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s, UA-03680, Kiev-143, UKRAINEThe thermal and quark/baryon 
hemi
al potential dependen
es of quark 
ondensate and massesof π- and σ-mesons are studied in the instanton model of the QCD va
uum in pre
riti
al region.The impa
t of phonon-like ex
itations of instanton liquid on the 
hara
teristi
s of σ-meson insu
h an environment is also examined.Nowadays with the 
ommon belief that the hadron world and its symmetries are driven by QCDour understanding of the lightest mesons origin, at least from the hadron side, is tightly related to thespontaneous breakdown of 
hiral symmetry inherent to the 
orresponding Lagrangian. Then the pionsappear as the massless Goldstone bosons while the s
alars a
quire a non-zero va
uum expe
tationvalues re�e
ting the sophisti
ated stru
ture of QCD va
uum. At the level of QCD fundamental �eldswe have phenomenologi
ally learnt that this symmetry breaking is dominated by the non-zero valuesof quark 
ondensates [1℄ and the s
alar meson attributes result from the dynami
al generation of lightquark masses. However, at rather high temperature T , as the latti
e QCD studies have taught [2℄, thephase transition restoring the 
hiral symmetry o

urs (and a quark 
hiral 
ondensate is just its orderparameter) together with the transition de
on�ning the quarks and gluons and another transition of
olour super
ondu
tivity (
hara
terized by a diquark 
ondensate) at high quark/baryoni
 
hemi
alpotential µ. Clearly, the last phase transition is s
ar
ely feasible in the terrestrial 
onditions and isrelevant rather in the astrophysi
s observations of 
ompa
t stars. As to two others they are intensivelyexplored in ultrarelativisti
 heavy ion 
ollisions [3℄.The properties of various phases of hot and dense matter are dependent on the interplaybetween the 
ompeting pro
esses of quark-quark and quark-antiquark pairing (in�uen
ed by theQCD va
uum) and, as expe
ted, 
ould be 
lari�ed by studying the QCD phase diagram on (µ�
T )-plane in the latti
e simulations (albeit a very idea is relevant for the in�nite matter and inthermodynami
 equilibrium). The �rst results of latti
e phase diagram studies were quite s
hemati
but,at the same time, indi
ative enough be
ause they generated very important question about thestru
ture of phases around the de
on�nement 
riti
al temperature Tc, i.e. at |T −Tc| ≪ Tc. Today asbe
ome espe
ially 
lear when it was found that J/ψ 
harmonium survives at rather high temperaturesbeyond Tc [4℄. In fa
t, this result has been 
on�rmed by the RHIC experimetal observations and hasled to the 
on
ept of strongly 
oupled quark-gluon plasma [5℄ revealing the existen
e of enormousnumber of bound states at T > Tc in de
on�ned phase.Phenomenologi
al analysis of strongly intera
ting matter under the extreme 
onditions is
ompli
ated by the 
omparatively low 
redibility of dynami
al hadron models (linear and nonlinearsigma-models, the Nambu�Jona-Lasinio model and its modi�
atios et
.) on the (µ � T )-plane. Theirpredi
tions are not likely to be reliable at approa
hing the 
riti
al line of phase transition restoratingthe 
hiral symmetry. At small values of µ and T the parameters of those models are tuned insu
h a way to reprodu
e some experimental data and to obey some general 
onstraints rooted in1
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QCD. However, extending the models to the phase transition regions leads sometimes to 
on�i
ting
on
lusions (see, for example, the re
ent dis
ussion in [6℄) At the same time the analysis of pre
riti
alregions 
ould be entirely informative whi
h was demonstrated in [7℄ where the properties of lightestmesons in hot and dense environment making use the virial expansion were estimated in 
hiralperturbation theory. In the present paper similar questions are dis
ussed within the instanton liquidmodel of the QCD va
uum [8℄.The quark generating fun
tional for sto
hasti
 ensemble of gluon 
on�gurations being de�ned as(the sign of double averaging means the 
orresponding average over the gluon �elds)
Zψ ≃

∫

Dψ†Dψ 〈〈 eS(ψ,ψ†,A) 〉〉A ,at nonzero temperature and �nite 
hemi
al potential is estimated by the saddle point methodand 
ould be presented (up to the details inessential for our 
onsideration here) with an auxiliaryintegration over saddle point parameter λ (we are dealing here with SU(3) gauge group and quarksof two �avours Nf = 2) [9℄ in the following form
Zψ ≃

∫

dλ
∫

Dψ†Dψ exp

{

n V4

(

ln
nρ̄4

λ
− 1

)}

×

× exp







T
∞
∑

l=−∞

∫

dk

(2π)3

2
∑

f=1

ψ†
f (k) (−k̂ − iµ̂) ψf (k) + Lint







, (1)
Lint = iλ (ψ†L

1 L1 ψ
L
1 )(ψ†L

2 L2 ψ
L
2 ) + iλ (ψ†R

1 R1 ψ
R
1 )(ψ†R

2 R2 ψ
R
2 ) .Here ψTf = (ψRf , ψ

L
f ), f = 1, 2 are the quark �elds 
omposed by the spinors of �xed 
hirality

ψL,Rf = P± ψf , P± = 1 ± γ5
2 , n is the instanton liquid density, ρ̄ is the mean size of instanton liquidpseudoparti
les, V4 = TL3 denotes the 4-volume of system and µν = (0, µ). Working in the Eu
lideanspa
e we are summing up over l by introdu
ing the Matsubara frequen
ies k4(l) = 2πT

(

l + 1
2

) withthe 
onvention ∆k4 = T . Summing up and integrating over spatial momentum 
omponents in Eq.(1)will further be marked as ∑∫ . Then the Lagrangian Lint of 4-fermion quark intera
tion is given withthe 
hiral 
omponents as
(ψ†L

f Lf ψ
L
f ) =

∫ dpfdqf
(2π)8 ψ†L

fαf if
(pf) L

βf jf
αf if

(pf , qf ;µ) ψ
Lβf jf
f (qf ) ,and for the right hand �elds one should 
hange L → R.Currently, the 
orresponding e�e
tive Lagrangians for the L è R 
omponents are set in terms ofthe quark zero modes. At zero values of temperature and 
hemi
al potential the zero modes approa
h[10℄, being 
ombined with the mean �eld approximation [11℄, is providing us with very reasonablephenomenologi
al results. But at �nite temperature the superposition of (anti-)
alorons whi
h arethe periodi
 solutions of the Yang-Mills equations [12℄ looks mu
h more relevant to be used asthe saturating 
on�guration of suitable generating fun
tional. At high temperature, meanwhile, the
hromoele
tri
al part of the gluon �eld is expe
ted to develop the mass term m2

el
2 A2

4 in the e�e
tiveLagrangian (the 
orresponding term in one-loop approximation has been already found out in [13℄).It implies the saturating 
on�gurations should be mainly rooted in the 
hromomagneti
 se
tor. (Inthe framework of instanton QCD va
uum model the alternative s
enario has also been developedwith assuming the formation of instanton-anti-instanton mole
ules [14℄.) The re
ent latti
e studiesof 
orrelators of the topologi
al 
on�gurations 
orroborated [15℄ the 
hromomagneti
 
hara
ter ofgauge �elds beyond the 
riti
al temperature.Unfortunately, even the simplest 
aloron zero mode (in the momentum spa
e) at zero value ofquark 
hemi
al potential µ may not be presented by the spe
ial fun
tions and, hen
e, is impra
ti
alfor the analyti
al exploration. It is the major reason for us to develop here the approximate pro
edure2



in whi
h we substitute the expli
it expression of zero mode ψ[A(T, µ);T, µ] for its simpli�ed form
ψ[A(0, µ); 0, µ] and imply the 
orresponding 
orre
tions 
ould be 
al
ulated perturbatively. Su
h anoversimpli�
ation results in the Lβf jf

αf if
kernels whi
h are de�ned by the zero modes (the solutions ofthe Dira
 equations with a 
hemi
al potential µ) in the form of hi-fun
tions as regards

h4(k4, k;µ) =
π

4k
{(k − µ− ik4)[(2k4 + iµ)f−

1 + i(k − µ− ik4)f
−
2 ] +

+ (k + µ+ ik4)[(2k4 + iµ)f+
1 − i(k + µ+ ik4)f

+
2 ]} ,

hi(k4, k;µ) =
π ki
4k2

{

(2k − µ)(k − µ− ik4)f
−
1 + (2k + µ)(k + µ+ ik4)f

+
1 +

+
[

2(k − µ)(k − µ− ik4) −
1

k
(µ+ ik4)[k

2
4 + (k − µ)2]

]

f−
2 +

+
[

2(k + µ)(k + µ+ ik4) +
1

k
(µ+ ik4)[k

2
4 + (k + µ)2]

]

f+
2

}

,with i = 1, . . . , 3 and k = |k|, if one 
onsiders the spatial 
omponents of 4-ve
tor kν , and
f±

1 =
I1(z

±)K0(z
±) − I0(z

±)K1(z
±)

z±
, f±

2 =
I1(z

±)K1(z
±)

z2
±

, z± =
ρ̄

2

√

k2
4 + (k ± µ)2 ,with Ii, Ki (i = 0, 1) as the modi�ed Bessel fun
tions. Introdu
ing in the same time the s
alar fun
tion

h(k4, k;µ) whi
h is related to the three-dimensional 
omponents as hi(k4, k;µ) = h(k4, k;µ) ki
k
, i =

1, 2, 3 (when it does not mislead we omit the arguments of hi fun
tions at all) we have then
Lβjαi(p, q;µ) = Sik(p;µ)ǫkl Uα

l U †σ
β ǫ

σnS+
nj(q;−µ) ,with S(p;µ) = (p + iµ)− h+(p;µ) , S+(p;−µ) =

∗

h−(p;−µ)(p + iµ)+, moreover, for the 
onjugatedfun
tion it is valid ∗

hµ (p;−µ) = hµ(p;µ), and ǫ is entirely antisymmetri
 matrix ǫ12 = −ǫ21 = 1. Here
p± and similar symbols are used for the 4-ve
tors spanned on the matri
es τ±ν where τ±ν = (±iτ , 1)and τ is the 3-ve
tor of Pauli matri
es, p± = pντ±ν and U is a matrix of rotations in the 
olour spa
e.Surely, we have the similar relations for the right hand 
omponents

(ψ†R
f Rf ψ

R
f ) =

∫

dpfdqf
(2π)8 ψ†R

fαf if
(pf) R

βf jf
αf if

(pf , qf ;µ) ψ
Rβf jf
f (qf )with the kernel as

Rβj
αi (p, q;µ) = T ik(p;µ)ǫkl Uα

l U †σ
β ǫ

σnT+
nj(q;−µ) ,where T (p;µ) = (p + iµ)+ h−(p;µ) , T+(p;−µ) =

∗

h +(p;−µ)(p + iµ)−. As far as the ve
tor-fun
tion h(p) is spanned on the ve
tor p only the 
omponents of matri
es (p+ iµ)± and h∓(p;µ) arepermutable. As a result it is easy to understand the validity of the following identities
T (p;µ) = S+(p;−µ) , T+(p;−µ) = S(p;µ) .In what follows we omit the µ-dependen
e of matri
es S, T, S+, T+ be
ause the 
hemi
al potentialenters the matri
es S+, T always with the positive sign only and the matri
es S, T+ with the negativeone.After averaging over the 
olour orientation the leading term of the N−1

c expansion of four-fermionintera
tion 
ontribution looks like the following
〈(

ψ†L
1 L1 ψ

L
1

) (

ψ†L
2 L2 ψ

L
2

)〉

U
=

(

ψ†L
1 (p1) S(p1) S

+(q1) ψ
L
1 (q1)

) (

ψ†L
2 (p2) S(p2) S

+(q2) ψ
L
2 (q2)

)

−

−
(

ψ†L
1 (p1) S(p1) S

+(q2) ψ
L
1 (q2)

) (

ψ†L
2 (p2) S(p2) S

+(q1) ψ
L
1 (q1)

)

,3



(and, of 
ourse, a similar expression for the right hand 
hiral 
omponent). Eventually, the intera
tionterm may be rewritten as
Lint =

iλ

4

(

ψ†L
f (p1) S(p1) S

+(q1) (τ+
a )ff ′ ψ

L
f ′(q1)

) (

ψ†L
g (p2) S(p2) S

+(q2) (τ+
a )gg′ ψ

L
g′(q2)

)

− (2)
−

iλ

4

(

ψ†L
f (p1) T (p1) T

+(q1) (τ+
a )ff ′ ψ

L
f ′(q1)

) (

ψ†L
g (p2) T (p2) T

+(q2) (τ+
a )gg′ ψ

L
g′(q2)

)

.Performing the auxiliary integration over the bosoni
 �elds La è Ra the four-fermion intera
tion 
anbe transformed to the Gauss-type integral (analogously for right hand 
hiral �elds and s
alar �eld
Ra)

λ

4

(

ψ†L SS+ τ+
a ψL

) (

ψ†L SS+ τ+
a ψL

)

→ −λ
(

ψ†L SS+ τ+
a ψL

)

La − λL2
a ,whi
h is quite 
onvenient to obtain the e�e
tive Lagrangian in the terms of hadroni
 degrees offreedom

L̂ = (1 + σ + η) U V , R̂ = (1 + σ − η) V U+ ,

U = ei π
aτa

, V = ei σ
aτa

.Then the 
orresponding Lagrangian density in
orporating the intera
tion of quarks and hadrons is
L

′

int = − iλ ψ†(p)
[

S(p) S+(q) ei(p−q)x (1 + σ(x) + η(x)) U(x) V (x) P+− (3)
− T (p) T+(q) ei(p−q)x (1 + σ(x) − η(x)) V (x) U+(x) P−

]

ψ(q) ,and 
al
ulating two well-known diagrams with two external hadron lines one may extra
t thene
essary hadroni
 
orrelators a

ording to the 
orresponding e�e
tive Lagrangian [10℄
Rπa

(p) = 4Nc

∑

∫ dk

(2π)4

M2(k)

(k + iµ)2 +M2(k)
−

− 4Nc

∑

∫

(dk1dk2)

(2π)4

[(k1 + iµ)(k2 + iµ) +M1M2] M(k1, k2)M(k2, k1)

[(k1 + iµ)2 +M2
1 ] [(k2 + iµ)2 +M2

2 ]
,

Rσ(p) = nρ̄4 − 4Nc

∑

∫

(dk1dk2)

(2π)4

[(k1 + iµ)(k2 + iµ) −M1M2] M(k1, k2)M(k2, k1)

[(k1 + iµ)2 +M2
1 ] [(k2 + iµ)2 +M2

2 ]
, (4)

Rη(p) = nρ̄4 + 4Nc

∑

∫

(dk1dk2)

(2π)4

[(k1 + iµ)(k2 + iµ) +M1M2] M(k1, k2)M(k2, k1)

[(k1 + iµ)2 +M2
1 ] [(k2 + iµ)2 +M2

2 ]
,

Rσa
(p) = 4Nc

∑

∫ dk

(2π)4

M2(k)

(k + iµ)2 +M2(k)
+

+ 4Nc

∑

∫

(dk1dk2)

(2π)4

[(k1 + iµ)(k2 + iµ) −M1M2] M(k1, k2)M(k2, k1)

[(k1 + iµ)2 +M2
1 ] [(k2 + iµ)2 +M2

2 ]
.The momentum integration here in
ludes the δ-fun
tion (dk1dk2) = dk1dk2 δ(k1−k2−p) 
arrying theexternal momentum p. The vertex fun
tionM(k1, k2) = λS(k1)S

+(k2) = λv(k1, k2) has the followingstru
ture
v(k1, k2) = A+ iB

k1 τ

|k1|
+ iC

k2 τ

|k2|
+ iD

k1 × k2 τ

|k1| |k2|
, (5)with the fun
tions

A = [k1h + (k1 + iµ)h4] [k2g + (k2 + iµ)g4] + [(k1 + iµ)h− k1h4] [(k2 + iµ)g − k2g4]
(k1k2)

|k1| |k2|
,

B = [(k1 + iµ)h− k1h4][k2g + (k2 + iµ)g4] ,4



C = −[k1h+ (k1 + iµ)h4][(k2 + iµ)g − k2g4] ,

D = [(k1 + iµ)h− k1h4][(k2 + iµ)g − k2g4],where h = h(k1;µ), h4 = h4(k1;µ), g = h(k2;µ), g4 = h4(k2;µ), and in the shortened form one shouldimplyM1 = M(k1, k1), M2 = M(k2, k2). The produ
t of matri
es v(k1, k2)v(k2, k1) is spanned on theunit matrix be
ause
v(k2, k1) = A− iB

k1 τ

|k1|
− iC

k2 τ

|k2|
− iD

k1 × k2 τ

|k1| |k2|
,and denotion M(k1, k2)M(k2, k1) means the 
orresponding s
alar to be singled out. Undoubtedly,all expressions of Eq.(4) are approximate and going to improve them one remembers the matri
es

S(k1)S
+(k2) (and T (k1)T

+(k2) as well) should be linked with the 
orresponding quark propagatorsin between (the verti
es might be inter
hanged only when the momentum equality k1 = k2 is valid)whi
h �nally leads to the additional terms of the following form
Tr(A+ iNΣ)

{

1
γ5

}

(k̂1 + iµ̂+ iM1)(A− iNΣ)
{

1
γ5

}

(k̂2 + iµ̂+ iM2) ,where N = B k1

|k1|
+C k2

|k2|
+D k1 × k2

|k1| |k2|
. However, numeri
al analysis performed shows the additionalterms proportional to the 
orresponding tra
es of matri
es of the spin type Σi = i

2εijk γjγk arenegligible.Now going to analyse the thermal and �nte µ evolution of quark mass and quark 
ondensatewe would like to emphasize that we do not expe
t our approa
h to be valid in the 
hiral limit butreasonably reliable in the pre
riti
al region. As usual the saddle point is determined by the solutionof the following equation
4Nc

∑

∫

dk

(2π)4

M2(k)

(k + iµ)2 +M2(k)
= n . (6)At zero temperature and parti
ular value of the 
hemi
al potential (µc ≃ 350 MeV) there appearsthe singularity in the denominator of Eq.(6) whi
h is rooted in the solution of equation

k2 − µ2 +M(|k|) = 0and quarks are going to �ll the Fermi sphere in. If we do not 
al
ulate the imaginary part of the
orrelators (4) the 
orresponding integrals might be 
al
ulated as the prin
ipal values only. Obviouslythe a

urate 
al
ulation foresees an analysis of all poles and 
uts in the imaginary p4-plane. However,for the verte
es generated by instantons this task, unfortunately, is not feasible today be
ause of thefairly 
ompli
ated analyti
al stru
ture of the zero modes in the 
omplex plane (see, for example,[16℄ where unrealisti
 (low) thresholds of 
hiral symmetry restoration have been re
eived for the zeromode forms 
onsidered).The masses of σ- and π-mesons are extra
ted from hadron 
orrelator expansions at small valuesof momenta (4) Rπ(p) = βπp
2 + . . ., Rσ(p) = ασ + βσp

2 + . . . and M2
σ = ασ

βσ
but the π-mesonmass is given by the Gell-Mann-Oakes-Renner relation. In our paper the 
oe�
ients α and β arenumeri
ally 
al
ulated and the pre
ision whi
h we are able to provide for the meson 
hara
teristi
sis at the level of 10% only (it is exra
ted from the result dependen
e on the spa
ing of numeri
aldi�erentiation). It looks quite satisfa
tory for the qualitative appraisals whi
h here we intend to. Thetypi
al thermal behaviours of Mσ and Mπ are depi
ted in Fig.1 for the several values of 
hemi
alpotentials µ = 100, 160, 240, 260 MeV (a polarization was taken trivial |p| = 0 while 
al
ulating) andthe upper 
urve there 
orresponds to µ = 100 MeV. The mass of σ-meson diminishes be
ause of αde
reasing and β in
reasing at the same time. The distin
tive feature of our approximate 
al
ulationis an absen
e of 
hara
teristi
 stru
ture having usually observed at the 
rossing of the σ- and π-meson 
urves while 
hiral symmetry is restored [17℄. Two 
urves of the dynami
al mass behaviour5



�èñ. 1: The masses of σ- (upper solid lines) and π- mesons (lower solid lines) as the temperaturefun
tions for four values of the 
hemi
al potential µ = 100, 160, 240, 260 MeV, the upper line
orresponds to µ = 100 MeV. Two dashed lines show the behaviour of dynami
al quark mass
orresponding to two extreme values of 
hemi
al potential (upper line 
orresponds to larger value.
M(k4(0);µ) for µ = 100 MeV (lower dashed 
urve) and µ = 260 MeV (upper dashed 
urve) are shownon the same plot demonstrating a slow de
rease with the temperature in
reasing. It is interesting tonoti
e the σ-meson mass is in the domain of Mσ

M expansion validity with µ and T in
reasing whi
hallows us to hope that the results of analysis with an e�e
tive Lagrangian proposed might be takennot only as qualitative ones. It is well seen that with µ in
reasing the 
urves des
ribing the σ-mesonmass be
ome steeper and steeper and around µc ≃ 350 MeV where the pro
ess of �lling in the Fermisphere starts σ-meson is simply degenerated. Moreover the hadroni
 
orrelatorRσ(p) = ασ+βσp
2+. . .develops almost 
onstant behaviour at βσ → 0. With µ further in
reasing the 
orrelation fun
tionof πa-meson be
omes degenerate but its 
hiral partner σa-meson appears to be the 'physi
al' one.Fig.2 shows the 
orrelation fun
tions of Rσa

(p) and Rπ(p) mesons as the fun
tions of of momentum
|p| (ÌýÂ) for three 
hemi
al potential values µ = 0, 510, 680 MeV.The 
urve where Mσ = 2Mπ is depi
ted (dashed line) in Fig.3 together with the line Mσ = Mπ(solid 
urve). Unfortunately, more or less reliable theoreti
al predi
tions for their lo
ations on the (µ� T )-plane do not exist nowadays. For example, in the Nambu�Jona-Lasinio model these 
urves havethe interse
tion point with the µ = 0-axis around rather 'high' 
riti
al temperature and their 
hangeswhile the perturbation expansion in the saturating 
on�guration is applied is of spe
ial interest. Inthe model developed, the 
urves should move down on the plot and if σ-meson appears beyond the
Mσ = 2Mπ 
urve the de
ay 
hannel σ → 2π be
omes impossible whi
h favours its experimentalidenti�
ation. In general we 
ould 
on
lude that our results as to behaviour of σ- and π- mesons6



�èñ. 2: Correlation fun
tions Rσa
(p) (upper solid lines) and Rπ(p)-mesons (lower solid lines)as themomentum |p| (MeV) fun
tions for three magnitudes of 
hemi
al potentials µ = 0, 510, 680 MeV.on the µ − −T -plane are in reasonable agreement with the results obtained in other papers (see,for example, [18℄) although one distin
tion is obvious. It 
on
erns the quark mass behaviour (see,the respe
tive dashed lines in Fig.1). Aiming to 
larify this point we have studied the generatingfun
tional at zero temperature in the mean �eld approximation as it was formulated in [11℄. Its
onsiderable advantage 
omes from the possibility to 
al
ulate the quark 
ondensate (dynami
alquark mass) without appealing the saddle point equation. However, in this exer
ise the zero modeapproximation leads to the unphysi
al in
rease of quark 
ondensate when the 
hemi
al potential valueapproa
hes dynami
al quark mass magnitude. It seems this result di
tates a ne
essity to take intoa

ount the terms negle
ted even though partly (remember, we have made use the approximation forzero modes) and to investigate the role of non-zero modes. But we believe studying the me
hanismof �lling the Fermi sphere in gives more illumination to the origin of 
hiral symmetry restoration inthis 
ase.In our previous paper [19℄ we were analysing the possible me
hanism of mixing σ-meson andthe phonon-like ex
itations of instanton liquid and demonstrated that notwithstanding the seemingsmallness of 
oupling 
onstant (small 
hange of dynami
al quark mass) the e�e
ts of mixing 
ould bepowerful enough. The spe
i�
 feature of these e�e
ts while depending on µ and T is the alternationof the heavy and light 
omponent roles. Initially σ-meson is the heavier 
omponent but gn heating(or 
ompressing) this �eld loses its mass qui
kly, as was demonstrated, and at rea
hing a 
ertainthreshold magnitude the phonon-like ex
itations play the role of heavier 
omponents.We are not preo

upied with the 
laim for the a

urate quantative estimates of parti
ular7



�èñ. 3: The 
urve of Mσ = 2Mπ (dashed line) and the 
urve of Mσ = Mπ (solid line).masses or widths be
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hara
ter of perturbative s
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