 8

3

1

αs(µ)

)
,

G. Savvidy, Demokritos National Research Centre, Athens
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If one takes αel(MZ) = 1/128 and αs(MZ) = 1/10 one can get
that coupling constants have equal strength at energies of order

M ∼ 4× 104GeV = 40 TeV,

it is much smaller than the previous GU scale M ∼ 1014GeV
the value of the weak angle remains intact :

sin2 θW =
1

6
+

5

9

αel(MZ)

αs(MZ)
,

the coupling constant at the unification scale is of order
ᾱ(M) = 0, 01.

G. Savvidy, Demokritos National Research Centre, Athens
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Summary

Asymptotic Freedom of Tensorgluons of spin s=1,2,.....

βGYM = −
∑

s=1(12s2 − 1)C2(G)− 4nfT (R)

48π2
g3

uu d
Gluons

Tensor Gluons

PROTON
St

re
ng

th
 o

f F
or

ce
s 

1

↵i

ln
M

µ
0

1

↵1

1

↵2

1

↵3

6 105

MGU ⇡ 4 ⇥ 104GeV

G. Savvidy, Demokritos National Research Centre, Athens
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Thank you!

G. Savvidy, Demokritos National Research Centre, Athens
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