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Abstract 

The Chem-Simons topological term coefficient is derived at arbitrary finite density. As it happens $ = m* is the crucial 
point for Chem-Simons. So when p2 < m* the p-influence disappears and we get the usual Chem-Simons term. On the 
other hand when p* > m* the Chem-Simons term vanishes because of the non-zero density of background fermions. In 
particular for the massless case the parity anomaly is absent at any finite density. This result holds in any odd dimension 
both in the abelian and in the nonabelian case. @ 1997 Published by Elsevier Science B.V. 

FACT: 11,15.-q; 05.3O.Fk; 11.3O.Er 

A great number of papers devoted to the Chern-Simons topological term has appeared since the publication of 
[ 11. This interest is based on the variety of significant physical effects caused by the Chern-Simons secondary 
characteristic class. These are, for example, gauge particles mass generation in quantum field theory, applications 

to condensed matter physics, such as the fractional quantum Hall effect and high-T, superconductivity, the 
possibility of a free of metric tensor theory construction, and so on. 

In a conventional zero density gauge theory it was shown [2-41 that the Chern-Simons term is generated 

in the Euler-Heisenberg effective action by quantum corrections. The main goal of this paper is to explore the 
dynamical generation of the parity anomalous Chern-Simons term at finite density in odd dimensional gauge 

theory. 
In the excellent paper by Niemi [5] it was emphasized that the charge density at p # 0 becomes a 

nontopological object, i.e. it contains both a topological part and a nontopological part. The charge density at 
,u $0 (nontopological, neither parity-odd nor parity-even object) 3 in QED3 at finite density was calculated and 

exploited in [ 61. Here we are interested in the effect of a finite density influence on the covariant parity-odd 
form in the action leading to the gauge field mass generation - the Chern-Simons topological term. Deep 
insight into this phenomenon at small densities was obtained in [ 5,7]. The result for the Chern-Simons term 
coefficient in QED3 is [ sgn( m - p) + sgn( m + ,u)] ( see [ 71, formulas ( 10.19) ) . However, to get this result 
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it was heuristically assumed that at small densities the index theorem could still be used and only an odd in 
energy part of the spectral density is responsible for the parity nonconserving effect. Because of this in [7] 

it had been stressed that the result holds only for small p. However, as we shall see below, this result holds 

for any value of the chemical potential. Thus, to obtain a reliable result at any value of p one has to use a 

transparent procedure which is free of any restriction on p and which would allow to perform the calculations 

with arbitrary nonabelian background gauge fields. That is why we will use here the perturbative technique for 
the Chern-Simons term calculation. In addition this approach is completely covariant. 

Since the chemical potential term ,u$y*cC, is odd under charge conjugation we can expect that it would 

contribute to a P and CP nonconserving quantity - the Chern-Simons term. As we will see, this expectation 

is completely justified. 
The zero density approach usually is a good quantum field approximation when the value of the chemical 

potential is small as compared with the characteristic energy scale of physical processes. Nevertheless, for an 
investigation of topological effects this is not the case. As we will see below, even the presence of a small 

density could lead to principal effects. 
Introduction of a chemical potential p in the theory corresponds to the presence of a nonvanishing background 

fermion density. It must be emphasized that the formal addition of a chemical potential looks like a simple 
gauge transformation with gauge function /_~.t. However, it does not only shift the time component of the 
vector potential but also gives the corresponding prescription for handling Green’s function poles. The correct 

introduction of a chemical potential redefines the ground state (Fermi energy), which leads to a new spinor 
propagator with the proper e-prescription for poles. So, for the free spinor propagator we have (see, for example, 

1S791) 

m-CCL) = 
J fm 

(fic++iesgnpa)2-p2-n22’ 
(1) 

where j? = (PO + p, p). It is easy to see that in the /J = 0 case one at once gets the usual e-prescription because 

of the positivity of PO sgnPa. 
Let us first consider nonabelian 3-dimensional gauge theory. The only graphs whose P-odd parts contribute 

to the parity anomalous Chern-Simons term are shown in Fig. 1. 

So, the part of the effective action containing the Chem-Simons term is 

I::=+ JAG(x) Je -i+“AY(p)IIpv(p) + 5 JA,(x)Je -ix(y+r)AV(p)A,(r)II~‘Ya(p,r), 

where the polarization operator and the vertices have the standard form 

nc”“*(p,r) = g3 J tr [~~s(p + r + k; p)y”S(r + k; cL)y”S(k; E.L)] . (3) 

First consider the second order term (Fig. 1, graph (a)). It is well-known that the only object giving us the 
possibility to construct a P and T odd form in the action is the Levi-Civita tensor4. Thus, we will drop 
all terms not containing a Levi-Civita tensor. The signal for the mass generation (Chern-Simons term) is 
npp(P2 = 0) $0. So we get 

4 In three dimensions it arises as a trace of three y-matrices (Pauli matrices) 
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Fig. 1. Graphs whose P-odd parts contribute to the Chem-Simons 
term in nonabeliau 3D gauge theory. 

(4 (b) (c) 

Fig. 2. Graphs whose P-odd parts contribute to the Chem-Simons 
term in nonabelian 5D theory. 

IIpv = g’ 
s 

( -i2mecl”“p,) 
1 

(k* - m* + ic(ko + J_L) sgn(ko))*’ 
(4) 

k 

After some simple algebra one obtains 

flp” = -i2mg2efivap, 
d3k 1 

- 
(27r)3 (K* - m* + ie)* 

- 
J 

$6 (-(ko + p) sgn(kd) 
1 1 

(i2-m2+ie)2- (k2-m2-ie)2 >I ’ 
Using the well-known identity 

Sm 

and evaluating the integrals one immediately comes to 

In the same manner handling the third order contribution (Fig. lb) one gets 

m( k2 - m*> 

(k2-m2+issgn(ko)(ko+~))3 1 
1 

(k* - m* + is sgn(ko)(ko + ,u))* I 

and further all calculations are identical to those the second order 

m ’ JJPLvn = -i--_-e 
Iml4-r 

PyQe(m2 _ p,*)_ 

Substituting (6)) (8) in the effective action (2) we get eventually 

I,“ff” = m*(m* _ p’)g2 
I4 89~ s d3xeCLva tr (A,J,A, - &A,,~,A,) . 

(5) 

(6) 

(7) 

Thus, we get the Chern-Simons term with a p dependent coefficient. 
Let us now consider 5-dimensional gauge theory. Here the Levi-Civita tensor is the 5-dimensional epun@y 

and the relevant graphs are shown in Fig. 2. 
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The part of the effective action containing the Chern-Simons term reads 

I,Ss=f/A,(x) Je -‘X”~“‘A,(p)A,(r)n~LYa(p,r) 

+.!j 7 A,(x) e-ix(P”‘“)A,(p)A,(r)A~(~)~~~~~(~,r,S) 

+ ; j A&)“i e-iX(pf’fS’4)A,(p)A,(r)Ap(s)A,(s)~’L”uPY(p,r,~,q). (10) 

x I’,’ 

All calculations are similar to the 3-dimensional case. First consider the third order contribution (Fig. 2a) 

IIfiva (p, r) = g3 s tr [r@s(p + r + k; p)y”S(r + k; p)yaS(k; p)] . (11) 

!i 

Taking into account that the trace of the five y-matrices in 5dimensions is 

tr [Y@Y”Y~#Y~] = 4iepvffBP, 

we extract the parity-odd part of the vertices 

~@Qpr,) 
1 

(&-m*+i~(ko+p) sgn(ko))3’ 

or, in a more transparent way, 

IIfi”a = i4mg3&vapupar, 
d’k 1 

- 
(2Tj5 (ii* - m* + ie)3 

J d4k 
$%(-(ko+p) sgn(ko)) - J ( 1 1 - _ 

(27r)4 (%* - rri* + ic)3 (k2 _ m* _ ie)3 I ’ 
Evaluating these integrals one comes to 

3 

IICIva = ih&e I*yapupa r,B ( m* - p,* ) _ 

In the same way operating graphs (b) and (c) in Fig. 2 one will obtain 

and 

(12) 

(13) 

(14) 

(15) 

(16) 

Substituting ( 14)-( 16) into the effective action ( 10) we get the final result for Chern-Simons in 5dimensional 
theory: 

x tr (~,d,A,6@, + $,4,A,A&$A, + Sg2A,AvA,ApA,) (17) 
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It is remarkable that all parity-odd contributions are finite both in the 3-dimensional case as well as in 
the 5-dimensional case. Thus, all values in the effective action are renormalized in a standard way, i.e. the 
renormalizations are determined by the conventional (parity-even) parts of the vertices. 

From the above direct calculations it is clearly seen that the chemical potential dependent coefficient is the 
same for all parity-odd parts of the diagrams and does not depend on the space dimension. So, the influence of 
a finite density on the generation of the Chern-Simons term is the same in any odd dimension: 

@ = m8(m2 - pz)d’[A], 
Iml 

where W[A] is the Chern-Simons secondary characteristic class in any odd dimension. Since only the lowest 
orders of the perturbative series contribute to the CS term at finite density (the same situation is well-known 
at zero density), the result obtained by using formally a perturbative technique appears to be nonperturbative. 
Thus, the p-dependent CS term coefficient reveals the amazing property of universality. Namely, it does not 
depend on either the dimension of the theory or on the abelian or nonabelian gauge theory studied. 

The arbitrariness of p gives us the possibility to see Chern-Simons coefficient behavior at any mass. It is 
very interesting that p2 = m* is the crucial point for Chern-Simons. Indeed, it is clearly seen from (18) that 
when p2 < m* the p-influence disappears and we get the usual Chern-Simons term IF: = TW[ A]. On the 

other hand, when p2 > m2 the situation is absolutely different. One can see that here the Chern-Simons term 
disappears because of the non-zero density of background fermions. We would like to emphasize the important 
massless case m = 0 considered in [7]. Then even a negligible density, which always take place in any physical 
process, leads to vanishing of the parity anomaly. 

In conclusion, let us stress again that we nowhere have used any restrictions on p. Thus we not only confirm 
the result in [7] for Chern-Simons in QED, at small density, but also expand it to the arbitrary p, nonabelian 
case with arbitrary odd dimension. 
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