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1 Introduction

As originally proposed by Yang (1], the Dirac tnonopole (2] can he generalized to the
§U(2) gauge group and such » generalization {Yang monopole) can be achieved only in
the five-dimensional Euclidean space.

The simpleat bound system connected to the Yang monopole is the Yang-Conlomb
Moanopole (YCM) which we define here as the sysiem romposed of the Yang menopole
and a particle of the isoapin toupled to the monopote by the SU (2) and the Coulomb
interaction.

It is of interest ta ask whet happens to the krown SO(6) hideden symmetry of the
five-dimensional Coulomb system nfter SU(2) genernlization. In thie note, we prove
that SU(2) leads to the SO(6) group acting in a more general R® @ 52 spree. We use
this new symmetry for computation of the YCM encrgy spertrum by a pure algebraje
method.

2 Notation and = matrices

We keep the following notation: j = 0,1,2,3,4; £ = 1,234, a = 1.2,3; z; are the
Cartesian coardinates of the psrticle, T, denote the SU(2) gauge group generators;
A = (D, A2) in the triplet of Yang monopsie's gange potentinls, Wk i8 the gauge Geld of
the Yang monopole; 67 are the Pauli matrices, and r* are the 4x4 matrices

0 WY 10 iy L, ifie? g
TEAl-iet 0 o7 T3l 0 ) T3 0 e

7® matrices satify to relations

[r"rbl = itobr7c$ 47,:\7;., = 6-661411 + Zi(uﬁfrf

N i
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andd r = (z;2;)12,

3 Yang monopole

Consider the formula
%
" —4 ——-_—T‘ :L'. .
"or(r dE) ™

It is obvious that each term of the A°- triplet roincides with the pauge potential af the
five~dimensional Dirac tnonopole with a unit topological charge and the line of singwlarity
exicnded slong e uonpositive part of the #q-axis. ‘The vectors A3 are arthoganal to
each other

A T~ Ta -
At = —§,
R ey b
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and 1o the vector r, {(#,4] = 0).
By definition,

F o= 8,48 ~ O A2 + e AL A}

or, in a wore explicit form,

2%,
~—T,
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z, = -

a 1 n ; ’
Fl== (2,42 - 2, AT - 2075, ),
The straighforward computation gives
.. 4.
FiFTE = 57 (1)
where T2 = T, T,.

4 Yang SO(5) symmetry

The YCM is governed by the Hamiltonian

. 1.,
H = '2?n"1|' +
where 72 = #,7,,
. .. 0 5
= —lha—z, - hA;Td
and
(i 2] = —ihbi, (70, #e] = iR F5 T, . (2)

Let us consider the operator

t~

ik =

(xi*k - xkﬁt) - rzﬂij’n .

o=

It is ensy to verify that
[tn‘k, I,‘] = ibj,z4 — ibg,x, | (3)
For the commutator [f.,-,,, 7;] we have

(Lix, 75) = 66,508 = 80,7, + Quey



wherp
Qu; = 1A (2B ~ 2 F2) T, 4 (&, P F T

There are four possibilities for the indices 1, 4, &:

) w00
Jl=1lv v v v
k e 0 a0

and, thercfore, the direct calculation is required. After sume aigebra we obtain Qu, =0,
aud Lence
(L &) = 1,70 — i, 70 ()
Now the commutation rule for the SO(5) group generators
[Lije bl = ibem Loy = i€ mEi = i6nLyms + 58y T 5

can be derived from (3) and {4). Moreove:, it follaws from (3) and (4) that Fy commutes
with #. This S0i5) group weas previously proposed by Yang (1] as the dynamical
group of symmetry for the Hamiltonian Hy —~ €2/ including anly a monopale-isaspin
intcraction.

5 SO(8) symmetry of YCM

Let us consider the operatos

- 1 /.. s . 2me? x;,] .
M, = N (W.'sz o Lyxfty, T‘r— ()

Ly analogy with the Runge--Lonz veetor. Long manipulation exercises yield [H, My] = 0,
whid: means that M, is the constant of motion. Now. from (3), (4) ard (&) one can
show

{Laye M1 = i6u M — 18, M,
More complizited calenlasion leads to the foriaala
182, M) = =2ifi £q ~ %x,z*ijT.j.ﬁn - %{{fi;ji &
it is easidy 10 verify from (1) and (2] that las. two terms cancel cach other aad, thercfore,
(M, M = -2uHE,
Thus com:nutator 3 identical with the corresponding commmtator for the Coulomb prolb-

lem, P 8 = (—2[2)’”2”1; ongc has

1M M) =ik, .



Now, introduce the 6x6 matrix

B ( L, -y
ﬁ!’,’ 0 ;-

The components ﬁ,w (1, v = 0.1,2,3.4,5) give an «o{6) algebya

[Dl“’l D,’lp] = ibu.\Du,, - 'bu,\b;m - ih:¢pbs-.\ + Iﬁ,,,b,,,\ .
Sinee [H, D,,) = 0y one concludes that YCM is provided by the SO(6) proup of hidden
symnerry.
6 YCM energy spectrum
Huving ohitaiued rthe group of Lidden spwnetey one can caleulate the energy cigenvatues

by a pure algebraic method.
It is known {3} that the Caximir nperators for SO(6) nee

. 1. .
G = ;D:w-Dmo
éi = Cueper) f’;rvbnnbf.\

};bnuD"pD,H Drp .

C‘; =
According to {3}, the eigenvihin of these operators enn be ks us

Cy = iy +4)+ palpg + 2) + 22

I

Cy = 48luy + 2% 4 Ve
Co o= pila + 001 Gl + )+ i+ 200 + ph - 24

where gy, g3 and gy are the positive intoger or half iuteger suhers ami P2 e 2 .
The divent and very hard caleulntions lead  to the sepresentation

e .

¢, = *m-{- 2T -3 ()
&y = 48( ""4)“’27"‘ §)
v WA (¢
Cy = C'4 60, —a0,T? - 1277 4 67, "

From the last equation we can obtain another expression for the cigenvalne o

Cye= [Cy = 2T(T 4 1) + 6[Cy ~ 2T(T + 1)} + 2THT + 1)?



and conclude that
Co=2T(T+ 1) = (1 +4) (10
i + 2% + 4 = 20 = 2THT 4+ 1), (11)

The energy lovels of YOM ran be obtained from (7) and "10)

s me' . (12
LT P ’

The substitution of the rigravalues of H and 7% in the squation for Cy gives one wiote
formuia for Cy
Ci=4Bii, + DT(T + 1)
Now we have two expressions for €3 and the compatison leads to the relaton
T(T'-f- 1) = (ug + 2}y , (13)
Cotnparing this with (11), we have the equation
(13 = 3 ftra +2° ~ 3] = 0.

Sinee g < gy, one concludes that uy = pz. Then, from (13) it falows that gy = T,
which mears that g in {12) takes only values py = T,T+1, T+ 2,....
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MapnosH JLT, Cucakan A.H., Tep-Antonsin B.M. E2-98-46
CKpbITAR CHMMETPHA MOHOTIONA Sura—Kynous

PaccMOTpeHa CBA3aHHAA CHCTEMa, COCTABICHHAZ M3 MOHOMNONL SWra H H3o-
CTHHOBOF YACTHUM, CKPEIUIEHHNX APYT ¢ OpyroM SU (2) 1 XYTOHOBCKHM B3aHMO-
ReitcteneM. Haitnen obo6iieHHmA sextop PyHre—Jlenna # ycranosneHa rpynmna
ckpuToit cummerpun SO (6). [ToxaiaHo Taxxe, 4TO IPYnNa CKPHTOH CHMMETDHH
[I03IBONRET BEIYHCIUTS CIIEKTP CHCTEMSl ANre6pauieckum nyTeu.

PaGora BrnokeHa B JlaGopaTopur TcopeTuycckoit husnky um, H.H.Boronio-
Gosa OUSIH.
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Mardoyan L..G., Sissakian A.N., Ter-Antanyan V.M, E2-98-46
Hidden Symmetry of the Yang—Coulomb Monapole

The bound system composed of the Yang monopole coupled to a particle
of the isospin by the SU (2) and Coulomb interaction is considered. The generalized
Runge—Lenz vector and the SO (6) group of hidden symmerry are established. It is
also shown that the group of hidden xymmetry meakes it possible to calculate
the spectrum of the system by a pure algebraic method.

The investigation has been performed at the Bogoliubov Laboratory
of Theoretical Physics, JINR.
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