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Introduction

Spontaneous breaking of supersymmetry

It is known that while single branes preserve one half the original supersymmetry,
some multiple brane configurations may exhibit different patterns of supersymmetry
breaking, such as , §, & and more. They are typically interpreted as systems of
branes, intersecting at different angles. Not a great number of supersymmetric actions
with such spontaneously broken and unbroken theories are known, and they are

primarily concentrated in the field of mechanics, (multiple) DO and MO branes.

It would be, therefore, of interest to try to employ the formalism of nonlinear
realizations to find the way to construct the actions of such kind. For test purposes, we
discuss relatively simple case of spontaneous breaking of some N =1,d =3
supersymmetries to the single one. As treatment of unspecified number of
supersymmetries will be difficult within the usual superfield formalism, we prefer to use
the formalism of nonlinear realizations to construct the on-shell component action.

We find that it is possible to construct the action of arbitrary number Ny of N = 1,

d = 3 Goldstone scalar multiplets. The constructed action exhibits SO(Np) symmetry,
and its structure is universal for more than four multiplets. No such action is found for
vector multiplets.
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The theory of Ny scalar d = 3 multiplets

Basic objects

The algebra we consider is just a direct sum of Np + 1 N = 1, d = 3 superalgebras,
{Qa,Qs} =2(c") ,Pa, {Sa: S} =26"(0"), ,Pas {Qas Sh} = 26052,

as well as Lorentz SO(1, 2) and automorphism SO(Ny + 1) generators. Here,
a,8=1,2AB=0,1,2andij=1,...,No.

We associate the generators Q., P4 with the coordinates of N = 1, d = 3 superspace
and Z', S., with the Goldstone bosons and fermions. The corresponding coset

element reads A gl il
iX"Pp 0% Qo o' S, Gid'Z"

g=e
The transformation in this coset space are induced by left multiplication, gog = g’h,
gdo = eeO‘Oa = 0gb* = Ea, 5QXA = ie"‘@ﬁ (UA)OLB’ 6@’1/)ai =0, (5qu =0,
gs = € 5 o Gep® = sox? = ie™epP (aA)W 508% =0, §oq’ = ich6°.

The following Maurer-Cartan forms are invariant with respect to the supersymmetry
transformations:

g 'dg = iAX P+ d6° Q. + dyp™*S), +iNg'Z’,

where Ax* = dx* +i(d0” 0° + dy' ") (o) 5 AQ = dq' +2id6* ..
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The theory of Ny scalar d = 3 multiplets

Covariant derivatives

Using the invariant forms Ax* and do, one can establish a set of derivatives, which
are covariant with respect to Ny + 1 supersymmetries:

Va=(E™"),%06, Ea®=04+ioap™ 4" (0®)

v’

Vo = Da —iVatp" 9" (°) 5, Da 9 i (o) dc.

~ 96
They satisfy the following commutation relations:

afB

Ve, Vs} = —2i(0%),Va—2iVatp” Voy’ (o°) Vo,
{VaVe} = -2iVeyh va" (o), Ve,
[Va, V] = 2iVap™Vep*(c°)  Ve.
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The theory of Ny scalar d = 3 multiplets

Relating Goldstone fields

As typically happen in the systems with spontaneously broken spacetime symmetries,
not all the Goldstone fields are independent. In particular, as Aq' and df* forms are
invariant, one can covariantly put the d6° projection of Aq' to zero and obtain

d6° (Vaq +2ip)) =0 = o/, = %Vaq’.

This is an example of the so called Inverse Higgs Effect. Note that from the relation
above one can obtain a new relation

Vats + Vol = 5{Va, Vo}a' = (¢°) ,,Ved' + Vo Voo (o°),, Ved'.

It expresses the symmetric part of Va1 in terms of V aq', while the antisymmetric
part remains undetermined. If we define the components as

dloso =0, Yuloo="va, Vadloso=Daqd, Vathsloo=capA + E(Jc)aﬂJé:,

the component limit of the superfield relation above implies
Ji = (1 + AfAF %JéJCk)DAq' + %Jzﬁkpsq" — eA®°Dpq JEA™.

Thus the system remains off-shell for any number of multiplets!
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The theory of Ny scalar d = 3 multiplets

Equation of motion

To make the construction of the sample action of many scalar multiplets simpler, one
can assume that it retains the explicit SO(Np) invariance. In this case, the only
possible equation of motion for general Ny is A' = 0. Indeed, if we sum up all indices
according to the standard rule, the only terms in the Lagrangian, which contain A’
field, are quadratic in it: A/A", Dag'A' DAG' A, et.c. Then the algebraic equation of
motion of A’ would read A’A’ = 0. If the action contains standard A® term, the matrix
N'A = 0 begins with 6% and is not degenerate. Thus it is safe to assume that A' =0
from the beginning.
Also let us note the situation is different in the particular case Ny = 4, one can
construct the term

AfﬁijkleABCDA quB quC q/7
which is linear in A" and would lead to the nontrivial equation of motion. As
combination Dxq'¢™e*B°D g/ Dsg*Deq’ = 0, being antisymmetric in A, B, C, K, the
possible equation of motion in this case is

A — ¢(Dq)€”k’eABCDAq’Dquch/.
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The theory of Ny scalar d = 3 multiplets

The broken supersymmetry

The components transform with respect to the broken supersymmetry as

5§qI':_U08CqI'7 6§wlla:€ia_ucacwlla’ 6§Ai:_UCBCAi,
85Ja = —UC8cds, UM =i p* (o7)

v’

The previously defined broken supersymmetry covariant derivative reads
Da=(£7"),%08, &a® =03 — i 0a"” (aB)W,
65Daq = —U°3cDaq’, d5det€ = —9c(UC det€)

Therefore, the main part of the action, with nontrivial bosonic limit, can be constructed
in standard way

/ d*xdet EF (Daq) = / dPx det EF (J3).

The SO(Ny) invariant action should depend on Lorentz and SO(NO) invariants, such
astrd", n=1,2,3, if das = Daq'Dsq’, or trX", n =1,2,3, Xag = JyJs.
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The theory of Ny scalar d = 3 multiplets

The Wess-Zumino terms

For arbitrary Ny, one can construct one Wess-Zumino term
Lwzi = idet&*®°Dag'Ded (v Doty — ¥ *Deyl) =
55Lwzi = —0k(U'Luz) +idet& €**°Dag' Ded (€D, — €°Doyly) =
~ 9k (U Lwz) +idc (EAscaAqiasqi(Eiaiﬁ{x - Eja%t))-

In the case Ny = 4, the second Wess-Zumino term can be added
Lwze = idet € BN Dag Degv* Dyl

It is invariant for the same reasons.
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The theory of Ny scalar d = 3 multiplets

The unbroken supersymmetry

The unbroken supersymmetry transformations of the components can be derived with
the help of the formula §5f = €7D, f|g_,0 Or

* . v i i i i iv i
6of = 'V floo+H 0cf, HY = —ie" " A* (aA)W+§ew;J’*'+§e"BCew' Js(oc),,

The case of general N, turns out to be simpler, as A’ = 0. Then the variations of the
basic components read

* . i i * i 1 a i io
559 = —2iyl, + H°0cq', 55y :567(00)7 Je + HCdcy'™.

Note that the variation of v/, and, as a consequence, of £4°, contains J}, which
should be expressed in terms of Daq' with use of the equation

i 1 i 1 i
S — (1 - ZJéJCk)DAq + 5 A% Dad

This relatively simple equation, however, appears to be very hard to solve in terms of
Ja. Use of the J, as a basic variable also has drawbacks: to derive its correct
transformation law, one should find V24, | .o if A" # 0 (otherwise the transformation
laws will contain +/ on-shell). This could be done, but it leads to rather complicated
expression for V24! |5 0.
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The theory of Ny scalar d = 3 multiplets

The unbroken supersymmetry

The most practical approach to this problem is to find the variation of the das

050as = —2ic" Dy Dpq' + i€ Dayyk S Cdcs +
—HEMDAl/JVk (UD);WJéGCDEdBE + (A > B)

and of traces of its powers and express all the Daq’ in terms of J}, using the formula

Go= MPDsg, Ma®= (1 TX)aE 41X = Dag = (M), 5%,

-1\ B _ 1 1 2 1.0\ 1 1 8, 1/y2 B
(M),° = G (1+ 700" = gk — 5 (1+ gX) 0+ 06),7),
= 1= exs x4 ol - Loxex? 4+ Loxe

detM = 14— X+ 16(trX) + 795 (rX) gl X" — ot Xt X® 4+ 2.
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The theory of Ny scalar d = 3 multiplets

The unbroken supersymmetry

Afterwards, one can find the variations of tr(X") by solving the linear system of
equations
otrd otrd

_ 2 otrd
otrd = atW&trX + X otr X< + X3

While it is not practical to write down tr(X") explicitly, it is worth to note that they, and
consequently the variation of the main part of the Lagrangian, consist of terms

Strx®, .

e Dahd, Daph X*Pp, e Daysl (X2) U,
eal)AdﬂB(aD)aBJQGCDA, eal)sdﬂﬁ)(f(ao)aﬁJéeCDA, ea135¢/6()(2)i(ap)a5JéeCDA
with some scalar functions. All the terms which do not contain the ¢**°-symbol can
not combine into the full divergence even if J, were expressed in terms of Daq'.
Therefore, coefficients of them in the variation of the Lagrangian should vanish. This
condition is strong enough to fix the main part of the Lagrangian as
2
2(1 - 4trx)
det M

det&
det M

Lo=—det€ . 65Lo = 2i (1 — %trX) e Dat’” M (0p) ;6.

N. Kozyrev (BLTP JINR, Dubna) Breaking many d=3 supersymmetries SQS-19, Yerevan, 30.08.19 11/18



The theory of Ny scalar d = 3 multiplets

The variation of WZ term

The variation of the Wess-Zumino term after some simplifications and neglecting full
divergencies can be written as

55Lwz = —2i"*°0aq 95q * (c°) ﬁacq//'ﬁ Jp + 8™ 5C Pl Oaq Dy dch,.
Substituting here Dag’ = (M) ,® Jp, one can rewrite the first term as

det& EABC
det M
detE 1 ABC a i K iB
d tM(1 — Ztl’X)e € JA(UB)aBMC D'’
Therefore, the complete variation reduces to

SoLwz = —4i"® (0a) . eaacz//ﬂ 98q — 2¢"°0pq/ e On(Yiy™) dcy” +

detE 1 @ 9
42 (1= gUX) e i (08),, , Mo D’

4
Therefore, Lo + 1/2 Ly is invariant with respect to the unbroken supersymmetry.

idet £*°°Daq'Dpl e (o), BDCWJL, =2 Jndpdie® (o), 5MCKDK¢”3 -

= —4idet £ Dpqe” (aa)  ,De” —
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The theory of Ny scalar d = 3 multiplets

The complete action

In the particular cases of Np = 1, Ny = 2 the obtained Lagrangian reduces to the
Lagrangians of the membranes in D = 4 and D = 5, and in the latter case one may
expect an additional hidden unbroken N = 1, d = 3 supersymmetry. It does not have
Nambu-Goto form for higher number of fields, however. In particular, one can formally
solve the equation that relates J} and Daq’ to find that in the bosonic limit

Ja=(1- %trx)aAq" + %Jzﬁ"agq’ = (1- %trX) =\, dag = 04G'984q',

; 1 : 1
Jh=2N— ) Bopq’, 24+ A=2NF(— — ),
A (1+\/1—2l\d)A s = (1+\/1—2Ad>

Ebos:—JiAdet(1+v1 —2Ad)

Expanded as a power series, the Lagrangian reads

1 1 1 1 3 5
Lpos = —2+ [ftrd] + [ftrd2 - f(trd)z} + [—(trd)3 - ﬁtrdtrd2 + ﬂtrdﬂ +
2 2 3
[ oz (1) = (trd) troP + 3—2(trd )2 —ztrdtrd ]+
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The theory of Ny scalar d = 3 multiplets

The Ny = 4 case

The special case No = 4 can be treated by the means similar to the described above
If the equation of motion for A’ is assumed to be
A = o(J)MPCM S U g,

more terms in the variations appear, which contain
eABCe”k’JLJgJ/ce“ (aK)WDKwk", eABCe”k’JAJgJée“ (O’K) D, wk"Xk,
M S dge (), Dt (XP) .
The ansatz for the Lagrangian now contains two Wess-Zumino terms
Lo—a = —det EF(J) + Ciidet £ **°Daq'Daq (' Dol — ¥/ *Del,) +
+Coidet € BN DLq Deg v Doy,

The unbroken supersymmetry transformations do not fix the constants completely.
The ¢ function has to satisfy the cubic equation

—Cz + C1®(24 — BtrX + 864 det Xd%) = 0.
The main function can be determined as (C1 = 1/2, C,

= +1/2- membrane in D = 7)
1 2 1
F=- tM(4c1( — 2UX)° + 18det XO(Cz +8C) (1 — ZtrX) )
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The theory of Ny scalar d = 3 multiplets

The vector multiplets

While one can dualize the scalar fields in the actions above into the electromagnetic
fields, one can try to construct the action of many vector multiplets from the first
principles. Contrary to the expectation, it turns out that the analog of system with
arbitrary number of scalars does not exist.

The SO(Ny) invariant system of Ny vector multiplets has to be described by the
irreducibility conditions Voﬂpa’ =0, as no SO(Ny) covariant terms can be added to
right-hand side. The terms like V1%V 347V 4*' contain V4, and, therefore,
lead to the equivalent condition A’V 4% = 0.

Unlike the known case Ny = 1, the condition for Ny multiplets is not acceptable.
Indeed, one should be able to use the irreducibility conditions to derive the Bianchi
identity for the field strength, which should be equivalent to 94F” = 0. In the present
case it reads

VVsVap™ =0 = {Va,Vs} V4" + fermions = 0.

One can define Vapls|o—0 = %(UA)M V), and obtain in the bosonic limit.

V(1 — % VLVE) + % VAVE,V = 0.
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Many vector multiplets

The vector multiplets

Considering the identity
V(1 — % Vive) + % VAVI9, Vi = 0.
in the cubic approximation in the fields, one can rewrite the last term as
a(VIVIVE) — 04V VI9uV — VIVE O,V

The first term is suitable, the second term 9, V¥ V¥9, V), can be canceled by
multiplying the identity by the suitable matrix, but the last one can not unless the
equation of motion of VA (94V5 — 95V} + ... = 0) is taken into account.

Now one can think that the system is inherently on-shell and should be formulated in
terms of the vector potential. Let us assume that the system is described by the
Goldstone fermion and the vector potential with the following broken supersymmetry
transformation laws

080 = et — USDctl, 05Ah = eascUPFY, UM =idty (o%)
All the terms in the transformation law of the vector potential are assumed to be gauge
invariant. These transformations close off-shell properly,

(051, 652) o = —2ies el (o) Oaly and [0, 652] A = 2ies“e7* (o), (0nAB—0pAb).

pnv

FA = 505 A0.
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Many vector multiplets

The vector multiplets

The unbroken supersymmetry transformation law of +',, which commutes with broken
supersymmetry off-shell, necessary has structure

Sovh, = Sah — H Okl,, H =iy ooy (o) | 85001l = —U Okdaih.

If we assume that the unbroken supersymmetry transformation law of the potential is
56./4:4 = 0oA) + EAchB]:C’, then

[66’ 6§] Af‘* = _SS (SQAL\) ar UBaAsoAiB I 8A (GBCDUBHCfDi),
If the transformation law of the potential §q.Ay = iead’ﬁ[(“)ag + ... begins just like

the law of the free system, the expression —ds(3g.4%) + UP8ado.Aj can not be
reduced to gauge transformation. Indeed, in the lowest approximation in the fermions

UPOa8a Al ~ el 0ns + €yl Onpl.
The most general, up to gauge transformation, cubic contribution to 0.4 is
SaAh = ie* 9! (0a) 5 + a€™ Oatbe Wy + b)Y Ont,
—9s(SaAh) = —ie*e” (0a) ., — 286" Y, Oathe, — b YL MY, + be el Oatl.

Therefore, —3s(da.Al) + UP9adaAj is not a gauge transformation even if 9,59 = 0.

v’
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Conclusion

Conclusion

In this talk, we considered the systems with arbitrary number of Goldstone N = 1,

d = 3 multiplets. It was found that in the case of scalar multiplets, it is possible to
construct the action, invariant with respect N, broken supersymmetries and one
unbroken supersymmetry (with the simplifying assumption of SO(Ny) invariance).
This action exists for arbitrary Ny and, aside of some low values of Ny, has universal
structure. Unlike the scalar case, it was found to be impossible to construct the action
of arbitrary large number of vector multiplets, at least while preserving the SO(Ny)
symmetry.

It would be interesting to learn whether analogs of these systems exist in higher
dimensions and whether systems, that combine the scalar and vector multiplets, exist.
As theories with arbitrarily large number of supersymmeties do not have clear string
theory interpretation, it remains a question how to properly position these theories in
the broader context. The idea of SO(N,) invariance may also be too restrictive.

Let us also note that construction of the mechanics with ] breaking of global
supersymmetry revealed that the underlying algebra can be interpreted as a reduction
of some higher dimensional super Poincare algebra, extended by tensorial central
charges. It would be interesting to identify the appropriate higher dimensional
algebras that correspond to the considered systems.
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