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AdS/CFT and deformations

Strings/supergravity

onAdSsx s <+ N= ‘[ SYM
Deformations of Field theory
AdSs x S° deformations

@ deformations of CFT;

@ non-commutative field theory;

@ |supergravity deformations|: TsT, YB, generalization to d = 11;

@ moving beyond AdSs x S°.
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TsT: a prototype deformation

U(1)xU(1) isometry: adapted coordinates (x!, x?)
[Lunin, Maldacena; Frolov'05]

T-duality shift T-duality
x1 — X2 — X2 + 77X1 = xl
—dt2 d 2 d 2 2
ds? — +r2X3 tar = :L nz(dxf +dx?) + ds?(SY),
_ n 2Ab—y) . ©
B=—">-daqAd 0 = .
r4 + 772 X1 X2, e r4 + 772

Dual to non-commutative deformations of SYM
[Hashimoto, Itzhaki; Maldacena, Russo’99]
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Yang-Baxter deformations: generalizing TsT

Yang-Baxter deformed AdSs o-model in the coset formulation:
[Klim&ik'02; Delduc, Magro, Vicedo'13]

1 ab ab / /27r 1
= —— — T Aa —A ,
S (v ™) d ; do Str do 1 R, o b

A, =g '0,g, g € SO(4,2); d projects onto s0(4,2)/s0(4,1).

3 Lax pair = classical integrability
k-symmetry preserved by the deformation J

Re(X) =g 'R(gXg ')g. X €s0(4,2)

R satisfies the homogeneous classical Yang-Baxter equation,

[R(X),R(Y)] — R([R(X), Y]+ [X,R(Y)]) =0, X,Y €s0(4,2).
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r-matrix parameterisation of the YB deformation

Parameterise R in terms of the r-matrix:

R(X) = Tro[r(1®@ X)| = > r** b Tr[bsX],
o,
1

r=2=> r"byAbs, {bs}=Dass0(4,2), [ba,bs]="fus"by.
2~

classical Yang-Baxter equation in terms of r®?:

f;se[arﬂ|5|r'y]e — ]%ear,BJr'ye + ﬂse'yra(;rﬁe + ﬁseﬁr'y&rae —0.
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Two views of Yang-Baxter deformations

Standard narration:

r-matrix solving the CYBE is an input;

o-model in coset formalism is deformed by an (r-matrix-dependent)
operator;

deformed background is a solution to (generalised) supergravity;

@ deformed backgrounds can be obtained via TsT or nonabelian

Our

T-duality.

narration:

Start with a bi-Killing r ~ k A k; not fixing the CYBE;

Deformation is the open-closed string map, essentially matrix
inversion;

CYBE is sufficient for the deformed background to solve supergravity;

@ procedure works for non-coset geometries, no (obvious) relation to

integrability;
supergravity solution generation.
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Our approach for d = 10

Initial data:
e background G,,,, Y, RR fields
o isometry algebra [k, kg] = fo57k,
Procedure:
@ Specify a bi-vector deformation: ™" = ro‘ﬁk&"k/g
o New metric and 2-form: gmp + bmn = (G™" + ﬂ’"")_l

o Dilaton transformation e~2| detg,,,,,]l/2 = e 2%| det Gm,,\l/z

Note:
@ Generalized supergravity criterion /™ = V, 3™k #£ 0
@ Prescription for the RR fields exists (Page forms)

@ Generalization for initial By, # 0 exists
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Statement for d = 10 type Il supergravity

Deformed background gmn, bmn, ¢, etc. is a solution if the r-matrix
satisfies the Yang-Baxter equation:

fs Lo pBlolale — o

For any supergravity solution there exists a
deformation, such that the field equations reduce
to the classical Yang-Baxter equation.
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Yang-Baxter deformations and DFT

Double Field Theory: manifestly T-duality covariant form of supergravity
[Tseytlin'90; Siegel’93; Hohm, Hull, Zwiebach'10]

Doubled coordinates: X" = (x™, %,

Fundamental variable: generalized metric

G BG1
G138 G 1+3Gp

Action (d = ¢ + % log gmn):

g+ bg~th gb}

:| = HMN = |: bg gfl

1 1
S = /dX ds e 2d <8'HMN6M'HKL8NHKL — E'HKLOL'HMNaN'HKM—
—20pdoyHMN + 4”HM’V6Md8Nd) .

The open-closed string map gmn + bmn = (G™ + B’””)_l can be realized
as a frame change in DFT.
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Yang-Baxter deformations and DFT

Yang-Baxter deformation

deformation open/closed map

Gmn, ® ————— Gmp, B, @ &mn, bmn, @
b-frame (B-frame b-frame
solution solution solution

constraints on ™= CYBE(r)=0, if g™ = raﬁk&"kg
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Equations of motion in the S-frame [Andriot, Betz'13]

1 2
R — 4(00)% 4 4V20 | — 5R2 = 4™ 0,d+ 1M - R

+ GrnV™(B™ 0, + 17);

1 mn A - r
\R,,q + 2V, 0,0 \ + 4 R Ramn = R(pq) — 2V (5 (Bay VO + Iy);
e?®V™(e 2 Rinp) + 21™ Rinp = 26 2*VI(e*V,8,104) — 4R Brys
—*®V (e V mBrp) + 8G,[,V (8704 P

~

Notation:
> 5 ~ 1
R = Gmann’ rpmn = v(mﬁn)f’ - Evpﬁmn + 6mqrnPCl7
R™ = _quaqﬁ/rann + ﬁmqaqﬁppn + fpmnqup - ququpn’
I™ =V, kM = —f km  RmoP — 35q[qu5npl’
VMyP = —BM9, VP — fnmp v, @mvp _ _ananvp + fpmn V..
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d = 11 supergravity

strings — membranes
(gmm bmn) — (gmna Cmnk)

Obvious obstacles:

@ no integrability in membrane worldvolume theory setup;

@ no “open-closed membrane” map;

However

o Exceptional field theory (ExFT) provides geometrical setup that
parallels the d = 10 DFT case;

@ We propose a concrete d = 11 solution deformation method based on
a frame change in the SL(5) ExFT.

llya Bakhmatov (APCTP) Deformations of d = 11 supergravity 12/17



SL(5) ExFT setup

Exceptional Field Theory: manifestly U-duality covariant form of d = 11

supergravity [Hull'07; Berman, Perry'10]

Extended coordinates: (x*, YM), e {1,...

SL(5) U-duality group: 11 =7 + 4 split.

The generalized metric in two frames:

7}, Me{1,...,10}

1 1
L |8 2&ab Va o |G 2(Gap + WalWp) W,

e_f = Mmp = e_j

Ve g2(1+ V2) W, G:
encodes degrees of freedom

11 1
? ﬁf € Cpeq, = §ﬁ€abchde-

We propose a tri-vector deformation Q2b¢ = pamka"’kgbkf J
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Deformation prescription in d = 11

Initial data:
e background fields G, Gab, Cuvp, Cape (7 + 4 split)
o isometry algebra [k, kg] = fo537ky

Procedure:
@ Specify a tri-vector deformation: Q¢ = pamkaakgbkf, W = %42;
o New external metric g, = (1 + W,W?3)Y/3G,,;
o New internal metric gop = (1 + W, Wa)*2/3(Gab + W,oWp);
o New 3-form cypc = (1 4+ WoW3)1Q ..

Note:
@ This replaces the open-closed string map of d = 10 theory;
@ Powers of 1/3 and —2/3 agree with uplift of a TsT.

llya Bakhmatov (APCTP) Deformations of d = 11 supergravity 14 /17



Examples

Deformation agrees with the sequence:
(reduction to d = 10) — (TsT) — (uplift back to d = 11).

Geometry with a flat 3-torus:

d5(211) = d52(M7) + Gzzdz2 + 6/] dXide, Q=v0a N0 A 0,3,
d8hqy = K3 [ds*(M7) + G2dZ?] + K235 dxdx.

Supersymmetry preserving deformation of AdS; x S’
[Lunin, Maldacena'05]

deform along the U(1)3 < U(1)* < SO(8)
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Recovering YB

Geometry with a Lorentzian 3-torus
dsfiy) = napdx?dx? + ds*(M7), Q= (7'M A PP) A 03,
Deformation (7' = (a, 3,7) = const):

dg(211) = K3 [77;1 dx'dx + dz? — W2] + K_1/3d52(/\/17)7
K = [14 (x" = B2 = (7x® — ax®)? — (Bx° — ax)?2]
This deformed background

@ is not a solution in d = 11 unless 7/ = 0 (trivial);

@ naively reduces to a solution of generalized sugra if
(19)2 — (1) — (72)? = 0 with /" = 27/
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Conclusions

@ T-duality covariant description
of d = 10 supergravity

@ open-closed string map

@ U-duality covariant description
of d = 11 supergravity

o frame change map for d =11

}:
}:

the role of higher simplex equations;

Supergravity knows about
S-matrix symmetries in the
string o-model

Supergravity might know
about symmetries of the
membrane

worldsheet theory

general form of constraints for Q from ExFT equations of motion;

algebraic picture of tri-vector deformations;

generalized d = 11 supergravity and k-symmetry of the membrane;

study deformations that are not uplifts of YB or TsT from d = 10 |.
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generalized Yang-Baxter deformation

frame change

G,LLZM Gab E— Gp,y, Gab, Qabc 8uvy 8ab; Cabc
(C- or Q-frame) (Q-frame) (C-frame)
Solution of Solution of the same upon the Solution of

d =11 EOMs Y ExFT EOMs section constraint d =11 EOMs

constraints on Qab¢
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Yang-Baxter equation

e algebra of functions {x™ x"} = ™"

{f7g} = B""0mfOng,

m n k . mnk (1)
X" AX", x"}} +eyclic=0 = R =0
e quantum Yang-Baxter equation
3 3
2
2 =
1 1
Riz2(u — v)Ri3(u)Ra3(v) = Ras(v)Riz(u)Riz(u — v).
ng(u) =id + hrlg(u). (2)

[r2(u — v), n3(u)] + [r3(v), n3(v)] + [n2(u — v), r3(v)] = 0.
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Generalizations of the Yang-Baxter equation

e 3-algebra associated with M2-branes {x?, x? x¢} = Qabc
[Bagger,Lambert]

{f, g, ht = Q¥°0,fd,g0.h,
{x?, xP {x¢,x9 x®}} + cyclic =0 - R»Pde—g
e quantum 3-simplex equation [Zamolodchikov, Frenkel, Moore]

R123R124 R134 Ro34 = R234R134 R124 R123,
[r123, r2a] + [r123, r3a] + [r124, rzal + [r123, r3a] + [r134, r3a] + [ri24, 23

(4)

e scattering of membranes?..
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Yang-Baxter deformations

Coset formulation of the Yang-Baxter deformed AdSs x S° o-model:

1

L=Tr|AP®o Al,
1—2nRg 0 P

where

s0(4,2)
s0(4,1)’

PA(X) = g™ Tr[X Pp] Py, X €50(4,2), P € bas

Re(X) =g 'R(gXg g,

R is an antisymmetric operator satisfying the homogeneous classical
Yang-Baxter equation,

[R(X), R(Y)] = R(IR(X), Y] + [X,R(Y)]) =0, X,Y € s0(4,2).
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Examples of YB deformed backgrounds: r = %Pl A Ps

Starting from AdSs x S°:
1
ds2pen = ;(—dtz + dx? + dx3 + dx3 + dz?) + ds?(SP), (8)
using the abelian r-matrix r = %Pl A Py:

—dt2 d 2 d 2 2
ds? — +Zj3 o, 241 (0 + ) +d5%(5°),
4 (9)
V4

Z4—|—7’]2‘

__n 20 _ 2
B = de]'/\d)Q? e = 85

[Hashimoto, Itzhaki; Maldacena, Russo]
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Generalised 1B supergravity

[Arutyunov, Frolov, Hoare, Roiban, Tseytlin]

For less trivial r-matrices, deformed background is not a solution of
supergravity.

1 o}
Ruv = 3 Hupo M7 = VX, = Vi Xa,

1 2
R= [5H? —4V,X" 44X, X", (10)

1
Evap;w = X Hpp + V0 X, =V, X,

There are also deformed field equations for the RR sector.

I*is a Killing vector

X/'L - 3u¢ + IV(GL/M + BVM) (].].)J
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AdS; x 5% x T° example
The original background:

—dt? + dr?
2=~ T 4 4% 4 sin? 0d 2. 12
ds? rj

Homogeneous Ansatz for the deformation parameter:
@tr = el(ta r)? @9¢ = @2(9a ¢) (13)

Find the deformed metric g,, = (G~' 4+ ©)7%(,,), solve the Einstein
equations:

©O1 =ctr+ ch(i.‘2 — r2) + c3r + car?,

: cs (14)
©r = c5cosp + cgsing + cycotf + —.
sin6
CYBE emerges as the constraints
-4z =0=c2+c + c, ca=0=cg. (IS)J
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Lessons from the AdS, x S? example

@ We have not assumed that © ~ K; A K; from the beginning, rather
this is enforced by the field equations.

@ Denote AdS; Killing vectors,
Ki=—t0y — ro,, Ko=-0;, Kz= —(tz + r2)8t — 2trd,. (16)

@ Then © = (cytr + cor(t? — r?) + c3r)d: A O, is fixed to be equal to
the Killing bivector r-matrix:

r:—C3K1/\K2+%K2/\K3—C2K3/\K1, (17)
@ and the constraint on ¢y, ¢z, ¢3 is nothing but the sl(2) classical YB

equation:
fa /brjc+fc Iarjb+fb 'erazo. (18)
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Bianchi Il spacetime

ds? = —(ay1apaz e 2%dt)? + (a1dx)? + (a2dy)? + (aze*dz)?, & = At,

. P1 —Lppttat _ _lppttae 2_ 2 2
=a3=———=¢€ 2 = e2 4p; = 407,
ap = a3 Sinh(plt)e ;, a=e ; Pi =p2 +
(19)
Isometry algebra:
K1 = 8X - z@z, K2 = 6y, K3 = 827 [Kl, K3] = K3. (20)
The most general r-matrix
r=akKiANKy+ Ko AN K3 +~vK3 A Ky (21)

is a solution to the CYBE provided ay = 0.
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Bianchi Il spacetime

When v = 0, it can be checked that the deformed geometry

1
dxtdx? = —(ajaraze tdt)? + a2 dx?
Buv (a12223 ) [1+ a2ad(a? + z2e2%a3)] 1

+ a3dy® + a3e®dz® + a?e®a%asa3(zdx + dz) }

2
aas

b= —
[1+ a2a3(a? + z2e>¥a3))

(adx A dy + ze*a3dy A dz),

1
=\t — 5 log[1 + a?a3(a3 + z%e*a3)],
(22)
is a solution to supergravity.
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Comments

@ Our map is defined for any spacetimes (not only for cosets);
@ The classical Yang-Baxter equation is an output rather than the input.

@ Solving field equations for (g, bu) for an arbitrary © is intractable;
for practical purposes we assumed that © = r’K;Kj.

The above examples seemed compelling to us, but they do not constitute
a proof that CYBE always emerges.
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Perturbative proof

Assume that the NC parameter is an arbitrary Killing bivector,
O = riKI'KY, ri =, (23)
Expand everything in powers of ©:
Buv = G;w + eua@au + 0(94)7
Bus = O — ©,a0%0p, + 0(©°), (24)
1
¢:¢+16M@”+O®ﬂ.

Write down the field equations.
First order: /* = V,0"*. Second order: CYBE

Ko K,’?Va Ksm (ﬁll2mrlll Pkl ﬁllzkrmll pil 4 ﬁllzlrkll rml2)

+ (0716 1+ 0770 + €707 ) Ry = 0.
(25)
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Divergence condition

Some YB deformations result in solutions of generalised supergravity,
which are specified by a Killing vector field /#
[Arutyunov, Frolov, Hoare, Roiban, Tseytlin]

The recipe for construction of the vector field /:
* =V, ", (26)

@ Directly relates open and closed string pictures;

@ The condition has been attributed to the preservation of the
A-symmetry in the generalised supergravity;

@ Initially observed for examples, but later has been proven
perturbatively (i.e. also follows from the field equations).

Can also be viewed as a bulk-boundary relationship for the NC parameter
(supporting the holographic NC idea).
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Schwarzschild

The previous example was a simple coset model.

2 dr?
ds? = — <1 — ;”) dr® + . _er + r?(d¢? + sin® Cdx?). (27)

r

Fix © to be a Killing bivector (this involves 9y and the three vectors on
the sphere):

O = —ecosy + Asiny,
O = § + cot ¢ (esin x + Acos ), (28)
OX = acos x — B ot + ysiny.

The field equations precisely match the CYBE.
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