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Introduction

Spontaneous breaking of supersymmetry

It is known that while single branes preserve one half the original supersymmetry,
some multiple brane configurations may exhibit different patterns of supersymmetry
breaking, such as 1

4 , 1
8 , 3

16 and more. They are typically interpreted as systems of
branes, intersecting at different angles. Not a great number of supersymmetric actions
with such spontaneously broken and unbroken theories are known, and they are
primarily concentrated in the field of mechanics, (multiple)D0 and M0 branes.
It would be, therefore, of interest to try to employ the formalism of nonlinear
realizations to find the way to construct the actions of such kind. For test purposes, we
discuss relatively simple case of spontaneous breaking of some N = 1, d = 3
supersymmetries to the single one. As treatment of unspecified number of
supersymmetries will be difficult within the usual superfield formalism, we prefer to use
the formalism of nonlinear realizations to construct the on-shell component action.
We find that it is possible to construct the action of arbitrary number N0 of N = 1,
d = 3 Goldstone scalar multiplets. The constructed action exhibits SO(N0) symmetry,
and its structure is universal for more than four multiplets. No such action is found for
vector multiplets.
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The theory of N0 scalar d = 3 multiplets

Basic objects
The algebra we consider is just a direct sum of N0 + 1 N = 1, d = 3 superalgebras,{

Qα,Qβ

}
= 2

(
σA)

αβ
PA,

{
S i
α,S

j
β

}
= 2δij(σA)

αβ
PA,

{
Qα,S i

β

}
= 2εαβZ i ,

as well as Lorentz SO(1, 2) and automorphism SO(N0 + 1) generators. Here,
α, β = 1, 2, A,B = 0, 1, 2 and i, j = 1, . . . ,N0.
We associate the generators Qα, PA with the coordinates of N = 1, d = 3 superspace
and Z i , S i

α with the Goldstone bosons and fermions. The corresponding coset
element reads

g = eixAPA eθ
αQαeψ

iαSi
αeiqi Z i

.

The transformation in this coset space are induced by left multiplication, g0g = g′h,

gQ = eε
αQα ⇒ δQθ

α = εα, δQxA = iεαθβ
(
σA)

αβ
, δQψ

αi = 0, δQqi = 0,

gS = eε
iαSi

α ⇒ δSψ
αi = εαi , δSxA = iεαiψβi(σA)

αβ
, δQθ

α = 0, δQqi = iεi
αθ

α.

The following Maurer-Cartan forms are invariant with respect to the supersymmetry
transformations:

g−1dg = i4xAPA + dθαQα + dψiαS i
α + i4qiZ i ,

where 4xA = dxA + i
(
dθα θβ + dψiαψiβ)(σA)

αβ
, 4qi = dqi + 2idθαψi

α.

N. Kozyrev (BLTP JINR, Dubna) Breaking many d=3 supersymmetries SQS-19, Yerevan, 30.08.19 3 / 18



The theory of N0 scalar d = 3 multiplets

Covariant derivatives

Using the invariant forms 4xA and dθα, one can establish a set of derivatives, which
are covariant with respect to N0 + 1 supersymmetries:

∇A =
(
E−1)

A
B∂B, EA

B = δB
A + i∂Aψ

iµψiν(σB)
µν
,

∇α = Dα − i∇αψiµψiν(σB)
µν
∂B, Dα =

∂

∂θα
− iθβ

(
σC)

αβ
∂C .

They satisfy the following commutation relations:{
∇α,∇β

}
= −2i

(
σA)

αβ
∇A − 2i∇αψjµ∇βψjν(σC)

µν
∇C ,{

∇A,∇α
}

= −2i∇αψjµ∇Aψ
jν(σC)

µν
∇C ,[

∇A,∇B
]

= 2i∇Aψ
kµ∇Bψ

kν(σC)
µν
∇C .
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The theory of N0 scalar d = 3 multiplets

Relating Goldstone fields
As typically happen in the systems with spontaneously broken spacetime symmetries,
not all the Goldstone fields are independent. In particular, as 4qi and dθα forms are
invariant, one can covariantly put the dθα projection of 4qi to zero and obtain

dθα
(
∇αqi + 2iψi

α

)
= 0 ⇒ ψi

α =
i
2
∇αqi .

This is an example of the so called Inverse Higgs Effect. Note that from the relation
above one can obtain a new relation

∇αψi
β +∇βψi

α =
i
2
{
∇α,∇β

}
qi =

(
σC)

αβ
∇Cqi +∇αψjµ∇βψjν (σC)

µν
∇Cqi .

It expresses the symmetric part of ∇αψβ in terms of ∇Aqi , while the antisymmetric
part remains undetermined. If we define the components as

qi |θ→0 = q i , ψi
α|θ→0 = ψi

α, ∇Aqi |θ→0 = DAq i , ∇αψi
β |θ→0 = εαβAi +

1
2
(
σC)

αβ
J i

C ,

the component limit of the superfield relation above implies

J i
A =

(
1 + Ak Ak − 1

4
Jk

CJCk
)
DAq i +

1
2

Jk
AJBkDBq i − εA

BCDBq iJm
C Am.

Thus the system remains off-shell for any number of multiplets!
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The theory of N0 scalar d = 3 multiplets

Equation of motion

To make the construction of the sample action of many scalar multiplets simpler, one
can assume that it retains the explicit SO(N0) invariance. In this case, the only
possible equation of motion for general N0 is Ai = 0. Indeed, if we sum up all indices
according to the standard rule, the only terms in the Lagrangian, which contain Ai

field, are quadratic in it: AiAi , DAq iAi DAq jAj , et.c. Then the algebraic equation of
motion of Ai would read ΛijAj = 0. If the action contains standard A2 term, the matrix
ΛijAj = 0 begins with δij and is not degenerate. Thus it is safe to assume that Ai = 0
from the beginning.
Also let us note the situation is different in the particular case N0 = 4, one can
construct the term

AiεijklεABCDAq jDBqkDCq l ,

which is linear in Ai and would lead to the nontrivial equation of motion. As
combination DK q iεijklεABCDAq jDBqkDCq l = 0, being antisymmetric in A,B,C,K , the
possible equation of motion in this case is

Ai = Φ(Dq)εijklεABCDAq jDBqkDCq l .
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The theory of N0 scalar d = 3 multiplets

The broken supersymmetry

The components transform with respect to the broken supersymmetry as

δ?Sq i = −UC∂Cq i , δ?Sψ
iα = εiα − UC∂Cψ

iα, δ?SAi = −UC∂CAi ,

δ?SJ i
A = −UC∂CJ i

A, UA = iεkµψkν(σA)
µν
.

The previously defined broken supersymmetry covariant derivative reads

DA =
(
E−1)

A
B∂B, EA

B = δB
A − iψkµ∂Aψ

kν(σB)
µν
,

δ?SDAq i = −UC∂CDAq i , δ?S det E = −∂C
(
UC det E

)
Therefore, the main part of the action, with nontrivial bosonic limit, can be constructed
in standard way

S0 = −
∫

d3x det EF
(
DAq i) = −

∫
d3x det EF̃

(
J i

A
)
.

The SO(N0) invariant action should depend on Lorentz and SO(N0) invariants, such
as trdn, n = 1, 2, 3, if dAB = DAq iDBq i , or trX n, n = 1, 2, 3, XAB = J i

AJ i
B .

N. Kozyrev (BLTP JINR, Dubna) Breaking many d=3 supersymmetries SQS-19, Yerevan, 30.08.19 7 / 18



The theory of N0 scalar d = 3 multiplets

The Wess-Zumino terms

For arbitrary N0, one can construct one Wess-Zumino term

LWZ1 = i det E εABCDAq iDBq j(ψiαDCψ
j
α − ψjαDCψ

i
α

)
⇒

δ?SLWZ1 = −∂K
(
UKLWZ

)
+ i det E εABCDAq iDBq j(εiαDCψ

j
α − εjαDCψ

i
α

)
=

= −∂K
(
UKLWZ

)
+ i∂C

(
εABC∂Aq i∂Bq j(εiαψj

α − εjαψi
α

))
.

In the case N0 = 4, the second Wess-Zumino term can be added

LWZ2 = i det E εABCεijklDAq iDBq jψkαDCψ
l
α.

It is invariant for the same reasons.
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The theory of N0 scalar d = 3 multiplets

The unbroken supersymmetry
The unbroken supersymmetry transformations of the components can be derived with
the help of the formula δ?Q f = εγDγf|θ→0 or

δ?Q f = εγ∇γf|θ→0+HC∂C f , HA = −iεµψkνAk(σA)
µν

+
i
2
εγψi

γJAi +
i
2
εABCεµψiνJ i

B
(
σC
)
µν
.

The case of general N0 turns out to be simpler, as Ai = 0. Then the variations of the
basic components read

δ?Qq i = −2iεγψi
γ + HC∂Cq i , δ?Qψ

iα =
1
2
εγ
(
σC)

γ

α J i
C + HC∂Cψ

iα.

Note that the variation of ψi
α, and, as a consequence, of EA

B , contains J i
A, which

should be expressed in terms of DAq i with use of the equation

J i
A =

(
1− 1

4
Jk

CJCk
)
DAq i +

1
2

Jk
AJBkDBq i .

This relatively simple equation, however, appears to be very hard to solve in terms of
J i

A. Use of the J i
A as a basic variable also has drawbacks: to derive its correct

transformation law, one should find ∇2ψi
α|θ→0 if Ai 6= 0 (otherwise the transformation

laws will contain ψ on-shell). This could be done, but it leads to rather complicated
expression for ∇2ψi

α|θ→0.
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The theory of N0 scalar d = 3 multiplets

The unbroken supersymmetry

The most practical approach to this problem is to find the variation of the dAB

δ?QdAB = −2iεγDAψ
i
γDBq i + iεγDAψ

k
γJkCdCB +

+iεµDAψ
νk(σD

)
µν

Jk
Cε

CDE dBE +
(
A↔ B

)
and of traces of its powers and express all the DAq i in terms of J i

A using the formula

J i
A = MA

BDBq i , MA
B =

(
1− 1

4
trX
)
δB

A +
1
2

XA
B ⇒ DAq i =

(
M−1)

A
BJ i

B,(
M−1)

A
B =

1
det M

[(
1 +

1
16
(
trX
)2 − 1

8
trX 2

)
δB

A −
1
2

(
1 +

1
4

trX
)

XA
B +

1
4
(
X 2)

A
B
]
,

det M = 1− 1
4

trX +
1

16
(
trX
)2

+
1

192
(
trX
)3 − 1

8
trX 2 − 1

32
trX trX 2 +

1
24

trX 3.
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The theory of N0 scalar d = 3 multiplets

The unbroken supersymmetry

Afterwards, one can find the variations of tr
(
X n) by solving the linear system of

equations

δtrd =
∂trd
∂trX

δtrX +
∂trd
∂trX 2 δtrX

2 +
∂trd
∂trX 3 δtrX

3, . . .

While it is not practical to write down δtr
(
X n) explicitly, it is worth to note that they, and

consequently the variation of the main part of the Lagrangian, consist of terms

εαDAψ
i
αJ iA, εαDAψ

i
αX ABJ i

B, εαDAψ
i
α

(
X 2)ABJ i

B,

εαDAψ
iβ(σD

)
αβ

J i
Cε

CDA, εαDBψ
iβX B

A
(
σD
)
αβ

J i
Cε

CDA, εαDBψ
iβ(X 2)B

A

(
σD
)
αβ

J i
Cε

CDA

with some scalar functions. All the terms which do not contain the εABC-symbol can
not combine into the full divergence even if J i

A were expressed in terms of DAq i .
Therefore, coefficients of them in the variation of the Lagrangian should vanish. This
condition is strong enough to fix the main part of the Lagrangian as

L0 = − det E
2
(

1− 1
4 trX

)2

det M
, δ?QL0 = 2i

det E
det M

(
1− 1

4
trX
)
εαDAψ

iβMB
A(σD

)
αβ

J i
Cε

BCD.
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The theory of N0 scalar d = 3 multiplets

The variation of WZ term

The variation of the Wess-Zumino term after some simplifications and neglecting full
divergencies can be written as

δ?QLWZ = −2iεABC∂Aq i ∂Bq j εα
(
σD)

αβ
∂Cψ

jβJ i
D + 8εABCεβψi

β ∂Aq j ∂Bψ
iα∂Cψ

j
α.

Substituting here DAq i =
(
M−1)

A
B J i

B , one can rewrite the first term as

i det EεABCDAq iDBq jεα
(
σD)

αβ
DCψ

jβJ i
D = −2i

det E
det M

εABCJ i
AJ i

DJ j
Bε
α(σD)

αβ
MC

KDKψ
jβ =

= −4i det EεABCDBq jεα
(
σA
)
αβ
DCψ

jβ − 4i
det E
det M

(
1− 1

4
trX
)
εABCεαJ i

A
(
σB
)
αβ

MC
KDKψ

jβ .

Therefore, the complete variation reduces to

δ?QLWZ = −4iεABC(σA
)
αβ
εα∂Cψ

jβ ∂Bq j − 2εABC∂Bq jεα∂A
(
ψi
λψ

iλ)∂Cψ
jβ +

−4i
det E
det M

(
1− 1

4
trX
)
εABCεαJ i

A
(
σB
)
αβ

MC
KDKψ

jβ .

Therefore, L0 + 1/2LWZ is invariant with respect to the unbroken supersymmetry.
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The theory of N0 scalar d = 3 multiplets

The complete action

In the particular cases of N0 = 1, N0 = 2 the obtained Lagrangian reduces to the
Lagrangians of the membranes in D = 4 and D = 5, and in the latter case one may
expect an additional hidden unbroken N = 1, d = 3 supersymmetry. It does not have
Nambu-Goto form for higher number of fields, however. In particular, one can formally
solve the equation that relates J i

A and DAq i to find that in the bosonic limit

J i
A =

(
1− 1

4
trX
)
∂Aq i +

1
2

Jk
AJBk∂Bq i ⇒

(
1− 1

4
trX
)

= Λ, dAB = ∂Aq i∂Bq i ,

J i
A = 2Λ

( 1
1 +
√

1− 2Λd

)
A

B∂Bq i , 2 + Λ = 2Λtr
( 1

1 +
√

1− 2Λd

)
,

Lbos = − 1
4Λ

det
(
1 +
√

1− 2Λd
)
.

Expanded as a power series, the Lagrangian reads

Lbos = −2 +
[1

2
trd
]

+
[1

4
trd2 − 1

8
(
trd
)2
]

+
[ 1

24
(
trd
)3 − 3

16
trd trd2 +

5
24

trd3
]

+

+
[ 7

384
(
trd
)4 − 3

32
(
trd
)2trd2 +

1
32
(
trd2)2

+
1

12
trd trd3

]
+ . . .
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The theory of N0 scalar d = 3 multiplets

The N0 = 4 case
The special case N0 = 4 can be treated by the means similar to the described above.
If the equation of motion for Ai is assumed to be

Ai = Φ(J)εABCεijklJ j
AJk

BJ l
C ,

more terms in the variations appear, which contain

εABCεijklJ j
AJk

BJ l
Cε
µ(σK )

µν
DKψ

kν , εABCεijklJ j
AJk

BJ l
Cε
µ(σK )

µν
DLψ

kνX L
K ,

εABCεijklJ j
AJk

BJ l
Cε
µ(σK )

µν
DLψ

kν(X 2)L
K .

The ansatz for the Lagrangian now contains two Wess-Zumino terms,

LN0=4 = − det EF (J) + C1i det E εABCDAq iDBq j(ψiαDCψ
j
α − ψjαDCψ

i
α

)
+

+C2i det E εABCεijklDAq iDBq jψkαDCψ
l
α.

The unbroken supersymmetry transformations do not fix the constants completely.
The Φ function has to satisfy the cubic equation

−C2 + C1Φ
(
24− 6trX + 864 det XΦ2) = 0.

The main function can be determined as (C1 = 1/2, C2 = ±1/2- membrane in D = 7)

F =
1

det M

(
4C1

(
1− 1

4
trX
)2

+ 18 det XΦ
(
C2 + 8C1

)(
1− 1

4
trX
))
.
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The theory of N0 scalar d = 3 multiplets

The vector multiplets

While one can dualize the scalar fields in the actions above into the electromagnetic
fields, one can try to construct the action of many vector multiplets from the first
principles. Contrary to the expectation, it turns out that the analog of system with
arbitrary number of scalars does not exist.
The SO(N0) invariant system of N0 vector multiplets has to be described by the
irreducibility conditions ∇αψαi = 0, as no SO(N0) covariant terms can be added to
right-hand side. The terms like ∇αψβk∇βψγk∇γψαi contain ∇αψαi , and, therefore,
lead to the equivalent condition Λij∇αψαj = 0.
Unlike the known case N0 = 1, the condition for N0 multiplets is not acceptable.
Indeed, one should be able to use the irreducibility conditions to derive the Bianchi
identity for the field strength, which should be equivalent to ∂AF Ai = 0. In the present
case it reads

∇β∇β∇αψαi = 0 ⇒
{
∇α,∇β

}
∇αψiβ + fermions = 0.

One can define ∇αψi
β |θ→0 = 1

2

(
σA)

αβ
V i

A and obtain in the bosonic limit.

∂AV Ai(1− 1
4

V j
BV Bj)+

1
2

V AjV Bj∂AV i
B = 0.
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Many vector multiplets

The vector multiplets
Considering the identity

∂AV Ai(1− 1
4

V j
BV Bj)+

1
2

V AjV Bj∂AV i
B = 0.

in the cubic approximation in the fields, one can rewrite the last term as

∂A
(
V AjV BjV i

B
)
− ∂AV Aj V Bj∂AV i

B − V AjV Bi∂AV j
B

The first term is suitable, the second term ∂AV Aj V Bj∂AV i
B can be canceled by

multiplying the identity by the suitable matrix, but the last one can not unless the
equation of motion of V Ai (∂AV i

B − ∂BV i
A + . . . = 0) is taken into account.

Now one can think that the system is inherently on-shell and should be formulated in
terms of the vector potential. Let us assume that the system is described by the
Goldstone fermion and the vector potential with the following broken supersymmetry
transformation laws

δ?Sψ
i
α = εi

α − UC∂Cψ
i
α, δ?SAi

A = εABCUBFCi , UA = iεjµψjν(σA)
µν
, FAi = εABC∂BAi

C .

All the terms in the transformation law of the vector potential are assumed to be gauge
invariant. These transformations close off-shell properly,[
δ?S1, δ

?
S2
]
ψi
α = −2iεµk

2 ενk
1
(
σA)

µν
∂Aψ

i
α and

[
δ?S1, δ

?
S2
]
Ai

A = 2iεµk
2 ενk

1
(
σB)

µν

(
∂AAi

B−∂BAi
A
)
.
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Many vector multiplets

The vector multiplets
The unbroken supersymmetry transformation law of ψi

α, which commutes with broken
supersymmetry off-shell, necessary has structure

δ?Qψ
i
α = δ̂Qψ

i
α − HK∂Kψ

i
α, HK = iψjµδ̂Qψ

jν(σK )
µν
, δ?S δ̂Qψ

i
α = −UK∂K δ̂Qψ

i
α.

If we assume that the unbroken supersymmetry transformation law of the potential is
δ?QAi

A = δ̂QAi
A + εABCHBFCi , then[
δ?Q , δ

?
S
]
Ai

A = −δ̂S
(
δ̂QAi

A
)

+ UB∂Aδ̂QAi
B + ∂A

(
εBCDUBHCFDi).

If the transformation law of the potential δ̂QAi
A = iεαψβi(σA

)
αβ

+ . . . begins just like

the law of the free system, the expression −δ̂S
(
δ̂QAi

A
)

+ UB∂Aδ̂QAi
B can not be

reduced to gauge transformation. Indeed, in the lowest approximation in the fermions

UB∂Aδ̂QAi
B ≈ εαεj

αψ
βj∂Aψ

i
β + εαεjβψj

α∂Aψ
i
β .

The most general, up to gauge transformation, cubic contribution to δ̂QAi
A is

δ̂QAi
A = iεαψβi(σA

)
αβ

+ aεα∂Aψ
i
α ψ

jβψj
β + bεαψiβψj

α∂Aψ
j
β ,

−δ̂S
(
δ̂QAi

A
)

= −iεαεβi(σA
)
αβ
− 2aεαεjβψj

β∂Aψ
i
α − bεαεiβψj

α∂Aψ
j
β + bεαεj

αψ
iβ∂Aψ

j
β .

Therefore, −δ̂S
(
δ̂QAi

A
)

+ UB∂Aδ̂QAi
B is not a gauge transformation even if ∂αβψiβ = 0.
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Conclusion

Conclusion

In this talk, we considered the systems with arbitrary number of Goldstone N = 1,
d = 3 multiplets. It was found that in the case of scalar multiplets, it is possible to
construct the action, invariant with respect N0 broken supersymmetries and one
unbroken supersymmetry (with the simplifying assumption of SO(N0) invariance).
This action exists for arbitrary N0 and, aside of some low values of N0, has universal
structure. Unlike the scalar case, it was found to be impossible to construct the action
of arbitrary large number of vector multiplets, at least while preserving the SO(N0)
symmetry.
It would be interesting to learn whether analogs of these systems exist in higher
dimensions and whether systems, that combine the scalar and vector multiplets, exist.
As theories with arbitrarily large number of supersymmeties do not have clear string
theory interpretation, it remains a question how to properly position these theories in
the broader context. The idea of SO(N0) invariance may also be too restrictive.
Let us also note that construction of the mechanics with 1

4 breaking of global
supersymmetry revealed that the underlying algebra can be interpreted as a reduction
of some higher dimensional super Poincare algebra, extended by tensorial central
charges. It would be interesting to identify the appropriate higher dimensional
algebras that correspond to the considered systems.
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