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® Octagon - building block for the evaluation of a class of 4-point functions
of single trace 1/2 BPS operators in /= 4 planar SYM 4d theory
- in the integrability (effectively 2d) approach

O®)(x;y) = Tr[(y - D)X], @,,i=12,.6,y>=0
Asu(él.) — (O ’ Ka())
2- and 3-point functions protected /\ =K
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OPE - nontrivial, contains also fields with
anomalous dims

heavy charges K> 1 and special polarisations

Example: F. Coronado, arXiv:1811.xxxxx
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1y =0=0-y) more generally, sum of products



Hexagonalization:

using integrability inspired technique - geometric decomposition of n-point
correlation functions into hexagon form factors - used to describe 3-p. functions
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F. Coronado

based on Fleury&Komatsu

Basso, Komatsu, Vieira, 2015
Eden&Sfondrini 2016, Fleury&Komatsu, 2016,2017

octagon = two hexagons glued togetherﬁ

contribution of virtual ("mirror”) particles
infinite sum of multiple integrals 1,

\— _J

perturbative, weak 't Hooft coupling & — 0
expansion of the first few ; conjecture:
multilinear combinations of ladder functions

-
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Problem : find a nonperturbative formula for 1,
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4p function

sum over planar graphs @IZ 5 z O,
O o, o

The traditional OPE approach for

0, 5 computing the 4p function:
3 . . .
sum over all intermediate physical states

0, 0,

A‘ The new approach: hexagonalization

; ) (triangulation); sum over mirror states y;

¢;; bridge lengths (Wick contractions)
Eden&Sfondrini 2016, Fleury&Komatsu 2016,2017 precise prescription - F&K



ldea -to simplify - suppress some of the mirror channels

The “simplest” four-point function [r. Coronado, arXiv:1811.00467]

4 heavy half-BPS (protected by supersymmetry) operators:
@i — tr[(yl ) (I)(xl))K] l — 1929394; K —> 0

special choice for the polarisations:  (y;-y) =, -y;) =0

For example:
0,0) = tr(Zg)_(%) + permutations 0,(z2,2) = tr(X*)
O5(1) = tr(Z%) 0,(c0) = tr(Zng) + permutations

K/2
A single tree-level planar Feynman diagram: (@_? @2
4 large “bridges” of K/2 propagators 4 N

1 2 (V1 - Y2) K72 K/2
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® for large K the bridges act as infinite potential walls for the mirror particles
and the 4point functions factorizes into two octagons

rr K
damping factors e t2

JJ\ ~ ~ - J (N -
N (1)
@3 2 1t _7 2 X \;}/
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O
* octagon 1 octagon 2
—_— psu(2|2)mirrorXpsu(zlz)mirror
- 2
Oy(z,z,1,1)
(0,0,0,04) = 2 2 +2 +2 \K/2
K—co  (X{pX34X{3X3y)
Correlators - with small 4

bridges on two of the mirrors seams
- sums of products of octagons




The octagon form factor

More general correlators - small ¢
(0,0) bridges on two of the mirrors seams
11T — - sums of products of octagons
Z M
Al =" £
i Opz % a,@) = ) (H,lw) e (y| )
O v

® /£ =the length of the ‘bridge’ between the two hexagons
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The series expansion for the octagon

S <x+>" +)
=2

b

AT =2cos ¢ — 2 cosh(p * i0)

character of fund. rep. su(2|2)

Notation

energy and momentum  E_(u), p(u)

—nf In,f(za Z)

are parametrised by the integers a=1,2,...

x(u) =

-
Finite coupling g representation as
an infinite sum of multiple integrals

Fleury&Komatsu 2016, 2017

U 1
— =X+,
g X
E(u)= (D*+D™)logx, ip,u)=—g
~ i )
D =e%  ghift operator
DEF() = f(u + ial2) =: fE9()
\ _J

-

~

Coronado, arXiv:1811 .OO467]J

of mirror particles and their bound states

and the Zhukovsky variable

u+\/u2
2g

. L
(D*+ D7) (x x)
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How to compute the multiple integrals?

Weak coupling expansion of the multiple integrals : disentangles the n integrations
and each of the integrals can be computed by residues;
- the first few up to n=4 up to ? loops Coronado

- ifonerestrictsin I, , tothe leading contribution of the expansion - it is

of order g2"**) - coincides with the integral encountered and computed in the
study of the fishnet graphs
Basso&Dixon 2017

The full expansion - too complicated - we need to insert the weak coupling
expansion of the Zhukovsky variables x!*l() in each factor in the integrand,
even the parts in the measure which are factorized into “chiral” factors

What is not factorized are only the anti-symmetric kernels
- both as parts of the measure and in H

X
K(x,y) = = < 0lyx)w(y) |0 > fermion 2-point function
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Aim - reduce all order computation to a single
integral for finite coupling ¢

The strategy : two steps

1. compute the logarithms of the two pieces of the octagon

2. use a different expansion - affects only the propagators K(x,y)

(2. could be applied directly

- but messy, hence step 1.

~

to each of the Coronado integrals

_J

— compare with the data from weak coupling expansion

Derivation:

- generalization of the “Pfaffian integration formula”

Borodin&Kanzieper arXiv:0707.2784

- CFT interpretation , Coulomb gas on the Zhukovsky plane
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Pfafflans

take a; = 1
Basso&Coronado&Komatsu
n_1 &Lam&Vieira&Zhong 2017
from the measure

x(u) — x~(u)

— + ) — + ~ _
o = K@) = < 0ly Gy 0 > = PIK ()

0 xt—x" pfaffian of anti-symmetric 2 x 2 matrix

Kl(l/t) _ xtx——1

— +

X —X O

xtx——1

n=2
KOt x) Kty ) Hyy(ug, 1) = < 0|y Hw ) wHw(y7)10> by Wick - 3 terms

= Pf [Kz(ul, uz)] 4 x 4 anti-symmetric matrix

( )

KOt v Kt v

2 X 2 matrix blocks K(uj;u,) = < (x_,y+) (x_,y_))
K(x7,y7) K(x~,y7)

k _J

K(u;u) = Ki(u)
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2n-point free fermion correlator

<Oy @)y @) - .,y u) w10 > = [T K@), x~w)) T Hy . u)

X — X
[1--—=Pi(
j<kxjxk—1

Xpip) = XT(W) s Xpj00 =X~ (), j = 0,....n — 1

xix — 1

2n

i,j=1

)

j=1 j<k

“bosonization”

= Pf [Ky(uy, ..., u,)| = Pf ( [K(uj; uk)]

Restoring the dependence on the label a of the bound states we have a
K(uy,a5uy,a,) defined on (R X N)X2

2 X 2 matrix kernel
with matrix elements

; . _ le,a,] |, [&ra,] .
K2y, apsuy, ap) = K(u™", u, ™), €, =%

n

k=1

)



The octagon as a Fredholm pfaffian

@)f:%Zi(/ln' 2 [ H a’,u( , d;) Pf[Kn(ul,al;..., n,a)]

n=0 Apyeeesy>1
K,(u,ap;...;u,a,) = [K( aj; Uy, ak]
1>j.k>n
sina¢ du . . _
du(u, a) = — - Qp(u+ial2) Q (u—ial2) 2 x 2 matrix kernel
sing 2mi
o1 N | N noted by
Oz,2,a,0) = 5 Z Pf(-"" A~ K) =3 Zi \/Det(l — A7JK) Basso&Coronado&Komatsu
+ &Lam&Vieira&Zhong 2017
~ _ _ )
j=( 0 1 5011, v) the expansion of the octagon is a sum of
~\=1 0 Y two Fredholm pfaffians,
ksquare roots of a Fredholm determinantj

14



Why is this representation of the octagon useful?

1 1 1 1 o0
0z, 0,d) =— Y ertrlogt=2JK) — _ ' 572,
o P 2 2

2
+ +
B T L e .
n= sin ¢ 2ri
a>1 e==% u
€
=1, K(uj, uy,) = Q2 f(uj) K(uj, u;,) €2 f(uk) |

2 2
n=2 _li 2 Z H SlIl a¢¢ J 2_ 81 K(l/l[ 81611], [82612])8 K(l/t[ 82612] [glal])
sin Tl

al az>1 81 82—+ ] 1

[-&1a4] l&,a,]
compare with L . .
lejay] [=&a,]
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From Fredholm kernel to semi-infinite matrix

1. discrete basis Ku,v) = ) Z x"C,, y " for |x| > 1,|y| > 1

m,n=0

Cnm = Ot1m — 5n,m+1’ m,n 2 0.

dx ¢ —1/xw)]
Q) = Qp,(u)

= \/g du x(u)f+n+1

I%(uj’ uk) = Qf+n(uj) Cnm Qf+m(uk)

Integrals disentangle Corpom,

— E

—g e £ 2

u, i, > Uy Uy

E —
& —&, 1 &y

RUL)
2. Fourier transform - integral computed by residues, D%¢ — ¢~

Trace of a matrix product [CK]?

16



8
K, = —.J dt T eRe\[ 17 = E) T, /280 1° = &%)
mn 21 J ¢ cos ¢ — cosht
K,m»> mon=0,12... 2§ =—logzz

mn >

O, ==Y, exps (—}titr[CK] - iftr[(CK)z] — g—itr[(CKf] — ... ) =23, \/ Det [I - 2.CK]

O O O S
D et

Pf|C-1

@lon-perturbative formula, R 1 il £ ek
determines Coronado integrals |= nl, , = — — Z L o tr [(eCK)"™"]
es polynomials of traces of CK 3 2 k=0

17




Remark: compare with the generating function for the ladder integrals

VTV —
N 2o In(Z2) g_efr" <\/T F) <2g\/t 5>
2
S

dt

2. (-8 =D

cosht — cos @

Broadhurst&Davydychev, arXiv:1007.0237

2k , . L
Jz2) = ]:Zk (j Ekk;v(lz);]_' N (—log z7)** LlJ(Zi - I;J(Z)
X2
Ladder Feynman PN
integrals fiz.2) = x < <_€___)> > X,
Y
Usyukina&Davydychev 1993 k
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Weak coupling expansion of the matrix K

>0 4 . )

[ = (%) i Conjegture Coronado
ne G Ji 1, 8 established by Math.
J=n(n+¢) j+..j,=J _to highordersing

o0 [£4]
r—k r_ " _
Km+r,m — e_f Z Cgfl,r Z <k B 1> | 2g gl 2k+1 g2f+2 +2p+2kff+m+p+k(za Z) (’,, > 1) .

® but besides ladders, also powers of 2& = —log|z |2 for r > 177

4 )
Empirical observation: only odd r = 2s-1

and 2k=r+1=2s contribute to the traces of (CK)"

L ? change of basis OCKO~!'

19



truncated series

KO

m+2s.m

=0

2 2j — 1 (= 1)/~ .
Ky s— m:g“f & (2,2
#2-l, jzl%;H(j—l—m—s)(j—s)!(j+s—1)!g 12

reproduces the weak g expansions with coeffs computed from K’

o0
p— (f) eooe 2J

J=n(n+€) ji+..j,=J

resumming - by Mathematica; difficult to reproduce it analytically, m+1Fm



The perturbative octagon as a determinant

To compute the octagon up to 2N loops, one can replace the semi-infinite

matrices by 2N x 2N matrices {C, . ocmn<an—1> 1K} ocmn<on—1 -

Using that their matrix elements vanish if m=n mod 2, we can introduce an N x N matrix

Ry = {Rk,j}ogk,jgjv_l ) Ry ;= — e* Z Coup Kpoi = tr[R"] = — 2 e tr [(C K)™
p

0, =5 X, det(l + e “R)

For example the 3x3 matrix gives the expansion up to 6 loops:
Opep =5 2, det(l + Are R)sp5 + 0(g'?)
= 1+, (he® —he' 558" - 2 hig® + 5 8"
+ %, (5 hh =18 = 3 (ifi— ff)8") + o)
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Relation to fiShnetS [Zamolodchikov, Gurdogan-Kazakov, Gromov, Korchemskyj,...

X2
Fishnet is a
| det [fi+j+1] determinant of
X C . i,j=0 ..... N—1 Iadders
3 R (e .
Hiz() 2H!'Q2i+1)! Basso&Dixon 2017
X4

Fishnets appear as the lowest order coefficients in the N-parricle contribution

— 2
Opp = 2 Ly &N

The determinant representation gives N=0
Q)
@f:() — Z Q%.N Z det ( [Rla.]ﬂ] >
N=O 0Si1<...<iN avﬂzlan-aN
OSj1<...<jN

2 2
detR = Cy g™V +0(g*"*?)

22
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The octagon in a Coulomb gas representation

®  Start with a gaussian field in the plane:

QD(X) = @ +ﬁ10gx T 2 ﬁx—n [Jn’ Jm] — n5m+n,0; [ﬁa é] =1
nt0 J.10)=0, (n>0); p|0)=0
(0|J,=0, (n<0); (0]g=0

(@)p(y)) = log(x —y)

u=x 142—4g2

1
® Go to the Zhukovsky plane x+—= Z x(u) =
X 8 28

@®(u) = the value of the gaussian field in the upper/lower sheet x— 1/x

1
P PM)) = logx(u) — x(v)) P D)) = logx(u) — TV))

1 1
PO (We P () = log(—— — x(v)) PO WD) = log( )

(1) x(w)  x(v)
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The monodromy around the branch points at u = + 2g is diagonalised
by the combinations

Correlator of the twisted component:

(x =5 —7)
(x—5)(5 =)

Correlator of the untwisted component:

X=Y
xy—1

(0] wP(v)]0) = 5 log = log

(0] D d1)]0) = 5 logx = V(5 = = D)5 =) = log(*=)

(0] D(u) ©(»)|0) =0

24



The real fermions ar nized: = : ¢®W .
e real fermions are bosonized Pu) = : ®W vertex operator

e PW oW = Ky, v) : PWHO0)

The bi-local factors 7 , (u, v) are generated by

_ . Outial2)+®(u—ial2) .
the correlations of the vertex operator 7 () =:1e e

ﬁab(% v) = (0] %a(u) %b(") |10)

Part of the measure is generated by modifying the expectation value

; _f41 A
(0);0 = (010 V75 1))

(@W))s = —igllx — 1/x) = (£ + Dlogx
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Operator representation of the octagon

The rest of the measure originates from the
(regularized) expectation value of the exponential field:

. dx .
e = \/§E e < e >, = Q (u) = e®W
< e®® 1 e®0) 1> = Q) K(u, v) Q,(v) = Ku, v)

Using this operator representation the sum over the
bound state labels a can be performed explicitly:

_ 1 A (du . Du—i0) . I . L O+i0)
o O,p= 2Zi<€XP[2 Izm' - € " cos¢—2cos9, - € .]>§f

20



Alternatively from mode expansion of the free fermion on the Zhukovsky plane

Yu) =) P, x@™ (0|¥,¥,0):=C,,=5,,,—9

n,m+1°

m,n > 0.
m>0

(6 )

Z x(u)™ C,,, x(uy)™"

n,m=0

x(uy) — x(“z) _

QPR )0 = =1

Inserting this mode expansion :

1 -L1, ¥ K, ¥
O, = 5 X, (0] Znza o) 0)

27



Thanks
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The Hexagon proposal:

Correlation functions - described by a “path integral” on a sphere with n boundaries
associated with one-trace operators

1) Cut the world sheet into hexagons (assign special form factors 7%, )
Basso, Komatsu, Vieira, 2015

0, a @
@ @ | |
Z ﬁl Io/_\o Q\

pariions. of o o e T N

o) 0, \ /z \ ./

2) Glue back by inserting a complete set of virtual (mirror) states at each cut.

e a a a

| I ,I I | | ,I T

I ! ! \ | \

0 I !

— // \\ //% \\ du £/ /, \\ y U //% \\

— Z 7 AN 7 2 N + — € 13 A 2T N -6 SR T
ava=
\///‘—\\\; \///’—\\\/ — Q0 27[ \//’_‘\\ \//——\\\/

Li+L,—L,

29 13=
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\—

“analogs” of the ‘screening
charges’ in Liouville theory

> Jduaw) V(u, a)

a

V(M Cl) —- eCD(u+ia/2): :e(D(u—ia/2):

bulk operator in boundary CFT,
with “defects”

~
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