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Calogero-Moser-Sutherland models

Rational model

Invert oscillator potential 1 1 1 22
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Integrable generalisation to many particles {q};=1... n~

ZI%JL%QZ 2 Tij = i — qj
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The models were discovered in 1970’s.
Hyperbolic model Wide applications
e soliton theory
2 .
p?, + e quantum field theory
Smh q?
1<J ]
e solvable models of stat. mechanics
e black hole physics
E]hptlc model e condensed matter
® quantum chaos
E p + %2 § p qw ® representation theory
1
1<J

® harmonic analysis

e random matrix theory

e complex geometry



Ruijsenaars-Schneider models

Rational model
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Hyperbolic model
N . N 2
H = ¢? cosh — 1+
Z:Zl c g c2 sinh qgj

Elliptic model
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Expanding in the limit ¢ — oo the corresponding Hamiltonians of the CMS models are recovered

What about spin models?



Outline

e Spin RS models: equations of motion

* Heisenberg double

e Oscillator manifold

* Poisson-Lie group action on a product manifold
* Reduction
* Superintegrability

e Conclusions and future directions

with Enrico Olivucci, arXiv:190602619



Equations of motion of the spin RS model

o qi = Jfii
N
=) V(gi)(aja — aia)
j#i
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JF#i

Krichever & Zabrodin, 1995
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\ collective spin variables



Hamiltonian structure in the rational case

Li; = Jij
Qij + Y
{Qian} =0, {Qiaaia} =0, {%’;Cja} = 5ijcjom
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G.A. & Frolov, 1997
Hamiltonian reduction

M =T"G x X2, Y=OxOx...x0O
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N
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© - coadjoint orbit of minimal dimension

G:.M—> M — u:.M—g

P? =p'(71)/G



Hamiltonian structure in the hyperbolic case

quasi — Hamiltonian reduction Chalykh & Fairon, 2018

/ quasi-Poisson (Van der Bergh’s bracket)

Jordan quiver/G

On the other hand, there is a deformation hierarchy of initial phase spaces

T°G — Di(G)

N Heisenberg double

Gorsky & Nekrasov, 1994
G.A. & Frolov, 1996

Feher & Klimcik, 2 009
M =D, (G) x 277

What should be there in the spin case?



Heisenberg double

(g,g") - factorisable Lie bialgebra, g* ~ g

g9 double

DRI = an o e oo

(X, X)C2, VXeg

(X+,X_):(%_|_X,%_X)C@, \V/XEg*ﬁg
i =% %]1 are two linear operators, ¢4 : g — g+ C g

\_ ¢ € g/\g split solution of mCYBE

= (G X G <— double Lie group

PR

G* ~ (’U,_|_,U_) C D

diffeomorphism o : G* ~ G oc(u,u_)=uju_ =u



Heisenberg double

A, B € G=GLyN(C)
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Poisson action of a Poisson-Lie group GG

A—hAh™Y, B—hBR!, hed
The Poisson-Lie structure of GG is given in terms of the Sklyanin bracket
{hy, ha} = —s[va, hahs], heG.

The non-abelian moment map for this action (71,771_)

m=m,m-‘eG — M=BA'B'A

1
;{mh m2} = —v MM s — T Moe + Mye_ My + Mo, 14

Semenov-Tian-Shansky bracket

Involutive family {H,, H,,} = 0

H, =Tr(BA HYr=Tr(A™'B)*, keZ



Oscillator manifold

{UJlaCLZ}:l: = %(Zalaa + G102 ,0) ;
{b1,b2}+ = 2(bibat F pbib2) ,
{al, bg}j: = (—bg Z_|_ a1 a1 ,O:F bg ) — C{ZC ]
{bl,ag}i — %(—bl C_ Qo T 42 P+ bl) —+ Cgic
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1 12 12
P+ = QZEaa@)EaaizEaB@Eﬂa
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i 2 a%; g 7 {@ia, b} = —0ij0ap

. N/ pairs of canonically
p=5(p++p-) conjugate variables



Oscillator manifold

w = 1 + sab

Define the following action of the Poisson-Lie group G on oscillators

5Xa,m — (Ad:;X a)m 5)([)0,&' — —(bAdZX )ai, X € g

RIS AR NIRRT A

-~ 3 O, ; POTE S TR

=

Ad X for g = (9+,9-) € G* is the dressing transformation

Y This action is Poisson

* If w= c,u_|_w:1 then (w__l_l,w:l) € (G* is the moment map

1 = wjrlw_ c G

1
;{771, No} = —c MMy — Ny Noe— + NMye_1y + Nory 14

\

Semenov-Tian-Shansky bracket



Poisson-Lie action on a product manifold

Let .1 and .#5 be two Poisson manifolds with brackets {-,-} 4, and {-,-} 4,

M = M1 X Mo

m:m1m2 — G: H —  H

Exf= (X, {M, ftm "y, [eFun(#)

X —&x Lie algebra homomorphism

BN /

M =D (G) X



Moment map equation

mned

Product in G*

N

MxNn=ql

Moment map for Moment map for
the action of G the action of G
on the double on the oscillator manifold

M=quwiw_" =quw

BA™'B™'A = ¢(1 + »ab)



& = {Solutions of BA™'B 1A = g(1 + »ab)}/G

5Xa7;a — (Adz*m_1X a)m 5xbm; — _(bAdZ*m—lX)az’a X & g,

wxkM 1 = w+m;1m_w:1 =q 11

Gia — (ha)ia  bai — (bR Vai, h=e* G

Construction of G-invariants becomes elementary !



A=TQT 1. B=UpiT-1

\ / G.A. & Frolov, 1996

diagonal

N N
» Ty =Y Uj=1, Vi=1...,N
71=1 71=1
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Frobeniusu t diagonal — tij — 5ij Z(T_la)ia

a=1

L=it"T UP Q.

Lax matrix

L—q9Q 'LQ =gqgsxac




Poisson algebra

Z=Q 'LQ
{Qisaja) =0, {Q;;€aj} = dijcay Qj

{a,a2}+ = %:(7“. FY)aja; F ajaz pFa; Xojaz Tax Xio 31] ;
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Poisson algebra

1
;{LL Lo}y = (rio FY)L1Lo — L1Lo(r 5+ YY)+ L1(7Fo1 £ Y) Lo — Lo(T12 F Y ) L4

(3; Ei; — %Ew) ® (Ejj —

The L-algebra is not the same as in the spin case!
1
;{Lla Lo} = rioL1 Lo — L1Lor 15 + L1721 Ly — LoT121L4

G.A., Klabbers & Olivucci, 2018



Poisson algebra

H,, =Tr(BA Y™  <— commutative family

JF=Te[S(BA™Y],  J; =Tr[S(A71B)"]

n n

JreP = Te[S(BA™Y"], J, P =Tr[S*(A7'B)"]

N

(S*)ij = aiabg;

(8%%)ij = aiacs;

I = gy = Trsed



Poisson algebra
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Poisson algebra of the spin group

(TSP g0} = 687 Jgd — 50 JP
% v v 1)
t 52| pagsn Ty TS0+ TSI ups = I3 Pranws T = 5" prupon Tt

@M = M 4+ 3257

{@1,02}4 =F(pD1D2 + D1D2p — D2p1L D1 — D1p:D2)

N

W <«— moment map for the Poisson action of the spin Poisson-Lie group S = GL,(C)

Semenov-Tian-Shansky bracket

Aiee —7 (ag)iaa bozz' — (g_lb)aia g S S

{91, 92} — i%[Pa 9192]



Poisson algebra

JA) = Jia!
n=0

1

{Ji(N), Ja(p) j+ = E[Cim Ji(A) + J2 ()]

+ %[pi(% ) J1(N)J2(p) + J1(A) Je () px (A, 1) — J2(p) p£J1(A) — J1(A) pxJ2(p)

LA+ s Ap+ F pps
—pEt-——-—0C7, =
p+(A, 1) =p 2N — 1 12 N — 1




Solving equation of motion

Hy — A=-B, B=-BA'B, a=0=10

BA~! = I is an integral of motion and also a = const, b = const

A(T) = e~ ITA(0), B(t) = Ie~ I A(0)

Initial data  A(0) = Q,  aia(0) = aia, Y aiq =1 Vi

T = L(0)

e M7 = T(1)Q(T)T(1)™"
\ Frobenius, T(t) = 1




Conclusions

The Hamiltonian structure of the hyperbolic spin RS model is found
from the Poisson reduction of D, (G) X Z]ivj p

% Elliptic version?

%  Quantum model?



