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Hyperbolic gamma function
0000

Hyperbolic gamma function

Here we review double Gamma I'p(x) and double Sine Sp(x)
functions .
p(x) can be defined by means of the integral representation

Mdt[ ert-e®?  (Q-29° Q-2x]
'°g“’(x):/o t[(l—e—bf)(l—e—f/b)_ T

It has the property:

[p(x + b) = v2rbP 211 (bx)[ p(x) . (1.2)
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Hyperbolic gamma function
(o] Jelele]

Hyperbolic gamma function

The double Sine function Sp(x) may be defined in term of ',(x) as

Sp(x) = rb(rg)():)w' (1.3)

It has an integral representation:

B ® dt sinh t(Q — 2x) Q — 2x
log 55(x) _/0 t <2sinh btsinh b~1t 2t > (14)

and the properties:
Sp(x + b) = 2sin(mwbx)Sp(x) , (1.5)
Sp(x +1/b) = 2sin(mx/b)Sp(x) . (1.6)
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Hyperbolic gamma function
[e]e] Tele]

Star-triangle relation for Hyperbolic gamma function

/dXHSbX+a,)5b X—I—b HSb a,—l—b (1.7)

ij=1

D (ai+b)=Q (1.8)

i

/ioo exp (iT[(y(A+ f+g1) + Af])

— 100 d
Sp(y + )Sp(y + f2)Sp(—y + g1)5b(—)’)7y =
Sp(Q — i — fo — g1)Su(f1 + £1)Sb(f1) Su(2 + &1)Sb(F2)-
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Hyperbolic gamma function
[e]e]e] o]

/_"OO exp im(y(2a + 2f — Q))Sp(y + f)Sp(—y + f) dy
=S5(Q —a— 2f)5b(a)5b(2f).

/ e 5 (Q°=2) Ty g—2imy( )Sb( )dy —%“(%—a)Zsb(a)_
i
(1.9)

—ico
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Hyperbolic gamma function
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An integral representation convergent in the strip 0 < Re(x) < Q

is
gt | /Q 2 sinh?(§ —x)%
log Th(x) = = —-x) et——32—"2] . (110
g Th(x) /0 t [<2 X) sinh%sinhytb ( )
Important properties of T(x) are
© Functional equation: Tp(x + b) = b1 725~ (rl(b’;L)'T'b( ).
@ Analyticity: Tp(x) is entire analytic, zeros:
x=—nb—mb~1 n,me 720,
x=Q+nb+mbt nmezz0 .
© Self-duality: Tp(x) = Ty/p(x).
Q Thr(x)=TpH(Q —x)
_ 1
9 Th(x) = rpre—
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Conformal field theory
@00

Bootstrap equation
Bulk OPE has the form

¢)(i7)(21721)¢(jj)(22722) = (21)
(kF)
(iNGJ) i _

Z (21 — 22) AHA =Bk (3) — 7,)ATHATAx ®(1iey(22, 22)

k7
+...

By the usual BPZ arguments we have for 4-point correlation
function (®;®,®;®;) in s channel

= .7 k J
P 11 S S
Z ij//'Ckl?pﬁ]:p [ P ] I [

— i
pp
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Conformal field theory
oeo

Bootstrap equation

and t channel

k Jj
qq i t t
Z CkkJJ qu//_f [ / :| ]:‘7 [

qq

~.q X

ey

where ]-'; [ II( J/ ] and ]-'5 [ //( ‘; ] s and t channels conformal

blocks correspondingly.

Conformal blocks in s and t channels are related by the fusing
matrix

f;[’l‘fl}:%}pq[ll‘f/]f;[’l‘f/] (2.4)
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Conformal field theory
ooe

s p [kl [k
PP il . J
B} ij/,‘Ck;ppr,q [ i ] Fp.4 [ 7o ] (2.5)
pp
_ 99 il
= Tkkjj qqll
Bootstrap equation implies
nin; o]
CP="2F . 2.6
P ponp PP LS (2:6)
and 1
o S (2.7)
fofp,_— J J
PO ]
where

ni=GCi/Fi & =+CiFi Fi=Fop [ : : ] (2.8)
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Liouville field theory
©0000000

Liouville field theory

Liouville field theory is defined on a two-dimensional surface with
metric g, by the local Lagrangian density

1 Q
L= —gap0,00pp + ,uezb‘p + —Ryp (3.1)
4 47

where R is associated curvature and Q = b+ b~ 1. Primary fields
V,, in this theory, which are associated with exponential fields
e2*? have conformal dimensions

Ay =0o(Q— ) (3.2)
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Liouville field theory
0®000000

DOZZ structure constants

Structure constants are given by the the famous DOZZ formula

Clar, az, a3) = NQ-ZEia/b o (3.3)
Tb(b)Tb(QOél) %
Tplor + a2+ a3 — Q) (o + a2 — a3)
'T‘b(2a2)'Tb(2a3)

Tb(az + a3 — Ocl)Tb(Oz:J, + a1 — 042) ’

where ,
A = muy(b?)p? 2P (3.4)
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Liouville field theory
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Ponsot-Teschner formula

Fas,at |: as a2 :| = (35)
a4 7

rb(2Q —ar—ay—a3)[p(Q —ar + a3 — )
2Q —a1 —as — a)lp(Q —as —ax + ai)
I

[s(
" Mp(Q + ar — az — az)lp(az + ar — a2)
rb( —Qp — Qa2+ Oés)rb(as + a1 — a2)
" Mp(Q —ar —ag + ag)lMp(ar + ag — o)
Mp(Q — as — az + aa)lp(az + aa — as)
Mp(ar+ o4 —on)lp(ar + 01+ a4 — Q)
Mp(as + as — a3)lp(os + a3 + as — Q)

)
[(2Q — 205)Mp(205) 1 /"°° y {043 042]
Fb( —2at)|'b(2at—Q)i ico s, Ot a4 Q1
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ille field theory

0000

Jas,at |: a3 o2 :| - (36)

a4 Q7
Sh(Q+7T—a1)Sp(T +as+ a2 — a3
Sb(Q + 7T+ o — Oét)sb(T + ag + o
Sp(T+ @1)Sp(T+as +az +az — Q
Sp(Q+ 7+ ax — as)Sp(T + a2 + as

)
)
)
)
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Liouville field theory
00008000

with the help of (3.16) one can show

a3 ai W(Q)W (ax)
F -
O, [ a3 o1 :| C(th, 1 a3)47TW(Q — al)W(Q — 043)
(3.7)
In the limit
ar=¢— 0, a3 = ao, as = o1 (3.8)
lime_0Fa,.c [ G2 @2 } — (3.9)
a1 1
1 W(O)W(Q — as)

me?C(as, ap, 1) W(ap)W(a)
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Liouville field theory
00000000

Super Barnes and Upsilon functions
In the super Liouville theory are important the functions

M1(x) = Mus(x )—rb(2) I <XJ;Q> : (3.10)
Fo(x) = Tr(x) =T» <X; b) Mp <X +2b1> : (3.11)

The structure constants in the super Liouville theory are defined in
terms of the functions:

T2l =Tosl) =T ( > Te (XJ; Q> B rNS(X)r;S(Q = x)’
(3.12)
Tob) =Trb) =T (X; b> o <X +2b_1> - rR(x)rRl(o —x)
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Liouville field theory
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Super hyperbolic gamma functions

To write fusion matrix we need also the functions:

S1(x) = Sxs(x) = Sp (%) S (’2( + (2?) = rNrS(N(S?(X_))O . (3.14)

So(x) = Sr(x) = Sb (; + g) S (’2( + b;) - I_REZ():)E%)im
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Liouville field theory
0000000e

Star-triangle relation for Super Barnes functions

3
dx
RSl ) | CHICRAT T S

m=0,1 a=1
3
— 2(_1)(2 pa) (1432, (vatpa))/2 H Svatus(fa+ 8b), (3.16)
a,b=1
Z(ua + pa) = 1mod 2, (3.17)
a
and
Z(fa+ga) =Q. (3.18)
a
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Super Liouville field theory
0000000000000

Primaries in super Liouville fielf theory
NS-NS primary fields N, (z, Z) in this theory, Ny(z, Z) = e®?(z2),
have conformal dimensions

ANS = %a(Q —a). (4.1)
Introduce also the field
No(z,2) = G_l/QG_I/QNa(z, 7). (4.2)
The R-R is defined as
Ra(z,2) = 0(z,2)e*?(22), (4.3)

where o is the spin field.
The dimension of the R-R operator is
1 1

AR = 6 + a(Q —a). (4.4)
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Super Liouville field theory
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Structure constants in SL
The structure constants in N = 1 super Liouville field theory are
com puted in [R. H. Poghossian, hep-th/9607120] and [R. C. Rashkov and M. Stanishkov,

hep-th/9602148]

<Na1(21aZl)Naz(Z2aZ2)N043(Z3723)> = (4'5)
Cns (a1, a2, a3)
Ag’l+Ag2 *Ag3) |Z23 |2(A§2+A§3 *Agl) |Zl3 |2(Ag’1 +Agl3 *Agg) 3

|212]X

<I\~Ia1(21721)Na2(Z2’22)Na3(z3723)> = (46)

Cns(a1, a2, a3)
|2(Agl +Ag’2—Aﬁ3+1/2) |z23‘2(Ag2+Aﬁ3 7A’C\¥l1 71/2)

1
2(aN +AN, -AN,+1/2)

|z12

X
|213]
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Super Liouville field theory
0080000000000

Cs(ar, a2, az) = N@- Tk /b (4.7)
T/NS(O)TNS(2041)TN5(2052)TN5(2043)

TNS(al + oo + a3 — Q)TNS(CH + oo — 063)
1

X b)
Tns(az + a3 —a1)Tys(az + a1 — az)

Cs(a1, az, a3) = AQ-EEa /b (4.8)
,NS(O)TNS(20(1)TN5(2052)TN5(20£3)

Tr(on + a2 + a3 — Q)Tr(a1 + a2 — az)
1

X )
TR(OQ + a3 — Ozl)TR(Oz3 + a1 — OQ)

Fusion matrix in the NS sector is computed in [L. Hadasz arxiv:0707.3384],
[D. Chorazkiewicz and L. Hadasz, arXiv:0811.1226] Let us denote
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Super Liouville field theory
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Fusion matrix in SL

o[ ] e [N ]
e [0 ] = [N W] e
a2 2] =R [ W]
AP I o B S

To write the fusion matrix we use the following convention. The
functions T;,T;, S; will be understood T ns, ['ns, Sys for
i=1mod 2, and Tg, g, Sg for i = 0 mod 2. Now we can write

the fusion matrix:
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Super Liouville field theory
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Fos,a [ @ o2 ] = (4.13)
j

a4 7

2Q —ar—ar — a3)[(Q — ar + a3 — an)

[
M[(2Q —a1 —as — )lj(Q —as —az+ aq)
Q+ ar—ar —a3)li(az + ar — ap)

¥
[(Q—o1—as+as)lj(as + a1 — az

)
I )
(@ —as —az+ )l j(az + as — as)
Mi(ar+ag —a)li(ar + a1 + ag — Q)
Mi(as +as —a3)lj(as + a3+ as — Q)

Mns(2@Q — 2a6)Mns(20s) 1 /'00 o Jas,at[% o }

(
(
(
(
(Q —ar —ar +ag)li(c1 + ag — ay
(
(
(

Mns(Q — 2a6)Ns(Rar — Q) i i an o
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Super Liouville field theory
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1
oo [ asz az ] — (4.14)

a4 7 1
SNs(Q + 7 — Oél)SNS(T +oagq + o — 043)
Sns(Q + 7+ aa — ae)Sns (T + aq + ar)
Sns(7 4+ a1)Sns(T+ as + az + a3 — Q)
Sns(Q + 7 + an — as)Sns (T + az + as)
SrR(Q+ 7 — a1)Sr(T + as + a2 — a3)
SR(Q + 7+ ag — ar)SrR(T + aq + a)
SR(T+a1)Sr(T+ a4+ a2+ a3 — Q)
SR(Q+ 7+ az — as)Sr(T + a2 + o)

Y
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Super Liouville field theory
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Fusion matrix in NS sector

1
Jovs [ @ o2 ] = (4.15)

g 7 5

SNs(Q 47— Oél)SNS(T +oagq + o — 043)
Sns(Q 4 7 + aa — a) Sns (7 + g + )
Sns(7 4+ a1)Sns(T+ as + az + a3 — Q)

SR(Q+ 7+ a2 — as)Sr(T + a2 + o)
SrR(Q+ 7 — a1)Sr(T + ag + a2 — a3)
SR(Q+ 7+ as — ar)Sr(T + a4 + o)

SR(T+a1)Sr(T+ s+ a2+ a3 — Q)
Sns(Q + 7+ ap — as)Sns(T + ax + as)
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Super Liouville field theory
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as a2 ]2 = (4.16)

a4 7

Ja57at |:
1

SNs(Q + 7 — Oél)SNS(T +oagq + o — 043)
SR(Q+ 7+ as — ar)Sr(T + o + o)
Sns(7 4+ a1)Sns(T+ as + az + a3 — Q)
Sns(Q + 7 + an — as)Sns (T + az + as)
SrR(Q+ 7 — a1)Sr(T + ag + a2 — a3)
Sns(Q + 7+ aq — ) Sns(T + g + a)
SR(T + Otl)SR(T +ag + ar+ a3z — Q)
SR(Q+ 7+ az — as)Sr(T + az + as)’
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Super Liouville field theory
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Fusion matrix in NS sector

1
a3 o1 N WNS(Q)WNS(at)

F0,0ct |: 011 :| L - CNS(ah a17 a3)7TWN5(Q _ O[l)WNS(Q _ 0[3) .

(4.17)
2

Fo | @3 } _ ¢ Wis(Q) Whis(axt) .
0,0 [ o1 |, CNs(at,al,a3)7TWN5(Q = al)WNs(Q(— a3§
418
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Super Liouville field theory
0000000008000

Fusion matrix in NS sector

1
r~ (0% e %) . 2
Fas,O |: :| = hme%OG Fas,e |:

ar o |,y

4 Whis(0) Whs(Q — as)
TCns (s, a2, 1) Wis(a)Wis(a)

a1 Qg

1
- (652 e%) : 2
Fas,O |: :| = lim¢_,0€ Fas,e |:

2

4 Wis(0) Whs(Q — as)

7Cns(as, az,a1) Whs(a1) Wns(az)
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Super Liouville field theory
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Parafermionic hyperbolic gamma functions

Consider now the functions Ap(y; m), 0 < m < r, for arbitrary r:

m—1 B
Noly.m) =[] S ({H,(l_'j) +Qr>
k=0
r—m—1 y m K
-1
o <, +obh Qr> : (4.21)

Compare them with the Tg,r,)(y) functions defined in (. A gershein,

V. A. Fateev and A. V. Litvinov, Nucl. Phys. B 847 (2011) 413] for the purpose of calculation
of three-point functions in the parafermionic Liouville field theory:

Gor Sarkissian BLTP, JINR, Russia

On properties of parafermionic hyperbolic gamma functions.



Super Liouville field theory
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y H Tb(y+ m—r)b—1+(j—1)Q>‘

j=r—m+1

Then the substitution j = k + 1 in its first product yields precisely
the second product in (4.21). Similarly, the substitution
Jj=k+r—m+1 converts its second product to the first one in
(4.21) because b~ — Q = —b. So, we have intriguing exact
structural correspondence between the functions (4.22) and (4.21).
For this reason we call Ap(y; m) the parafermionic hyperbolic
gamma function. It should play the same role in the construction
of parafermionic fusion matrices as T%)(y) serves the correlation

functions.
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Super Liouville field theory
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S-t relation for Parafermionic hyperbolic gamma functions

k(k—1)

No(y, m+ kr) = (=1)™F27 Ay(y, m) (4.23)

P r—1 3
100 d
/ SN Asly + forna+ m+ )Ap(—y + 82y la — m) Iy

a=1
3
= (1) ety TT Ay(f + ge, na+ I +€). (4.24)
a,c=1
3
d(h+e)=Q (4.25)
a=1
and
3
D (natl)=-3 €=0,1 (4.26)
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