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Abstract

The hadronic fragmentation functions of the various quark flavours and of gluons are measured in a study of the inclusive
hadron production from 7" decays with the DELPHI detector and are compared with the fragmentation functions measured
elsewhere at energies between 14 GeV and 91 GeV. A large scaling violation is observed, which is used to extract the strong
coupling constant from a fit using a numerical integration of the second order DGLAP evolution equations. The result is

a(Mz) = 0.12470% (exp) + 0.009(theory)

where the first error represents the experimental uncertainty and the second error is due to the factorization and renormal-
ization scale dependence. © 1997 Elsevier Science B.V.
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1. Introduction

from the production of quark-antiquark pairs which
can radiate gluons, the quanta of the field theory of
the strong interactions, Quantum ChromoDynamics
(QCD). Gluon radiation depends logarithmically on
the centre of mass energy Q, due to the increase in

phase space with increasing energy and to the energy
rminning nling caoncgtant af OCN

dependence of the running coupling constant of QCD,
a,(Q). These effects lead to logarithmic dependences
of the momentum spectra of the produced hadrons on
the centre of mass energy, even if the momenta are
scaled to that energy. These scaling violations can be
used to determine the strong coupling constant «;.
Our previous analysis of this type [ 1] was based on

tha ava nd arder matriv_ala nd strine or in-
Lic UAa\rl D\/\;Ullu UlUL/l lllall 1A \.d\/lll\rlll auu DL ls vl 111

dependent fragmentation, with a relatively small num-
ber of free parameters. A precise measurement was
obtained, a;(Mz) = 0.118+0.005, in agreement with
a, measurements at the Z° mass from shape variables,
from jet rates and from total cross-sections, measured
at the electron-positron storage ring LEP [2-4].

Thi nde tha l‘rn ¢ hy insliuiding naw
11118 yayvl extenas that aucuy i5 Oy inCiudlig now

data on gluon and heavy quark fragmentation and
using a numerical integration of the second order
DGLAP evolution equations [5], employing the pro-
gram of Nason and Webber [6]. This approach uses
a summation of the leading logarithms, in contrast to
our previous analysis which used a numerical Monte
Carlo uucgiauuu over the eomple;e second orde
trix element. Additional differences between the two
analyses are as follows.

(i) In the DGLAP equations, the higher orders are
resummed for soft and collinear gluons, while
the hard gluons are calculated only in first order.
In the previous analysis using the QCD matrix
UlClllClll, d.ll glUUllb WEIC bdlbuldlcu Ul) {0 exact
second order without a resummation of the lead-
ing logarithmic terms.

(ii) The separation between the perturbative and
non-perturbative regime is handled differently:
with the matrix element, the separation is done
by a cut on invariant masses between quark and

a MIT AD annrnach tha fa~
OC LULAar approdacii tne iac-

m

na-

1 On leave of absence from THEP Serpukhov.
2 CICYT-AEN96-1681.

torization theorem states that the two regimes
can be separated at an arbitrary factorization

ccale

SLaiC.

Thus this measurement provides a useful cross check
of the previous result with different systematics.

The DGLAP equations are based on the con-
cept of independent quark and gluon fragmentation
since each parton fragments according to a particular

parametrization, independently of the other partons.

In contrast. the OCD r\rnr‘w\f ne wora hacad an tha
i eontrast, inge Lo TCGICUONS Were oased on ne

fragmentation of colour flux tubes stretched between
the partons. However, in our previous analysis [1],
we showed that both independent and string frag-
mentation models led to the same results. This is not
surprising, since a; is determined from the differ-
ences between the parametrizations of the momentum
spectra at different energies, so many systcmatic

uncertainties cancel.

2. Phenomenology of inclusive hadroproduction

The inclusive production of charged hadrons in the
—s ht L X can be described by two

action I)+I)
Qs Us UlHULIUCO

reaction e s hT 4
kinematic variables, Q% and x, where Q7 is defined
as the square of the four-momentum transferred from
the Ieptons to the hadrons and x = p;/ppeam is the
fraction of the beam momentum pyeam carried by the
hadron 4. In ete™ annihilation, Q2 equals s, the total
centre-of-mass energy squared

Tha tatal orace.cae ot o= o hE LV san k
lllb wial Liuodon=- D\/\aLlUll lUl C € 7o T A Lall v

factorized into two regimes: the short distance regime,
in which hard gluons can be radiated, and the long dis-
tance regime of the hadronization process. The short
distance regime is calculable perturbatively in terms
of the so-called coefficient functions, while the non-
calculable long distance regime has to be parametrized
Uy puenomenoiogical flaglucutauuu functions. Com
bining the two regimes according to the factorlzatlon
theorem yields the following expression for the cross-
section [6]:

do

d—(e e ——>h+X)

d
=3 / %z aumn). w2/0%) DA )
x (l)
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where the C; are the coefficient functions for the cre-
ation of a parton with flavour i and momentum frac-
tion Z = Pparion/ Poeam, While the fragmentation func-
tions D; represent the probability that parton i frag-
ments into the hadron 4 with momentum fraction x/z.
In leading order, the C; are given by the flavour spe-
cific weights of the electroweak theory, and the a,
dependence of the C; represents the next-to-leading
order QCD corrections to the primary quark-pair pro-
duction. Both the coefficient and fragmentation func-
tions depend on an arbitrary factorization scale ¢r, in
such a way that the dependence of the physical cross-
section on wr would cancel if the calculation could
be carried out to all orders in perturbation theory. In
principle, the renormalization scale ug used for ey in
(1) could be chosen differently from the factoriza-
tion scale ur; for simplicity, the two scales have been
taken to be the same. The sum runs over all possible
partons: u,d.c, s, b, g and their antiparticles.

The scaling violation in the fragmentation function
is described by coupled integro-differential evolution
equations [ 5], which can be written as

dD;(x,0%)
dlnQ?

1
d;’, 2
=Z/?Pﬂ/{2’,,a}'(ﬂk),§} Di{g,Qz} 2)

with the splitting functions

otz pun), ) = 28 0 )

aA‘(f'LR)
o (S0 p s ot

The indices ¢ and j run over all active quarks, anti-
quarks and the gluon. The splitting functions F;;(z)
are the probabilities for finding parton i with momen-
tum fraction z after splitting from its parent parton
Jj. The P;;j(z) are known to next-to-leading order in
perturbation theory [ 7]. Thus the fragmentation func-
tions at a given energy Qp can be fitted to experimen-
tal data using Eq. (1), and then evolved to a differ-
ent energy using the evolution Eqgs. (2). The strong
coupling constant can then be extracted from a simul-
taneous fit of these calculated spectra to the data at
different centre-of-mass energies.

The strong coupling constant, «;, depends on the
energy or scale, ug. Since we compare momentum
spectra at different energies, it is more convenient to fit
the energy independent QCD scale Ar(vf_s) (for 5 flavours

in the MS renormalization scheme), which is related
to aj at the scale u by

() = —— T {l B InlIn(u/ACH?)
= In(u/AL))?2 By In(u/All)?
4B; 2
W(U" lin(ua/A)") = 3)
5
53] @

with Bo = 11 — INs, By =51 —
2857 - §Q<;—3Nf - %N}, where Ny
of quark flavours [8].

LNy, and B =
= S is the number

3. Measurements of inclusive hadron distributions

This analysis uses 1.75 million hadronic Z° decays
collected with the DELPHI detector [9] in the years
1991 to 1993.

Samples enriched in bottom (b), charm (¢), and
light (uds) quarks were used to determine the scaled
momentum distributions 1/0 do/dx for each quark
flavour separately. In addition, the scaled momentum
distribution for charged particles from gluon fragmen-
tation was obtained from 3-jet events.

These distributions define the fragmentation func-
tions averaged over all final state hadrons and can be
obtained from the total number of events Ny, and the
number of charged particles for each x bin N7:

l da', 1 dN®
D; = = . 4
(x, Q )= T; dx Nm dx (4)

Hadronic events were selected by requiring at least
5 charged particles with momenta above 0.2 GeV /¢
and track lengths in the detector of at least 50 cm, a
total energy of the charged particles exceeding 15 GeV
{assuming pion masses) including at least 3 GeV in
both the forward and the backward hemisphere with
respect to the beam axis, and a polar angle of the
sphericity axis between 40° and 140°. In addition the
momentum imbalance had to be less than 20 GeV/c.



200 DELPHI Collaboration/Physics Letters B 398 (1997) 194-206

Hadrons coming from bottom quark fragmentation
were selected with the help of the large impact pa-
rameter for the decay products of B-hadrons. Due to
the long lifetime of B-hadrons and their large mass
and high momentum, the computed probability Pg for
all the decay products in the event to come from the
primary interaction point is typically small. Requiring
Pr < 0.01 selected a sample of 217,000 events with
a purity of 83%. The technique used is described in
detail in {10].

The same method was used to obtain a light quark
sample: requiring Pg > 0.5 gave a sample of 357,000
events consisting of 79% light, 14% charm and 7%
bottom quark events.

The c-quark fragmentation function was determined
by a different method. Firstly, 2580 D** candidates
were reconstructed in the channel D** — D%+ fol-
lowed by D% — K~ 7" as described in [11]. Then an
additional enrichment in charm quarks was achieved
by requiring 0.005 < Pg < 0.015, which reduced
the background from D-mesons originating from B-
meson decays. The resulting sample consisted of 50%
c-quark, 18% light-quark, and 32% b-quark events.
In the simulated data, charm events with D* mesons
showed the same momentum spectrum as all charm
events. Thus there was no indication of bias due to the
tagging. However, to be independent of any such bias,
only the hemispheres opposite to the reconstructed D*
were used to measure the charged particle spectrum,
weighting each particle by a factor of two.

Detector effects and the effects of selection cuts
and impurities from other quark species have been
corrected by computing correction factors:

Ci = (5)

for each bin of each distribution from a detailed sim-
ulation of the detector after generating the hadronic
Z° decays using the JETSET PS model [12]. Here
G; is the bin content of the generated distribution and
M; the corresponding bin content of the fully simu-
lated Monte Carlo distribution. The corrected x dis-
tributions are plotted in Fig. 1 together with the cor-
responding simulated spectra. Since for the samples
containing charm and bottom events these factors were
falling below 0.1 for x > 0.83, the corresponding x

4This is because the cross sections fall much faster at high x
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Fig. 1. The corrected x distribution for bottom events (upper plot),
charm events (middle plot), and light-quark events (lower plot)
and the corresponding Monte Carlo distribution (shaded). The
upper insets show the correction factors for detector effects, cuts
and backgrounds (Eq. (5)).

bins have been excluded from the fit. The systematic
errors were estimated as max{0.03,0.1(1 — ¢;)}/¢; of
the bin value, thus increasing the error for large cor-
rection factors. The resulting momentum distributions
are tabulated in Table 1.

The gluon fragmentation function was determined
from tagged gluon jets in 3-jet events with b-quarks.
Both bottom quark jets were tagged by requiring P; <

for b and ¢ quarks than for light quarks, as can be seen in Table
1, and the background from light quarks therefore dominates the
b and ¢ quark samples at large x.
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Tabie i
Corrected inclusive momentum distribution 1/o do/dx for b, ¢ and uds quarks, DELPHI. The data have been corrected for detector
effects, backgrounds and selection cuts. The first error quoted is statistical, the second is systematic. Data points with x below 0.1 or

above 0.8 were not used in the fit.

X range 1/ow dofdx
b-quarks c-quarks uds-quarks

0.00-0.01 415+6+12 28341049 274.54+0.5+8.2
0.01-0.02 455+6+14 38011411 357.54£0.5+£10.7
0.02-0.03 309+£449 2444947 2323404+7.0
0.03-0.04 2164347 189+8+46 160.8+0.4+4.8
0.04-0.05 1624245 141+7+4 118.5£0.3£3.6
0.05-0.06 126.8£1.6+3.8 115£7+4 91.2403+27
0.06-0.07 100.94+1.3£3.0 824543 72.74£0.3%22
0.07-0.08 82.0+£1.14£25 6615142 59.3£02£1.8
0.08-0.09 66.71£0.9+2.0 594542 49.34+0.241.5
0.09-0.10 55.7+0.8+1.7 501442 41.64+0241.3
0.10-0.12 42.5+£0.6+1.3 40.842.9+1.2 32.9+0.1£1.0
0.12-0.14 30.240.44£0.9 30.14+£2.44£09 24.940.14+0.8
0.14-0.16 22.31+0.340.7 244423407 19.4+0.1£0.6
0.16-0.18 16.240.3£0.5 18.5+2.0£0.6 15.3+0.1£0.5
0.18-0.20 12.34£02404 13.1£1.74£0.4 12.440.1£04
0.20-0.25 7.6£0.1+0.2 8.7+0.8£0.3 8.8440.0440.27
0.25-0.30 4.0340.0710.12 6.0+0.8+0.2 5.61£0.03£0.17
0.30-0.40 1.86+0.0410.06 2.95+0.371+0.09 3.06+£0.02+0.09
0.40-0.50 0.678+0.017+0.020 0.96+0.19+0.03 1.40£0.01-£0.04
0.50-0.60 0.235+0.009+0.007 0.3240.1040.01 0.672+0.008+0.020
0.60-0.70 0.069+0.007+0.007 0.16+0.1240.02 0.31940.006+0.010
0.70-0.80 0.016+0.007+0.003 - 0.14840.004+0.006
0.80-1.00 - - 0.03740.001£0.002

0.01, where P; differs from Pg only in referring to
the tracks in a single jet, and the remaining jet was
taken as a gluon jet if its value of P; exceeded 0.1. A
total of 6791 gluon jets were identified with a purity
of 94%. For these gluon jets, the fraction of the jet
momentum x; = p,/pije; of the charged particles in the
jet was measured and was used in the fit described in
the next section. This technique has been described in
detail in [13], and the results have been taken from
that analysis.

The systematic uncertainties were estimated by
varying the selection criteria. Changing the minimum
number of charged particles from 5 to 6 and varying
the cut on the sphericity axis between 30° and 45°
changed the correction factors by typically 3% in the
intermediate x range used in the fit.

To extract the scaling violation, we used all mixed-
flavour spectra from the following experiments:

- DELPHI 91 GeV [1]

ALEPH 91 GeV [14,15]

AMY 54 GeV [16]

TASSO 44, 35, 22, 14 GeV [17)

CELLO 35 GeV [1,18]

MARK II 29 GeV [19]

A global fit has to take into account the correlations be-
tween the data points of a given spectrum, e.g. coming
from a common normalization error. For those exper-
iments where the normalization errors were absorbed
in the total error, the following procedure was adopted.
The total error o-t((fl) was split into an experimental er-
ror o{l), for each data point i of a given spectrum and
an assumed overall normalization error o, for all data

points of that spectrum:

|

52 42 o
T =0k oy (6)

The experimental error for a given point was obtained
by quadratically subtracting o, from the quoted total
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error. In order to avoid the experimental error squared
becoming negative by this procedure, it was required

to exceed a certain minimum value g..:.. The whole

CALUU H L aiuc mine 224

analysis was then repeated for various values of oy
and the o,,. The result found to be insensitive to these
values, as expected since the main effect of the scaling
violation is to change the shapes of the spectra, not
their overall normalizations.

4. Determination of the strong coupling constant

The fragmentation functions defined in Eq. (4)
cannot be derived in perturbative QCD. Only the
energy evolution (Eq. (2)) is predicted. Therefore
a parametrization of the fragmentation functions is
needed at one energy, from which the evolution starts,
and these parameters have to be the same at all other
energies, so that the differences between the momen-
tum spectra at different energies depend only on a;.

In this analysis, the parametrization from Ref. [ 14]
was used:

xDi(x,Qo)
x4 (1 = x)b exp(—c(lnx)z)

0.8 X b; 2 (7)
oq dx x4(l—x)% exp(—c(Inx)?)

2}
2
<]
3’1
P!

iente N. a. and b. were allowed to
1) auowea t

where the .
<l ivj, G anG oj woic v

10
WIlti v ulC LU i

take different values for the spectra for light (uds)
quarks, c-quarks, b-quarks and gluons (g); Qo is the
“starting energy” which was taken to be 91.2 GeV.
In addition to the uds, ¢, b and g spectra, the spectra
summed over all quarks and giuons were aiso used.
These ‘total’ spectra are parametrized by a; and b,.

Since a1, and b, cannot bhe indenendent narameters the
SINCE &, anG o, cannot oe 1ndependaent parameters, ne

parametrization for the spectra from the light quarks
(uds) was obtained from the total spectra minus the
spectra for b and ¢ quarks. The exponential term in
(7) is inspired by the Modified Leading-Log Approx-
imation (MLLA) [20] which predicts

~exp(—c(inx)?) (8)

w1 rh
for he gluon The boundarles of the mtegral in (7)
correspond to the x range used in the analysis: the fit

was performed only in the range 0.1 < x < 0.8, since
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Fig. 2. Flavour-specific scaled momentum distributions at 91 GeV.

Tha sac nra racnlte nftha Gt in tha n ha n N 1N and N QN
10 curves are résuats ol tné it in nd n.snuu oetween 0.10 ana 0.80.

The gluon jets were tagged in 3-jet events with x = pragron /Pict-
The gluon distribution is lower mainly because of the lower mul-
tiplicity of a singie jet compared to the compiete events.

for smaller x the p
data.

The experimental momentum distributions from
DELPHI are displayed in Fig. 2 together with the
corresponding parametrizations, as determined from
the giobai fit. This was a simuitaneous fit of the QCD
scale AL) and the fragmentation parameters a;, N;,
b; and ¢ rfeﬁned in (7), and was made by minimizing

the following y? function:

Y =ATv7IA. (9)

o tha

wncidiiale
C 1OdIdudald

Here A is a column vector containing th
between the content of a given x bin of the inclusive
momentum spectrum for a given Q° and the theoretical
prediction. The latter can be computed at any value
of Q% by evolution of the spectra from the starting
energy of 91 GeV; the reference spectra at 91 GeV
were parametrized by Eq. (7)' the evolution was done
by numerical integration of Egs. (1) and (2) with the
program discussed in {6]. The matrix V is the N by
N covariance matrix between N measurements. The

elements of V are defined as follows:
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Table 2

Parameters of the fragmentation functions and their errors: The
lower subscripts stand for 7 = total, i.e. for the parameters for the
spectra from all events, ¢ = c-quark, b = b-quark, g = gluon.

Parameter Result Error
a —1.525 +0.013
by 1.824 +0.012
N, 0.707 +0.002
- —~1.280 +0.047
he 2.833 +0.115
N 0.371 +0.006
ap —1.652 +0.045
by, 3.063 +0.097
Np 0.295 +0.003
dg —~1.281 40.020
by 3.829 +0.075
Ny 0.369 +0.002
¢ 0.236 +0.003
AZ) (MeV) 318 e

- the diagonal elements are given by the square of the
total experimental errors;

- the off-diagonal elements of correlated points are
given by the product of the errors common to them
(the overall normalization error).

In the range 0.10 < x < 0.80 and 142 < Q% <
91.22 GeV?, a total of 14 parameters including A%
were fitted to the 13 distributions of the data from Sec-
tion 3. The renormalization scale u% and the factor-
ization scale u} were set equal to Q2. This resulted in
A% = 3187 1% MeV, which corresponds to a;(Mz) =
0.126 70995

The x? per degree of freedom of the fit was
174.5/175 and the fit parameters are given in Table 2.
The x dependence for different Q2 values and the Q2
dependence for different x-bins are shown in Figs. 3
and 4 respectively, together with the best fits.

Alternatively, a different definition of y? can be
used in which the correlations between the data points
are included using an overall normalization factor for
each momentum spectrum of each experiment:

) (n<D(i)—T("))2 (1——n_‘)2
c () =

f i (njoexp
(10)

Here n; is the normalization factor for experiment j
with data D in a given x bin with an experimental

Ifo,,, (dotdx)

01 02 03 04 05 06 07 08 09

X = Phagron Pocam

Fig. 3. Inclusive scaled momentum distributions at centre-of-mass
energies in the range between 14 GeV and 91.2 GeV. Only the
full dots have been used in the fit.
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Fig. 4. The Q% dependence of the inclusive momentum
cross-section in GeV? for various x bins. For most data points the
errors are smaller than the symbols. The curves are results of the
fit for 0.10 < x < 0.70.
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Fig. 5. The renormalization and factorization scale dependence of
ay. The shaded area corresponds to the measurements based on
the exact second order matrix element (from [1]).

error ¢{) for that bin and an overall normalization
error o, for that experiment. The different definitions
of x? can introduce different biases in the fit results,
especially if the errors are dominated by systematic
effects [ 21]. The maximum deviation from the central
value of the previous fit corresponded to da,(Mz) =
0.002; so if there is any bias, it is small compared with
the total error.

No dependence of a; on the renormalization and
factorization scales, ug and ur, is expected if all
higher orders are known. In this analysis the lead-
ing logarithms have been resummed, so one expects a
smaller scale dependence than in the previous analy-
sis, which was done only up to O(ai). However, the
scale dependence of a; does not decrease with respect
to the O(af) result, as shown in Fig. 5. Furthermore,
the different scales all describe the momentum spectra
equally well, so there is no experimentally preferred
scale. The theoretical error due to the renormalization
and factorization scale uncertainty was estimated from
the «; variation in Fig. 5 for scale variations between
0.5/s and 2,/ to be

Sa(Mz) =135 (theory),

where the error is half the maximum variation.
Non-perturbative corrections might exist at the
lower energies. This energy dependence would sim-
ulate a scaling violation. Possible non-perturbative
effects have been tested by changing variables, i.e. by
replacing x with x = f(x’), where x’ is the measured
quantity. Assuming that at the scale /s = /5o all non-
perturbative effects are absorbed in the fragmentation
functions, the relation between the perturbative value
of x and the observed value x’ can be parametrized

by [6]

x=x'+h0 (—l— - L)

Vs s/
The fitted value of Ay was —0.07 &+ 0.11, which is
compatible with zero, indicating that non-perturbative
effects are small.

An additional check for non-perturbative cor-
rections was carried out by changing the lowest Q2
value in the fit between 142 and 29? GeV?. This did
not change the value of a; outside the errors. The re-
sulting maximum deviation was 8a;(Mz) = £:0.002.

Combining the theoretical errors in quadrature and
symmetrizing them yields

a;(Mz) =0.12475% (exp) + 0.009(theory).

The theory error is larger than that for the «, deter-
mination in [ 1] using the string or independent frag-
mentation model, mainly because of the unexpectedly
large error from the factorization and renormalization
scale dependences. After resumming the leading log-
arithms, there is no reason to restrict these scales to be
below the centre-of-mass energy, so all scales in the
range 0.5,/s < p < 2,/s were considered. In our pre-
vious analysis using the complete matrix-element, one
could calculate the jet cross-sections for each scale,
and large scales were found not to describe the jet
cross-sections. Consequently the upper limit on the
scale was taken to be w = /5. In the present anal-
ysis using the DGLAP equations, no correspondence
with the jet cross-sections is given and the momentum
spectra themselves are equally well described by all
scales, so one cannot reduce the range of scales.

The experimental errors are larger too, since the
DGLAP evoluticn equations require a parametriza-
tion of the inclusive momentum spectra of the quarks
(uds, c, and b) and gluons by arbitrary polynomials
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and exponentials, which is difficult for spectra vary-
ing over more than 4 orders of magnitude with a non-
trivial shape, so this requires many parameters. In our
previous O(a,?) analysis, the LUND and Peterson
parametrizations of the fragmentation functions were
used for the primary mesons. The complete spectra
were obtained by adding the secondary mesons and
gluon fragmentation for every event in the same way,
and using the same hadron decay parameters for all
events. With this additional knowledge about the frag-
mentation process one can describe the spectra better
over a larger x range with fewer parameters, and this
resulted in smaller experimental errors.

5. Summary

Scaling violation in the fragmentation functions of
quarks from e*e™ annihilation has been investigated
using the DGLAP evolution equations in next-to-
leading order. From the variation of the scaled mo-
mentum distributions with Q2 in the range 142GeV?
to 912GeV?, the strong coupling constant was deter-
mined to be

a,(Mz) =0.12479% (exp) + 0.009(theory).

This value is in agreement with our previous de-
termination of «, from the scaling violation, a, =
0.118 £ 0.005 [1], with the recently measured
precise value from the Z° lineshape parameters,
a, = 0.121 £ 0.003 4+ 0.002 [4], and with a sim-
ilar analysis of scaling violation by ALEPH, «a, =
0.126 £ 0.009 [ 15].

Our previous analysis of scaling violation used the
exact second order QCD matrix element, implying dif-
ferent systematics and higher order corrections, as ex-
plained in the introduction. The errors in the present
analysis are larger than in the previous analysis, mainly
because of the more involved parametrization needed
for the DGLAP equations and the larger scale depen-
dence. Therefore the cross check with the previous
analysis has limited precision, but within this preci-
sion the agreement is satisfactory.
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