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Main result

We propose a new N -extended supersymmetric A, Calogero model
whose supercharges have the standard form maximally cubic in the
fermions. The complexity of the model is encoded in a non-canonical
and nonlinear conjugation property of the fermions. Employing the new
cubic supercharges, we apply a supersymmetric generalization of a
"folding" procedure for A>,_1 & Aq to explicitly construct the
supercharges and Hamiltonian for arbitrary even-N supersymmetric
extensions of the By, C, and D, rational Calogero models. We
demonstrate that all considered models possess a dynamical
superconformal symmetry.

We also constructed V' = 4 hyperbolic/trigonometric Calogero models
associated with the algebras A, B,, C, and Dy,
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Bosonic Calogero models

Bosonic Calogero models

The Calogero model describes the system of identical particles on the line with
inverse-square interaction potentials. lts Hamiltonian is

1 < 1 g
ISl 9
H—ZIZ:;P, +2,§(xf—x/)2’

To make the system bound, one has to include an external harmonic oscillator
potential that confines the system:

e N2
H— H4~y ;(x>

This additional term does not spoil the basic features of the system and leads to an
integrable system.
The evident symmetries of the Calogero model are

@ Translation invariance: x' — x' + a, p — p;
@ Parity: x' — —x', pi — —p;
@ Permutation symmetry
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Bosonic Calogero models

Less trivial symmetry is the dynamical conformal symmetry. Indeed, one may check
that the following conserved currents

19~ (1\2 o 2 e,
K:E;(x) —t;Xp;+tH, D:—E;pr+tH
form, together with the Hamiltonian H, so(1, 2) algebra
{H,K}=2D, {H,D}=H, {K,D}=-K

This symmetry means that "real" Calogero model starts with 4-particles. Indeed,
@ Due to the Translation invariance the center of mass decouples: H, — Hn_1

@ Conformal symmetry dictates the following form of the Hamiltonian
1 -2 Hn_2
Hp_1 = 3P+ 2
Thus, the generic conformal mechanical system splits into a “radial” and an “angular”
(Hn—2) parts.
Note, that

{Hn—27 Hn—1} = O» {f, Hn—2} = {pr» Hn—2} =0.
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Bosonic Calogero models

There are several integrable modifications of the Calogero model:
@ The spin-Calogero models with the Hamiltonian

tr (SiS))
222 22 _’

(x'

The S; are a set of independent classical U(n) spins with the proper Poisson
brackets.

@ B,, C, and D, Calogero models

n
=32+
i=1

i

3% o

— x)? (x’ + x)?

@ The Sutherland model

Zp’ 225|n2(xl,

i#
@ The hyperbolic Sutherland model

| < 4 9
= = T 9P = 5, . <
2 ;P/ 2 ; sinh? (x' — xJ)
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Standard N = 4 supersymmetrization

Standard N = 4 supersymmetrization

The N = 4 supersymmetrization of the n-particles Calogero model being the puzzle
for a long time. In the standard approach, to construct the supercharges
Q% Qp, (a,b=1,2) forming an N’ = 4, d = 1 Poincaré superalgebra

{@. @} =0, {0.Gs}=0 {a&"0}=-2iH,

for n-dimensional systems one has introduce four fermionic degrees of freedom
¥ 4, for each bosonic degrees of freedom x'.

Let us remind that the irreducible N = 4 supermultiplets in d = 1 have the structure
(k,4,4 — k) - i.e. k - physical bosons, just four fermions and 4 — k auxiliary
components. Clearly, the natural choice for A" = 4 supersymmetric n-particles
Caogero model is to pick up n (1,4, 3) supermultiplets.
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Standard N = 4 supersymmetrization

The most general ansatz for the standard supercharges reads:

Zpllpa"i‘ Zw¢al+lzl:ljkwb’¢l ¢ak+IZqu¢a”(/1b]wa

iJ,K ij,k
oa—Zp,wa lzwwa+IZﬂkwbw"'wa+lZeukwawz P
iJ,k ij,k

Here, Wi, Fix and G are arbltrary, for the time being, real functions depending on n
coordinates x’. In addition, we assume that the functions Fjx and Gjx are symmetric
and anti-symmetric over the first two indices, respectively:
Fix = Fji, Gk = —Gjk.

The conditions that these supercharges span an A= 4 super Poincaré algebra result
in the following equations on the functions involved:

o G,‘/k =0, F,‘jk — F/kj =0= F,‘jk is totally symmetric,

@ 0iFjkm — 0iFixm = 0 = Fjx = 0;0;0kF,

@ >, FiwFimp — 3=, FikoFimp = 0 = WDVV equation
and

oa,-W,-—a,-W,-:O = W, = oW

@ IGW + 3, FixdW = 0.
Unfortunately, only 3-particles Calogero model fits this schema.
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Standard N = 4 supersymmetrization

It seems that a guiding principle was missing for the construction of extended
supersymmetric Calogero models. Indeed, while for n < 3 translation and
(super-)conformal symmetry almost completely defines the system, the n > 4 cases
admit a lot of freedom which cannot a priori be fixed. In the bosonic case, such a
guiding principle exists. The Calogero model as well as its different extensions are
closely related with matrix models and can be obtained from them by a reduction
procedure (the first results in this direction have been obtained by A. Polychronakos).
If we want to employ this principle also for finding extended supersymmetric Calogero
models, then the two main steps are

@ supersymmetrization of a matrix model
@ supersymmetrization of the reduction procedure or proper gauge fixing.
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Bosonic Calogero model from hermitian matrices

Bosonic Calogero model from hermitian matrices

It is well known that the rational n-particle Calogero model can be obtained by
Hamiltonian reduction from the hermitian matrix model. Adapted to our purposes, the
procedure reads as follows. One starts from the su(n) spin generalization of the
standard Calogero model, as given by

n

n
H=gd s+ 22 s

(xi—xi)?
The particles are described by their coordinates x’ and momenta p; together with their

internal degrees of freedom encoded in the angular momenta (¢;)" = ¢; with
>_:%i = 0. The non-vanishing Poisson brackets are

{Xi, pj} = 5; and {f;j,fkm} = i((sl‘mfkj = 5k/“€im) .
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Bosonic Calogero model from hermitian matrices

To get the standard Calogero Hamiltonian one has to reduce the angular sector of the
latter, in two steps. Firstly, one (weakly) imposes the constraints
Ui ~lop~ ...~ lpp~0.

They commute with the Hamiltonian and with each other, hence are of first class. To
resolve them one introduces auxiliary complex variables v; and v; = (v;)' obeying the
Poisson brackets

{vi, ) = ~idy
and realizes the su(n) generators ¢; as

n

~ _ 1 _

E,‘/ =—ViVi+ 56,-,- E Vi Vg .
k

Secondly, passing to polar variables r; and ¢; defined as

i _ iy 1
vi=r€? and V=re " = Andt =59,
)

the constraints are resolved by putting
neh...xXMn.
Plugging this solution into the Hamiltonian one may additionally fix n—1 angles ¢;, say

¢1%¢2%...%¢n_1%0.
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Bosonic Calogero model from hermitian matrices

At this stage the 2n variables {r;, ¢;} are reduced to the two variables r, and ¢p.
However, the reduced Hamiltonian does not depend on ¢, and has the form

1 < T 7
Hred =5 pl2 = 7,7 .

Therefore
{H:wea, n} ~ 0 and rﬁ ~ const =: g,

and the reduced Hamiltonian H..q coincides with the standard n-particle rational
Calogero Hamiltonian.

In what follows we will construct an A/-extended supersymmetric generalization of the
su(n) spin Calogero model Hamiltonian and perform the supersymmetric version of
the reduction just discussed, finishing with an A -extended supersymmetric Calogero
model, for N =2Mand M =1,2,3,....
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N -extended supersymmetric su(n) spin-Calogero model

N-extended supersymmetric su(n) Calogero model

First step is to clarify what is the minimal number of fermionic variables necessary to
realize an N' = 2M supersymmetric extension of the su(n) spin-Calogero model.
Clearly, as partners to the bosonic coordinates x’ one needs A n fermions 2 and ©);
with a=1,2,... M. However, this is not enough to construct A/ supercharges Q? and
Qb which must generate the A'=2M superalgebra

{oa,bb} =—2igH ad  {@° Qb} ={0x, @} =0.

The reason is simple: to generate the potential term Z,ﬂ (- bty G in the Hamiltonian,

the supercharges Q% and Q, must contain the terms

. . Kllpﬁ d é/’p'!b
> g @ - Z v
i#f i#]
respectively, where pj and p; » are some additional fermionic variables. These
fermions cannot be constructed from 2 or ;.. Hence, we are forced to introduce
N'n(n—1) further independent fermions pf and p; 2 subject to pf = 52 = 0 for each
value of the index i.
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N -extended supersymmetric su(n) spin-Calogero model

In total, we thus utilize An? fermions of type 1 or p, which we demand to obey the
following Poisson brackets,

{vf, ¥jp} = —i 6365, {p], Pkmb} = —i658imOjx , with (/777')T = pjia and pjj = piia=0.

The next important ingredient of our construction is the composite object

M n
M= [(wf”—wﬁ) pyjat(Yia—thja) p§+Y_ (okdhia+ ﬁikap?j)} = (Mt =M.
a=1 P

One may check that the M form an su(n) algebra just like the ¢;,

{Nj, Mkm} = 1 (GimMNyg — 0 Mim) -
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N -extended supersymmetric su(n) spin-Calogero model

It is a matter of straightforward calculation to check that the supercharges

(% +ﬂ 4 + M)
Zpﬂ/’: e Z ij i) P/: and Qb—zpl¢:b—lzqu(ll+ i)
i# i#]

obey the N'=2M superalgebra with the Hamiltonian

1o 2. é,,—|—|'|,, (i + ;i)
HZE;p/ 22 — .2 )

i

modulo the first-class constraints
xi=Li+Nij=0 Vi,

with

{@xi} ~ {Oa’xi} ~{H,xi} ~ {xi,xj} ~ 0.
These supercharges Q% and Qp and the Hamiltonian H describe the N'=2M
supersymmetric su(n) spin-Calogero model.
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N -extended supersymmetric (no-spin) Calogero models

N-extended supersymmetric Calogero models

As we can see above, the supersymmetric analogs ¢; + M;; =~ 0 of the purely bosonic
constraints ¢; ~ 0 appear automatically. In terms of the 2n polar variables r; and ¢;
defined previously, these constraints can be easily resolved as

B+ Mg —Mp  for k=1,...,n—1.
After fixing the residual gauge freedom as
... o1 =0,

we obtain the supercharges and Hamiltonian which still obey the A'=2M
superalgebra and contain only the surviving pair (s, ¢») of the originally 2n “angular”
variables. One may check that the supercharges Q% and Qp and the Hamiltonian H,
with the generators ¢; replaced by #; and with the above partial solution of the
constraints taken into account, perfectly commute with r2 — IM,,. Thus, the final step of
the reduction is to impose the constraint

r,? —Mpp~const=:g and ¢, ~0.

The previous two relations are the supersymmetric analogs of r2 ~ const =: g. We
conclude that the full set of the reduction constraints reads

n?zg+ﬂi; and i ~0 for i=1,...,n.
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N -extended supersymmetric (no-spin) Calogero models

With these constraints taken into account, our supercharges Q2 and Qp and the Hamiltonian H
acquire the form

N n n / +|-| / +|‘|_|‘| a
Q= Z,Oﬂb}a - iz ( g - X/g_ P - U) ] )

i=1 i
pib (VG + Mi/g+ M — N
Q = Zp,w,b iy ( — ) :
i#f
. (\/9+n/:\/9+”y nij) <\/g+nii\/g+njj—nji)
H = Z A = Z ) )

/#/

It is matter of quite lengthy and tedious calculations to check that these supercharges and
Hamiltonian form an A'=2M superalgebra. The main complication arises from the expressions
v/ g + Mj; present in the supercharges and the Hamiltonian. Due to the nilpotent nature of Iy,
the series expansion eventually terminates, but even in the two-particle case with N=4
supersymmetry we encounter a lengthy expression,

\/g+n11 :\/§(1+2ig|_|11 sg2n11+16g3n 128g4n )
For n particles the series will end with a term proportional to (I'I,-,-)N("‘”. Clearly, these terms

will generate higher-degree monomials in the fermions, both for the supercharges and for the
Hamiltonian.
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New basis for the fermions

New basis for the fermions

In terms of the fermions pf and p; a, the supercharges Q@?, Q, and the Hamiltonian H
have a rather complicated structure due to the presence of the square roots /g + ;.
It is possible to redefine the fermionic components in such a way as to bring the
supercharges and Hamiltonian to the standard form, with the fermions appearing
maximally cubicly in the supercharges and quartically in the Hamiltonian. The price to
pay for this simplicity is a more complicated conjugation rule for the fermions.

The advertized transformation defines new fermions 5,? and E,ja as follows,

1 . _
ToiT PiVI+N;  and o= Pia\/g+ M.
n

The corresponding fermionic bilinears read

1
a __ -
i g+ N

NJ/2 n
Z Z glksk/a + £/k afk/) e rl!'j v 9 + njh
a=1 k=1 g+
so that the diagonal terms remain unchanged,
N/2 n NJ/2 n
=3 > (€Réha+Erath) =D > (pkpria+ Prapki) = Ni.
a=1 k=1 a=1 k=1
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New basis for the fermions

The supercharges Q% and Qa, when rewritten in terms of &7 and & a, acquire the
standard structure
n _|_|-|£ @ n _|_|-|§_|-|§ E
~Sooet i3 A 5,5, 43 1T G,
i=1 i#f / i#f Xj
The rewritten Hamiltonian H also contains maximally four-fermion terms,

1 (9+M; =) (g -+ =)
H==-> p 4 .
2; 2; (xi — x)°®

The complicated structure of the N-extended Calogero models is now hidden in the
conjugation rules for the new fermions and, consequentially, for I‘Ij The previous rules

(o) =pa and (" =Ty

induce on 5,7‘ 5_,-,-;, and I'I§ the conjugation rules

&
a\t g+n T E

€)' = g L6, (M) - A

With respect to these new conjugation rules the supercharges Q?, Qj are conjugated

to each other, and the Hamiltonian H is a Hermitian one for an A/-extended

supersymmetric Calogero model with A,_1 & A; symmetry.
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Bp, Cpn and D;, supersymmetric Calogero models

B,, C, and D, supersymmetric Calogero models

One may apply a supersymmetric generalization of the “folding” procedure, which
relates the Az,—1 @ Ay Calogero model with the B,, C, and D, ones. In the bosonic
case this reduction imposes the following identification of the 2n coordinates (X, Xn.+i)
and momenta (pj, pnyi) fori=1,....n

Xopyi—i=—X; and  popiq_j=—p;  for i< n

The fermionic equations of motion suggest that the bosonic constraints should be
supplemented by the fermionic identifications

a a a a
Eont1—ij = —&iant1—j = Eont1—ian1—j = —&ij  and
—Sonpi—ija = Ei2nt1—ja = &ant1—i2nti—ja = —&ija for i,j<n.
As a consequence, besides the I'Ifj new fermionic bilinears I'I,‘j appeared

NJ/2 n

- Z Z (€ikéxja — Eikally) -

a=1 k=1
One may check that I'Ig. and ﬁfi form an s(u(n) @ u(n)) algebra (remember that
>, N5 =0),
{M5. M} = {705, M} = i(0imMyy—04M5,)  and {1, MU} = i(Simf Ty —04M5,) -
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Bp, Cpn and D;, supersymmetric Calogero models

After taking care of these subtleties, one finally arrives at the supercharges

n (Né—né)ea no(Mé 4 1) ea
- Yedi- o g o ()
i#f J i ff AF 24

g n a_ ca ay c¢a n_ea
iz B +ig’zi and
2,.# Xj — X Xi + X — X

i
(ms - ,,)s,,a & (M8 +7E) &
Zplfua_lg 7 _1% X+ % +
g glja fjla E_fja+§_jia . 2 ‘f_/'ia
Z( Xj — Xj X,-+X/' >_lg/ZXi

i#f i

which, together with the Hamiltonian

H o= 7§:ﬁ 2:[( ;:%(9+ﬂ§ﬂ3+(g+ﬂ5+ﬁ®<g+n§+nﬂ

= Xi = X)? (xi + %))

g (o) o o) o

8 ~ X2
! 1

generate an N -extended super-Poincaré algebra.
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Bp, Cpn and D;, supersymmetric Calogero models

The bosonic part of this Hamiltonian has the standard form for the B,, C, and D,
Calogero models,

ISy ! S
Hbos*zzi:p/ 2 Z|:(X,—X] (XI+X])2:|+ 2 ZX?

i

The constructed systems possess the dynamical superconformal symmetries:
Osp(N/2|1) for the A, models and su(1,1|N/2) for B,, C, and D, models.
Summarizing, we developed the Hamiltonian description of the A/-extended
supersymmetric rational Calogero models. The crucial new feature is a particular
redefinition of the fermionic matrix degrees of freedom pf and 5;, accompanying the n
bosonic coordinates of the rational Calogero models. In terms of the new fermions &7
and ¢; , the supercharges forming an \/-extended super-Poincaré algebra are at most
cubic in the fermions, i.e. they acquire the standard structure common to almost all
known supersymmetric mechanics. The complicated structure of the initial
supercharges and Hamiltonian got traded for a quite complicated conjugation rule,
which is an almost symbolic price to pay for the drastic simplification.
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N = 2, 4 hyperbolic/trigonometric Calogero models N = 2 Hyperbolic Calogero model

In this simplest case the supercharges forming N' = 2 Poincaré superalgebra have a
quite simple structure

_ g+n; M i
Qup = Zp,ﬁu - Z[smh( —”Xj) ; ta“h(x"]_ X/)] i

= g+ M ;i =
Qhyo Zp@’ Z[smh( -Xx) tanh(X,{’f X,)] i -

They form the A/ = 2-extended super-Poincaré algebra together with the Hamiltonian

17 12 g+n; n: g+ n; N
H = — 2 U _ [} i - ji o
e = 2 ;p' Jr2 Iz#j: [(sinh(x,- — ) tanh(x — X;) sinh(x; — x;)  tanh(x; — X;) J

Thus, these supercharges and the Hamiltonian describe an A/ = 2-extended
supersymmetric hyperbolic Calogero model of type A,—1 @ Aj.

It should be noted that when checking the A/ = 2 superalgebra it is not enough to
know the brackets between IM; and the fermions &, §;. Instead, the explicit
expressions for M; have to be substitute in the supercharges. This makes the
calculations slightly more complicated as comparing to the previously considered
cases.
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N = 2, 4 hyperbolic/trigonometric Calogero models N = 2 Trigonometric Calogero model

It is quite expectable that in the A/ = 2 supersymmetric case passing from hyperbolic
to trigonometric case goes straightforwardly. Indeed, one may easily check that the
following supercharges

1 g+ M;
Qtrig Z,D/fu - ;[S”‘](XI _]/Xj) tan( 7 )] éjla

A . _ '—” g T rlu _ I_Iji s
G = Lk L[ - la
form the N' = 2-extended super-Poincaré algebra together with the Hamiltonian

1 1 g+n; Il g+n; Mji
[PUREE - U i i i ji e
trig 2§p’+2§ [(sin(x,-x,—) tan(x; — x;) / \'sin(x; — x)  tan(x — x;) + it

Thus, these supercharges and the Hamiltonian describe an A/ = 2-extended
supersymmetric trigonometric Calogero model of type A,_1 & As.
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N = 2, 4 hyperbolic/trigonometric Calogero models N = 4 Hyperbolic Calogero model

The evident generalization of the A/ = 2 supercharges to the A" = 4 supersymmetric
case is the following one

n
R B ca g+ I_lj/ rl/f a
Qhp = ;p@’ Z[smh —X)  tanh(X — X/‘)] 9

n . _
5hypa = Zpié_ﬁa Z[ g+ My s ] Sija -
i=1

sinh(x; — x;)  tanh(x; — x;)

The ansatz just mimics the structure of the supercharges of the A/-extended
supersymmetric Calogero model where all information about extended
supersymmetry was hidden in the structure of the object ;. However, this guess is
not correct and these supercharges do not form the A/ = 4 superalgebra. However, all
differences consist in the four-fermionic terms without any dependence on the
coordinates x;. The possible modification of the supercharges looks as follows

a a . a - A .=
thp: thp—laom Ohypa = thpa+laooa»

n n
Q=D &M, Q=Y &al.
if ij

The closure of the algebra imposed the final constraint

a? =1.

where
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N = 2, 4 hyperbolic/trigonometric Calogero models N = 4 Trigonometric Calogero model

The situation with the A = 4 supersymmetric trigonometric Calogero model is similar.
One has to start with the evident ansatz for the A = 4 supercharges

n g+n; M
a . i Ul d
Qlrig Zp’p” Z[sm(x, — X)) tan(x; — X/)] ik

0. — g+ nji ] -
Qtr/ga = Zp:ﬂna == 1 Z[Sln X/ — Xj tan(X; — Xj) Pija -

These supercharges again do not form closed superalgebra and again the following
modification

an-g = Qtarig - iﬁ Qg, ém’ga = alriga + 1/550 a,
with the same additional supercharges Qu, Qo cure the situation. The resulting
Hamiltonian reads

1 & 1 & g+ n; g+n; P
H,. — — 2, A _ ] I _ 74 M.l .
g ;p' +2 ; [(sin(x,- — X)) tan(x; — X;) sin(x; — x;)  tan(x; — X;) + il

However, the parameter 3 now has to obey the equation 52 = —1. The Hamiltonian Hyig does
not depend on the sign of 8 = +i and it is perfectly Hermitian. However, the supercharges do
depend on the parameter 8 and they conjugated as follows

T
( tng‘,@ ) = Qtriga‘,@:,i.
It is not completely clear whether such properties are satisfying.
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N = 2, 4 hyperbolic/trigonometric Calogero models Bp, Cn, Dy trigonometric/hyperbolic Calogero models

Trigonometric
0 - Z pigf — 1; g+ n”s.n(c:ix;,; X)Nj g+ ””SI(CZSY"X; x) M of+
e
& = ,Z;p'p"a X#,: e ﬁ/] e
D pLALURECOLIPN

g + ﬂjj = COS(X,' = x,)l‘l,,) (g + My — COS(X,' = xj)l'lj,) "
sin?(X; — ;)

H = *ZP,-‘F Z

i#
(g + I'Ijj + COS(X,' + Xj)ﬁ,j> (g + My + COS(X,' + Xj)ﬁ[l>

sin?(x; + Xj)

1 = =
] + 5 > (Mg + Figfiy) +

i.f

(g’ + M + C°5(2Xi)ﬁii) <Q' + N + C°5(2Xi)ﬁii)
2 = sin(2x;) ’
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N = 2, 4 hyperbolic/trigonometric Calogero models Bp, Cn, Dy trigonometric/hyperbolic Calogero models

Hyperbolic
@ = - | SO LA N g+
IZ g + ﬂ,jSI—rll-hcc;s)::§2X,) ;i o,
aa = Zplpua 1%; 2 n”smi::(o:,-hfxi(/; Xl) nli + = nljs;:(o)zh—(i-xigj X]) ﬁ :| p/:a
AL
H - 1 zn:P,z n 1 z": (g+ nj — cosh(x; — 'I) (g+ Mj; — cosh(x; ij)l'lj,-) N
2 2 o smh (xi — x;)

(g + |_|j/‘ + COSh(X,' + Xl)ﬁ’l) <g + M + COSh(X,' + Xl)ﬁl’>
sinh?(x; + X;)

n
} — %Z (I'I,-jl_lji + ﬁ,-jﬁji) +

i

(9' + M+ COSh(ZXI)ﬁii) (g’ + N+ cosh(2Xi)ﬁii)
2 & sinh2(2x;) ‘
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Conclusion

Conclusion

We constructed a wide class of A/-extended supersymmetric

rational/trigonometric/hyperbolic Calogero models. The main features of our models
are

@ a huge number of fermionic coordinates, namely N1? in number rather than the
N'n to be expected

@ the supercharges and the Hamiltonian contain terms which a fermionic power
much larger than three.

Clearly, these features merit a more careful and detailed analysis.
Let us list possible further developments:

@ Exceptional Lie algebras: extension of our analysis to models associated with
Go, F4 or Ep.

@ Trigonometric models: One should clarify the situation with ' = 4
supersymmetric trigonometric A, Calogero model.
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