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QCD multi-jet pro
esses and the multipli
ity asymptoti
sJ.Manjavidze1 & A.Sissakian2Abstra
tWe will offer the formal arguments that the very high multipli
ity (VHM) events aredefined by the heavy QCD jets and, with exponential over multipli
ity a

ura
y, the numberof jets must de
rease with the in
reasing multipli
ity. This must rise the mean transversemomentum of se
ondaries with multipli
ity. The effe
tiveness of the LLA in the VHM domainis also dis
ussed.1. The interest of experimentalists in the very high multipli
ity (VHM) physi
s hasgrown for the last few years [1℄. But in spite of all efforts there has not been any goodquantitative theory of su
h events until now. The reason lies in the spe
ial kinemati
s ofVHM events: the produ
ed parti
les have approximately the same small momenta and forthis reason the usage of LLA be
omes problemati
.The purpose of the present paper is to give the formal arguments that (i) the hadronpro
esses be
ome hard in VHM domain and (ii) this tenden
y to the events hardness is
onserved in the asymptoti
s over multipli
ity.2. It is useful to introdu
e the generating fun
tion

T (z, s; nmax) =

∞
∑

n

znσn(s; nmax), σn(s; nmax) = 0 if n > nmax, (1)where nmax =
√

s/m is the maximal multipli
ity of hadrons of mass m at given CM energy√
s. It appears be
ause of the energy-momentum 
onservation law. We will assume thatthe total energy √

s 
an be arbitrary large. The lepton and photon produ
tion is negle
ted.It seems natural to omit the dependen
e from nmax if n is far from it: in the opposite 
asethe dependen
e on the phase-spa
e boundaries would be sizeable for all n. We will assumethat z is so small that
n ≪ nmax (2)are important in (1). Assuming (2), we 
an 
onsider T (z, s) as an entire fun
tion of z in thefuture.One may turn (1) and define σn(s) through T (z, s) by the inverse Mellin transform:

σn(s) =
1

2πi

∮

dz

zn+1
T (z, s).This integral 
an be 
al
ulated for large values of n by the stationary phase method. The
orresponding saddle point is defined by the equation:

n = z
∂

∂z
ln T (z, s). (3)Then the asymptoti
 estimation exists:

σn(s) ∝ e−n ln zc(n,s), (4)1Institute of Physi
s, Tbilisi, Georgia & JINR, Dubna, Russia2JINR, Dubna, Russia 1
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where zc(n, s) is the solution of (3). The estimation (4) exists if zc(n, s) > 1, i.e. if n islarger than the mean multipli
ity n̄(s); at the same time n 
an not be too large, see (2). Theestimation (4) signifies that the quantity
µ′(n, s) = −1

n
ln σn(s)/σtot(s) (5)is defined with the O(1/n) a

ura
y only by the solution zc(n, s).As follows from (3), with the in
reasing multipli
ity zc(n, s) must tend to the singularities

zs of T (z, s):
zc(n, s) → zs . (6)We will assume that [2℄ T (z, s) is regular in the 
omplex z plane inside the unit 
ir
le(otherwise σn would be the in
reasing fun
tion of n inside the domain (2)). Keeping in mind(6), the estimation (4) means the following supposition:(I). The asymptoti
s over multipli
ity is governed with the exponential a

ura
y by theleftmost singularity over z.It was shown [3℄ that the multiperipheral kinemati
s leads to T (z, s) whi
h is regularfor the arbitrary finite z. For this reason the soft 
hannel of hadrons produ
tion leads, asfollows from (3), to µ′(n, s) ≃ ln zc(n, s) in
reasing with n. On the other hand the pQCDjets generating fun
tion gives the singularity at zs(s) − 1 ∼ 1/n̄j(s) > 0, where the meanmultipli
ity in the jet is n̄j(s), ln n̄j(s) ∝

√
ln s [4℄. Therefore, for hard pro
esses,

µ′(n, s) = 1/n̄j(s) + O(1/n),i.e. µ′(n, s) is the n independent quantity whi
h decreases with the in
reasing energy.We 
on
lude that the VHM pro
esses are mostly the hard pro
esses and at first sightthey 
an be des
ribed by the pQCD. Whether this is right or not is the question of ourinterest.3. We will 
onsider parti
les produ
tion in the "deep inelasti
 s
attering" (DIS) kine-mati
s. Let Fab(x, q2; ω) be the generating fun
tional:
Fab(x, q2; ω) =

∑

ν

∫

dΩν(k)

ν
∏

i=1

ωri(k2
i ) |ar1r2...rν

ab (k1, k2, ..., kν)|2 ,where ar1r2...rν

ab is the produ
tion amplitude of ν partons (ri = (q, q̄, g)) with momenta
(k1, k2, ..., kν) in the pro
ess of s
attering of the parton a on the parton b; dΩν(k) is thephase spa
e element; ωr(k2) is the "probe fun
tion", i.e. the 
orrelation fun
tions

N r1r2...rν

ab (k2
1, k

2
2, ..., k

2
ν ; x, q2) =

ν
∏

i=1

δ

δωri(k2
i )

lnFab(x, q2; ω)

∣

∣

∣

∣

∣

ω=1

.The generating fun
tional is normalized on the DIS stru
ture fun
tion Dab(x, q2),
Fab(x, q2; ω = 1) = Dab(x, q2),whi
h is des
ribed in the leading logarithm approximation (LLA) by the ladder diagrams.We will 
onsider the approximation when the 
utting line passes only through the "steps"of the ladder diagram. In this 
ase Dab(x, q2) has a meaning of the probability to find theparton a in the parton b. 2



Considering the VHM region, one must assume that the mass |ki| of the produ
ed partonis large. For instan
e k2
i ≫ λ2, where λ is the virtuality of the parton of the pre-
onfinementphase. Then

ln k2
i = ln |q2

i+1|
(

1 + O

(

ln(1/xi)

ln |q2
i+1|

))

. (7)The LLA means that
λ2 ≪ |q2

i+1| ≪ |q2
i | ≪ |q2|. (8)Therefore, |ki| are also strongly ordered. The approximation (7) means that the produ
edpartons longitudinal momenta are small:

ln(1/xi) < ln |q2
i+1|. (9)It is useful to 
onsider the Lapla
e image over ln(1/x):

Fab(x, q2; ω) =

∫

dj

2πi

(

1

x

)j

Fab(j, q
2; ω). (10)Then, taking into a

ount the above mentioned 
onditions, one may find the DGLAP evo-lution equation:

t
∂

∂t
Fab(j, t; ω) =

∑

c,r

ϕr
ac(j)ω

r(t)Fcb(j, t; ω), (11)where t = ln(|q2|/Λ2),
ϕr

ac(j) ≡ ϕac(j) =

∫ 1

0

dx xj−1 P r
ac(x)and P r

ac(x) are the regular kernels of the Bete-Solpiter equation for pQCD [5℄. The equation(11) 
oin
ides at ωr = 1 with the habitual equation for Lapla
e transform of the stru
-ture fun
tion Dab(x, q2). While the equation (11) was being derived, only one additionalassumption had been used for our problem ωr = ωr(k2).The dominan
e of the gluon 
ontributions for the 
ase x ≪ 1 will be used and for thisreason all parton indexes will be omitted. One may find the solution of (11) in terms of the
ν-gluon 
orrelation fun
tions N (ν). Omitting the t dependen
e in the renormalized 
onstant
αs, let us write:

F(j, t; ω) = D(j, t) exp

{

∑

ν

1

ν!

∫ ν
∏

i=1

dti(ω(ti) − 1)N (ν)(t1, t2, ..., tν ; x, t)

}

.In the VHM domain, where x ≪ 1 is important, one must 
onsider (j − 1) ≪ 1. Then
N (1)(t1; j, t) = ϕ(j) ∼ 1

j − 1
≫ 1.The se
ond 
orrelator

N (2)(t1, t2; j, t) = O

(

max

{

(

t1
t

)ϕ(j)

,

(

t2
t

)ϕ(j)

,

(

t1
t2

)ϕ(j)
})is negligible at (j − 1) ≪ 1. Therefore, in the LLA,

F(j, t; ω) = D(j, t) exp

{

ϕ(j)

∫ t

t0

dt1(ω(t1) − 1)

}

.3



Taking ω(t) = const, one may find that F(j, t; ω) has the Poisson distribution with the"mean multipli
ity" ∼ ϕ(j)t.If the time ne
essary to 
onfine a parton into the hadron is ∼ (1/λ), then the parton ofthe mass (virtuality) |k| ≫ λ must de
ay on the partons of lower mass sin
e its life time is
∼ (1/|k|) << (1/λ). This is the reason of the pQCD jets formation.If the quantity

ω(t, z), ω(t, 1) = 1, t = ln k2/λ2,is the generating fun
tion of the pre-
onfinement partons multipli
ity distribution
ωn(t) =

∂n

∂zn
ω(t, z)

∣

∣

∣

∣

z=0

,then, as follows from derivation of F(j, t; ω), the quantity
F(j, t; ω) = D(j, t) exp

{

1

j − 1

∫ t

t0

dt(ω(t, z) − 1)

} (12)will des
ribe the pre-
onfinement partons multipli
ity distribution in the frame of LLA.Inserting (12) into the integral (10), one 
an find that, if we will use the designation:
ω̄(t, z) ≡

∫ t

t0

dt ω(t, z),

j − 1 = {ω̄(t, z)/ ln(1/x)}1/2 are essential in it. So, to justify the LLA approximation, oneshould assume that the "mobility"
{ln(1/x)/ω̄(t, z)} ≫ 1 (13)de
reases with z or, it is the same, with the multipli
ity n. This is the reason why the LLAfor 
onsidered DIS kinemati
s has a restri
ted range of validity in the VHM region.Nevertheless, in the frame of LLA 
onditions, as follows from (12), the generating fun
-tional Fab(x, t; z) has the following estimation:lnFab(x, t; z) ∝ {ln(1/x)ω̄(t, z)}1/2. Therefore,sin
e the 
oupling is a 
onstant, lnFab(x, t; z = 1) = lnDab(x, t) ∝ (t ln(1/x))1/2. This is awell known result.4. The higher 
orrelation fun
tions N r1r2...rν

ab (t1, t2, ..., tν ; x, q2) must be taken into a
-
ount if z is large: the smallness of this 
orrelation fun
tions 
an be 
ompensated by thelarge value of ωr(t, z). This leads to dominan
e of the multi-jet pro
esses with jets of ap-proximately equal masses. Su
h kinemati
s is outside of the LLA. Let us 
onsider it indetail.It is known [6℄ that ω(t, z) is singular at
zs − 1 ∼ 1/n̄j(t), (14)where n̄j(t) is the mean multipli
ity in the jet: ln n̄j(t) ∼

√
t. As follows from (4), thesingularity (14) gives the estimation: µ′ = 1/n̄j(t)+O(1/n), i.e. the 
hara
ter of singularityis not important with O(1/n) a

ura
y.This means that, for instan
e, the multi-jet event with k > 1 gives the same 
ontributionto µ′. The differen
e may appear only in the pre-exponential fa
tor. But a
tually thedifferen
e will appear sin
e the singularity moves with t, zs = zs(t). Indeed, if the energy
onservation law is taken into a

ount and if the produ
ed k jets have the same energy,then n̄

(k)
j (t) < n̄j(t). Consequently, z

(k
s )(t) > zs(t) and µ

′(k)
j > µ′

j. This means that the4



heavy jet produ
tions me
hanism would dominate in the VHM region in a

ordan
e withthe proposition (I).5. The above derived result means the in
rease of the mean transverse energy withthe multipli
ity n. The 
ontinuation of this result into the asymptoti
s over multipli
ityleads to the dedu
tion that only two heavy jets with masses ∼ √
s/2 are produ
ed in thedeep asymptoti
s over n. However, the value of su
h a pro
ess would be extremely small,

∝ (αs(s)/s).Therefore, a

ording to (I) it is most probable to expe
t the in
rease of the transverseenergy with multipli
ity, the experimental 
onfirmation of this result was given in [7℄ , butapparently the limiting 
ase of two-jet kinemati
s will never be ex
eeded.A
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