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Introduction

Let V be a vector space over the field C and P be the usual flip
acting in V®2 or its matrix.

Also, let M = (m!) be a numerical N x N matrix. Consider the
system

PMiMy — M Mo P=0, Mi=M®I, My=1x M.

Note that M, = P M; P and consequently, this system can be cast
under the form

PMyPM — M PMP=0.

This system written via the entries reads
m.my = mnt, Vij kI

i.e. the entries commute with each other.
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Introduction

Example N = 2:
1 000
0 01 O a b
A= 0100 ’M_( d)’
0 0 01
a 0 b O a b 0O
0 a 0 b c d 00
M=1lcodgol|l"™=|00 a0b
0 ¢c 0 d 0 0 ¢ d

The corresponding system reads

ab = ba, ac = ca, ...
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Introduction

Let us introduce some symmetric polynomials of M (namely,
elementary ones and power sums)

det(M —tl)—Z( )N "Ke (M), pr(M) = Tr M.

If M is a triangular matrix these elements are respectively
elementary symmetric polynomials and power sums in the
eigenvalues 1; of M. Namely, we have

> tigetti pe(M) =" pf.

ih<...<ig

Also, note that these symmetric polynomials of M are related by
the Newton identities

kek—piex—1+pre—a+-+(—1) pr e = 0.
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Introduction

Together with the initial system PMy PM; — My PM; P =0
consider its inhomogeneous analog

PM{PMy — M PM P=PM; — M;P.
In terms of the entries we have the relations
i = e e = o, = i
which define the enveloping algebra U(g/(N)).

Note that if in the homogeneous (inhomogeneous) system we
replace P by the super-flip Py, ,, we get the defining relations of
the super-commutative algebra Sym(g/(m|n)) (resp., the
enveloping algebra U(gl(m|n))).
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Introduction

Now, deform P — R in the corresponding systems—homogeneous
and not. And do the same with the super-flip Py, ,. Namely, take
R as follows (here N =2, m=n=1)

q 0 00 q 0 0 0
0 g—gt 10 0 g—qg ! 1 0
0 1 o0l o 1 0 0
0 0 0 g 0 0 0 —qg !

Note that for g — 1 we respectively recover the flip P and the
super-flip Py;.
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Introduction

If we deform the system P My P My — My P My P =0 and its
inhomogeneous analog, we get

RMiRM; — My RM; R=0.

RMiRM; —MiRMiR=RM; — M R.

The first one will be called Reflection Equation (RE) algebra. The
second one—modified RE algebra.

If we deform P in the system P My M, — My M, P = 0, we get
RMi My —MiM,R=0 & RM{PM{P—-— M PM PR=0.
This algebra will be called RTT algebra.

Note that all these algebras make sense for some other braidings R.
Question: for what R deforming P these algebras are deformations
of commutative ones?
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Braidings and symmetries

We call an invertible linear operator R : V®? — V®?2 braiding if it
satisfies the so-called braid relation

Ri2 Rz Rio = R3 Rip Roz, Rpo=R®/, R3=1®R.

Then the operator R = R P where P is the usual flip is subject to
the QYBE
Ri12 R13 R23 = Ra3 R13 Ri.
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Braidings and symmetries

A braiding R is called involutive symmetry if R?> = 1.
A braiding is called Hecke symmetry if it is subject to the Hecke
condition

(g1 =R)(g ' /1+R)=0,q€eC, g#0, q#*L.

In particular, such a symmetry comes from the QG Ug4(s/(N)). For
N = 2 it is just the example above.

We assume q to be generic. This means that kg # 0 for any integer
k.

As for the braidings coming from the QG of other series B, C,, Dj,
each of them has 3 eigenvalues and it is called BMW symmetry.
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Braidings and symmetries

In order to classify Hecke symmetries, consider "R-symmetric" and
"R-skew-symmetric" algebras

Symg(V) = T(V)/(Im(q=R)), /\ (V)= T(V)/(Im(qg"*I+R)),

where T (V) is the free tensor algebra. Also, consider the
corresponding Poincaré-Hilbert series

Z dim Sym Z dim /\(k)

where the upper index (k) labels homogenous components of these
quadratic algebras.
If R is involutive, we put g = 1 in these formulae.
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Braidings and symmetries

Let us compare two symmetries. The first one is Hecke coming
from Ug(s/(2)), the second one is involutive:

q 0 0 0 1 0 00
0 g—g! 10 0 0 g O
0 1 0 0 |’ 0 g! 00
0 0 0 g¢q 0 0 01

For the first (resp., second) symmetry we have

Symr = T(V)/ <xy—ayx >, \ , = T(V)/ <%, y% qy+yx >.

Symr = T(V)/ <xy—ayx >, \ , = T(V)/ < X% y% xy+ayx >.

Observe that the algebras Symg(V/) are similar, but A z(V) are not.
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Braidings and symmetries

One example more. Consider an involutive symmetry

1 a —a ab
00 1 -—b
01 O b
0 0 O 1

Then we have

Symg(V)=T(V)/ < xy —yx + by2 >,

a
Ne(V)=T(V)/ <52+ 500 —yx)oxy +yx,y2 > .

If b=0, a#0, the algebra Symg(V) is usual but Az(V) is not.
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Braidings and symmetries

The following holds P_(—t)P,(t) = 1.

Proposition. (Phung Ho Hai)
The HP series P_(t) (and hence P(t)) is a rational function:

N(it)  14at+..+at [ (1+xt)
D(t) 1-bit+..+(=1)¢bsts [[_;(1—yt)

P_(t) =

where a; and b; are positive integers, the polynomials N(t) and
D(t) are coprime, and all the numbers x; and y; are real positive.

v

We call the couple (r|s) bi-rank. In this sense all involutive and
Hecke symmetries are similar to super-flips, for which the role of
the bi-rank is played by the super-dimension (m|n).
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Braidings and symmetries

Examples. If R comes from the QG Ugy(s/(m)), then
P_(t)=(1+1t)™.
If R is a deformation of the super-flip Pp,,, then

(1+1t)m

P_(t) = o

Also, there exist "exotic" examples: for any N > 2 there exits a
Hecke symmetry such that
P_(t) =1+ Nt + t°.

Here dimV = N, the bi-rank is (2|0).
If P_(t) is a polynomial, i.e. the bi-rank of R is (m|0), R is called
even.
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Braidings and symmetries

Given an even Hecke symmetry R, how to construct a category,
similar to that Rep — Uq(s/(m))?

Observe that in general we have no object of QG Uy(g/(N)) type.
First, let us extend R up to a braiding

R=RY®Y" : (Ve V) - (Vo V)2
where V* is the dual space with the paring (,): V& V* — C.

We fixe a basis {x;} € V. The basis {x/} € V* such that

< xj,x} >= & is called "right dual".

We want to define the extension RY®Y" so that it would be in a
sense coordinated with this pairing.

Dmitry Gurevich Valenciennes University (with Pavel Saponc  Quantum matrix algebras: a review



Braidings and symmetries

The following method of extending R belongs to V.Lyubashenko.
Let us present the symmetry R (involutive or Hecke) in the basis
{xit e V:

R(X,' & Xj) = R,:l,(-IXk & X.

We say that a braiding R is skew-invertible if there exists an
operator W : V®2 — V/®2 gych that

KiipJ K
TI“2R12\|123 = P13 = R,-j leg = (5?5,),
If it is so, then the mentioned extension is
. . . . , il
RV®V (Xk ®Xl) = le,-kx' Qxi, RV®V (xiex)=(R 1){-kxk R X,

RVOV' (X @ x) = Wiix @ X/
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Braidings and symmetries

Also, introduce two operators
B=TnV & B =Vl  C=Tnpv o d=vk

Then we define _
< x,xi >= BIJ.

Also, for any N x N matrix A (may be with NC entries) we put
TrrRA = Tr C A.

This R-trace (or quantum trace) has many remarkable properties.
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Braidings and symmetries

Below, we use the following notions. Let A be an N x N matrix.

Then we put
~1
A; = Ay, As=RA;R™Y,
As=RoAs Ry = RoRi AL R MRy
and so on.
Note that

Ay=1®A=PAP=PA®I)P.

One of the main properties of the quantum trace is (Dubna’s group)
TFR(Q) A§ = TrR(l) AT'
Note that in the classical case we have

TI’2 A2 = Tr1 A1.
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Braidings and symmetries

It is natural to put dimgV = Trgrly.

Example. If R is an even symmetry of rank (2,0) (i.e.
P_(t) = 1+ Nt + t?), then

dimV =N, dimgV =q 22,
for a Hecke R, and dimg V = 2 for an involutive involutive R.

Example. If R is the above Hecke coming from Ug(s/(2)), then

C = diag(q~3,q7'), B =diag(q,q73).

Observe that in general dimgV = q"~™(m — n)q depends only on
the bi-rank (m|n) of the initial symmetry R.
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Braidings and symmetries

Now, pass to defining quantum determinants in RTT and RE

algebras.
Let us assume R to be Hecke. Consider the projectors
(idempotents) V®k — /\(k)(V), called R-skew-symmetrizers

1 _ _
AD =, Ag):Fqu V(47 = (k= 1)qRea) AGTY, k=23

For instance,
| — R
A _ 4
R 2q ’
q*1 — g°Ri2 — G*Raz + qR12R23 + qR23R12 — RiaRosRio

A0 _
R 2434

If R is involutive, we put g = 1.
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Braidings and symmetries

If R has the bi-rank (m|0) the space /m Al™) is one-dimensional.
Consequently, there exist two tensors

u=(uy.;,)and v = (viIm),
such that
A%f")(x,-1 © e ®x3,) = Wiy VI © L ® X
<Vv,u>i= Vi im wy i =1

The element v/ Imx; ® ... ® x;, is a generator of Im Ag-(,m).
Note that the tensors u and v are defined up to a renormalization

u—au, v—altv, aeC,a#0.
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Braidings and symmetries

Again, consider the above symmetries.

For the latter symmetry (involutive) we have

1 _
u = (u11, u12, U1, Upp) = 5(0, 1,—q 1,0),

v=(v1v2 v v2) = (0,1,—q,0).

For the former one (Hecke, coming from U,(s/(2))) we have

1
u=-(0,g7",-1,0), v=(0,1,-4,0).
q
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Braidings and symmetries

Observe that the tensors v corresponding to these symmetries
coincide with each other and, consequently, the algebras

Symg(V)=T(V)/ <v>

are the same. Nevertheless, the tensors u are different.
Also, the algebras A (V) are different as well. We have

N(V)=T(V)/ <2 y2 axy —yx >

/\R(V) = T(V)/ <X2,_)/27X)/— qyx >

respectively for the Hecke and involutive symmetries.
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Quantum Matrix algebras and quantum determinants

How to find relations in QMA, if we know the algebra Symg(V')?
Let us assume that the relations in Symg (V') are

xixj —qxjx; =0, i < j. Apply the coproduct x; — >, th ® xy to
this relation. We have

O tfex)O tiex)—qd_ tfex) O tfox) =0
P P

/ /

Now, we have to take away the terms tJ’ from the second factors by
transposing them with x.

However, the result depends on the way of transposing the factors
t} and these x,. Thus, by imposing different ways we get different
algebras (RTT or RE).
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Quantum Matrix algebras and quantum determinants

Now, introduce the determinants in the QM algebras. Recall that
the RTT algebra corresponding to R is defined by the system

RTiTo— ThTaR, T =(t),1<i,j <m,
and the corresponding RE one is defined by that
RLiRL; — LiRLiR =0, L= (F), 1<i,j < m.
Also, remind the above notation
L; = L1, Ls = Rio L3 R, Ls = Rz L3 Ro3! = Rz Rio L1 R, Ry ..

In this notation the defining relations of the RE algebra become
similar to the RTT ones

RLyLy = L;L5R.
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Quantum Matrix algebras and quantum determinants

Let R be a symmetry (involutive or Hecke) and F be a
skew-invertible. Let us define the quantum determinant in the
algebra RTT and RE by assuming R to be of bi-rank (m|0).

Definition

The element
detr(r F)(L) =< V|Li.-Limlu >= v (Lye LY im gy s

is called quantum determinant of the generating matrix L in the RE
algebra. In RTT one it is necessary only to replace the overlined
indexes with usual ones.
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Quantum Matrix algebras and quantum determinants

Quantum analogs of the elementary symmetric polynomials and
power sums in the RTT algebras are respectively defined as follows

ex(L) = Trap. A Lr...Ly.

pk(L) = Traz. kyRk—-1k -y ResRi2 L. L.

In the RE algebra the usual trace Tr(12.. k) should be replaced by
Trr(12...k)-

Note that if R is of bi-rank (m|0), the element ep, is a multiple of
the quantum determinant.
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Quantum Matrix algebras and quantum determinants

As shown in [IOP], they are related by the quantum version of the
Newton identities

Pk — Gpk—1 €1+ (—q)’pr—2 &+ ...+ (—q)* T pr e + (1) kgex = 0
and commute with each other.

The algebra generated by these quantum symmetric polynomials is
called Bethe.
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Quantum Matrix algebras and quantum determinants

Note that in the RE algebras the power sums can be reduced to the
form similar to the classical one:

Pk = TI‘R Lk.

Moreover, in this case there exists a quantum analog of the
Cayley-Hamilton identity similar to the classical one

L"—q L™ er+(—q)’L" 2 ert...+(—q)" Lem_1+(—q)" | em = 0.
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Quantum Matrix algebras and quantum determinants

In this case we can also define the so-called quantum characteristic
polynomial

ch(t)=t™ —qt™ te + (—q)°t™ 2 e + ...
+(—q)™ tem1+(—q)" ey =0,
such that ch(L) = 0.

Observe that the polynomial detg(L — tI) is well defined but it is
not equal to ch(t).
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Quantum Matrix algebras and quantum determinants

Consider the quantum determinants in the RTT algebras £(R, P),
corresponding to the symmetries R above.

Below, we denote a = /1, b= /?, ¢ = I}, d = 3. Then the defining
relations in the algebra L(R, P), corresponding to the involutive
symmetry above are

ab=gq 'ba, ac=gqca, ad=da, bc= q’ch,
bd = qdb, cd = q ldc.

The quantum determinant in this algebra is

1
det(L) = E(ad—qcb—q_lbc—i—da) = ad—q 'bc = da—qcb. (1)
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Quantum Matrix algebras and quantum determinants

The defining relations in the algebra corresponding to the Hecke
matrix are

ab=gba, ac=gqca, ad—da=(q—q ')bc, bc= ch,
bd = gqdb, cd = qdc.

The corresponding quantum determinant is

1
det(L) = 2—(q_lad—bc—cb+qda) = ad—qbc = da—q tcb. (2)
q
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Baxterization and Generalized Ya S

Now, introduce the corresponding Generalized Yangians (GY).
The famous Yang braiding is R(u,v) = P — I

u—v

Proposition.

1. If R is an involutive symmetry, then

al

R(u,v) =R —

u—v

is an R-matrix, i.e. it meets the quantum Yang-Baxter equation
ng(u, V) R23(u, W) ng(v, W) = R23(V, W) R12(u, W) R23(u, V).

2. If R = R(q) is a Hecke symmetry, then the same is valid for

)_(q—ui‘l/)u/.

R(u,v) = R(q

Dmitry Gurevich Valenciennes University (with Pavel Saponc  Quantum matrix algebras: a review



Baxterization and Generalized Yangians

The Drinfeld's Yangian Y(g/(N)) is in fact an RTT algebra defined
by
R(u,v) T1(u) To(v) = Ti(v) T2(v) R(u, v)

with the Yang braiding and under a assumption that T(u) is a series

T(u)=) T[Ku™*

k>0

and T[0] = /.

Introduce two types of GY in a similar manner.
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Baxterization and Generalized Yangians

1. Generalized Yangians of RTT type are defined by
R(u,v)T1(u) T2(v) = T1(u) T2(v) R(u, v),

where R(u, v) is one of the above current braidings.
2. GY of RE type (also called braided Yangians) are defined by

R(u, v)Li(u) Lz(v) = Lg(v) Lz(u) R(u; v).

Here [ = R L3 R-1.
These relations can be also presented as follows

R(u,v)Li(u)RLi(v) = Li(v)RLi(u)R(u, v).
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Baxterization and Generalized Ya S

If a braiding R(u, v) arises from an involutive symmetry R, the
corresponding GY Y(R, P) is called rational. If R is Hecke, then
Y(R, R) is called trigonometrical.

If R is of bi-rank (m|0), we define quantum determinants in the
rational (resp., trigonometrical) GY as follows

dety(r,r)(L(v)) =< v|Ly(u) (v —1) ... L(u — m + 1)|u >,

dety (g ) (L(4)) =< vILz(u) Ly(q2u) ... (g 2™ D) > .

Thus, the determinants are defined by formulae similar to those
above but with shifts in arguments of the matrices L(u), additive in
the rational cases and multiplicative in the trigonometrical ones.
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Baxterization and Generalized Yangians

As for quantum elementary symmetric polynomials ex(u) in
Y (R, R), they are in the trigonometrical case

ex() = Traa. sy (AR L) L5(q2u) ... Le(a 2K Du)) , k> 1,

Quantum powers of the generating matrices in the Generalized
Yangians of RE type are defined in the trigonometrical case by

L) = L(g72* V) L(g7 2 D y). L(u), k > 1.
The quantum power sums are defined in this case by
pe(u) = Trg L) = Trg L(g72F D) L(g 2 2 ). .L(u).

Here, also the quantum determinant and the highest quantum
elementary polynomial differ from each other by a numerical factor.
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Baxterization and Generalized Yangians

Let us exhibit the quantum Newton relations and Cayley-Hamilton
identities in the Generalized Yangians Y (R, R) of RE type

—4

p(u) — apk—1(g2u)er(u) + (=)’ pr—a(q *u)ea(u) + ...

+(—=q)*  pr(q 25V u)er(u) + (—1)*kqen(u). )
Z(—Q)pL[m_p](q_2pu)ep(U) =0.

p=0

Observe that in the GY of RE type Y(R, R) there is an evaluation
morphism similar to the that in the Drinfeld's Yangian.
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Baxterization and Generalized Yangians

Now, consider the case of general symmetries R (not necessary
even) in more detail.

If a given symmetry R is of bi-rank (m|n) n # 0, the generating
matrix L of the RE algebra also meets the Cayley-Hamilton identity

dm+n Lmtn 4 dm+n—1 L=ty apl =0,

where all the coefficients a, belong to the center of the algebra
L(R, R). Note that in this case the leading coefficient ap,, does
not equal 1. Upon dividing this relation by agL, we can express the
matrix L=1 as a linear combinations of the matrices L*,

0 < k < m+ n—1 with the coefficients —ax/ap.
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Baxterization and Generalized Yangians

Observe that for any Schur diagrams (partitions)
A = (A1 > ... > Ag) there exists an analog of the Schur functor
V' — V) and the corresponding Schur polynomial pj.

Then the quantum determinant and quantum Berezinian are
defined by some fractions py/p). For the quantum determinant we
have p\ = a0, P\ = am+n-
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Baxterization and Generalized Yangians

Many thanks
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