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The Indni-Wigner contraction from the Lorentz group O(2,1) to the Euclidean group
E(2) is used to relate the separation of variables in the Laplace-Beltrami operators on
the two corresponding homogeneous spaces. We consider the contractions on four levels:
the Lie algebra, the commuting sets of second order operators in the enveloping alge-
bra of o(2,1), the coordinate systems and some eigenfunctions of the Laplace-Beltrami
operators.

1. Introduction

In this article we continue the investigation of the connection between contractions
of Lie algebras and the separation of variables. In the first article! we restricted our-
selves to the Inonii-Wigner contractions of the rotation algebra o(3) to the Euclidean
algebra e(2). The two separable coordinates systems on the sphere Sz ~ 0(3)/0(2)
were related to the four separable systems on the plane E3 ~ E(2)/0(2). Here we
consider the Inonii-Wigner contractions of the Lorentz algebra o(2,1) to the Eu-
clidean algebra e(2). In this case the nine separable coordinates systems on the
two-sheeted hyperboloid L, ~ 0(2,1)/0(2) are related to the four separable sys-
tems on the plane E;. Our motivation for such an investigation and the results to
be expected were discussed in detail in the previous article.l

2. Separable Coordinates on the Hyperboloid L,

Consider the hyperboloid La: u — u? — uf = R%, uo > 0, where u; (1 =0,1,2) are
Cartesian coordinates in the ambient space £(2,1) and R is the radius of curvature
of the two-sheeted hyperboloid L. The isometry group of L is O(2,1). We choose
a standard basis K, K2, M3 for the Lie algebra o(2,1):2

Ky = — (400, + u28y,), K2 = — (400, + v104,), M3 = (u18u, — u20y,)
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with commutation relations

(K1, K)] = —M3, [M3, Ki]l=K,, [K; Ms]=K;. (2.1)
The Laplace-Beltrami operator has the form:
1
ALB=-E§(K12+K§-M§)- (2:2)

Following the general method®0 (that has in particular been applied to the
hyperboloid* L,) we look for separated eigenfunctions of the Laplace-Beltrami op-
erator satisfying

R* - App¥ =11+ 1)¥, I¥=X¥ ¥,(¢1,¢)=Zn(()®inn(le), (23)

where [ for the principal series of unitary irreducible representations has the form

1
I=-Z+ip, 0<p<oo (2.4)

4,11

and I is a second order operator®!! in the enveloping algebra of 0(2,1):

I=aK?+b(K1K2+ K2 K1) + cK2
+d(K1M3+M3K1)+6(K2M3+M3K2)+fM32, (25)

(I obviously commutes with the Laplace-Beltrami operator). We list all coordi-
nate systems on the hyperboloid L, in which the Helmholtz equation (2.3) permits
the separation of the variables?%!112 and corresponding integrals of motion I in
Table 1. There are 9 such systems, all orthogonal, and they are in one to one
correspondence with O(2,1) conjugacy classes of operators I.

For the Euclidean plane E, we consider second order operators X in the en-
veloping algebra of the Euclidean algebra e(2).1* We can take X into precisely one
of the following operators by an E(2) transformation:

D2
Xs=1% Xc=p}-pl, Xp=Lspr+plLls, Xg=L3+ T(pi —p3), (26)

where L3 is the angular momentum, p; 2 the linear momenta which form the basis
of e(2); 2D is the focal distance in the elliptic system of coordinates. Each of
the operators (2.6) corresponds to a different separable coordinate system in the
Helmholtz equation.* Thus X¢ corresponds to Cartesian coordinates, Xs to polar
ones, Xp to parabolic coordinates and Xg to elliptic ones.

3. The Contraction of the Lie Algebra

We shall use R~! as the contraction parameter and consider contraction from o(2,1)
to e(2). To realize the contraction explicitly, let us introduce the Beltrami coordi-
nates on the hyperboloid L, putting

:c,,:Ru—"=R

uo VRE+ @+l

p=12 _ 3.7)
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Table 1. Coordinate Systems on the Two-Dimensional Hyperboloid

Coordinate System
Integral of Motion I

Coordinates

1. Spherical up = Rcoshr

7> 0,9 € [0,27) u] = Rsinh7cosyp

Is=M32 up = Rsinhrsing

II. Equidistant up = Rcoshr coshm

n2€R u; = Rcoshrsinhm

ng=K§ 4z = RsinhT;

II1. Horicyclic up = R(%° + §° +1)/2%

§>0,z€R u = R(E2 + 9% -1)/2§

Iyo = (Ki + Ms)? up = RZ/§

IV. Elliptic®) u§ = R%(p1 — a3)(p2 — a3)/(a1 — a3)(az — a3)

az3<a2 < p2<a1<p1
Ig = M2 + sinh? fK3

uf = R?(p1 — a2)(p2 — a2)/(a1 — a2)(a2 — a3)
w2 = R2(p) — a1)(e1 — p2)/(a1 — 02)(e1 — a3)

IV. Rotated Elliptic®)

a € (iK’,iK' + 2K)

B €[0,4K’)

Ig = cosh2fM? + % sinh2f{K1, M3}

uy = R{}sn(a, k)dn(B, k') + i 5 en(a, K)en(B, ')}

uj = R{% sn(a, k)dn(B, ¥') + fen(a, k)en(B, k)}
ul, = iRdn(a, k)sn(@, k')

V. Hyperbolic®)
pp<az3<az<a; <p
Iy = K2 - sin? aM?

uZ = R2(p1 — a2)(az — p2)/ (a1 — a2)(a2 — a3)
u = R?(p1 — a3)(as — p2)/(a1 - a3)(a2 — a3)
uf = R?(p; — a;3)(e1 — p2)/(a1 — a2)(e1 — a3)

VI. Semi-Hyperbolic

p12>0
Isy = —{K1, M3}

2= %3{ 1= i) (1 +im2) + A1 +i1)(1 -i#2)}2
= -%3 {\/(1— tu1)(1 + ip2) — AL +iu1)(1 ~ *'#2)}2

w2 =R%upu;

VII. Elliptic-Parabolic
ceR,P € (—7/2,7[2)
Igp = (K1 + M3)2 + K2

_ pcosh?a + cos® 9
uw =R 2 coshacos
_ Rsin.h2 o —sin’ 9
- 2 coshacos
uz = Rtan+ tanha

VIII. Hyperbolic-Parabolic
b>0,9 € (0,7)
Igp = (K3 + M3)? - K2

u _Rcoshzbfﬁzﬂ
0= P sin

w; = RSInNCb —sin’ ¥
2s sin

uz = Rcotdcothb

IX. Semi-Circular-Parabolic
&En>0

Iscp = {K1, K2} + {K2, M3}

w=REFT) +4

8&n

2, 2y2 _
'ul=R£+8"7?7 4
2 _ g2
w = RTpr

a)The parameter f is determined by the relation:

sinh? f = (a1 — a2)/(a2 — a3) = k27K (K2 + k2 =1).

®)The rotated elliptic system u! is obtained from the elliptic one u; by a hyperbolic rotation

through the angle f about axis uz.

c)Angle o is determined by the formula: sin? a = (a2 — a3)/(a1 — a3), where 2« is the angle

between two focal lines.
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The O(2,1) generators can be expressed as:

R = MEPR- g 1‘2(9311)1 + 22p2),
K 1

—722 = m=p - ﬁ-’n(ﬁpl + z2p2), (3.8)
M; = —L3z=uzi1ps— zop1 = 7172 — Z271.

The commutators of the o(2,1) algebra (2.1) in the new operators (3.8) take the
form:

L
[7l'1,7l’2]=—'1§-, [L3,7r1] = 7o, [71"2,L3]=7l'1, (39)

so, that for R — co the 0(2,1) algebra contracts to the e(2) and the momenta =, to
pu = 8/0z,. The o(2,1) Laplace-Beltrami operator (2.2) contracts to the e(2) one:

2

M
Arp=mi+m- 22— A=l +p)) (3.10)

4. The Contractions of Coordinates from 0(2,1) to e(2)

4.1. Spherical Coordinates on L, to Polar Coordinates on E,

In the limit R — oo, 7 — 0 putting tanh 7 ~ r/R we have:
Is=M:— Xs=1L2
and for Beltrami coordinates (3.7) we obtain:

u U }
=R—1—>z=rcosgo, :z:2=R—-Z—>y=rs1n(p.
Uo Up
4.2. FEquidistent Coordinates on L, to Cartesian on E,

For Beltrami coordinates (3.7) we have:
= Rtanh 7, ;= Rtanhr/coshr,.

Taking the limit R — oo, 71,72 — 0 and putting sinh, ~ y/R, sinhm ~ z/R we
see that Beltrami coordinates go into Cartesian ones: z; — z, z3 — y. For the
integral of motion we get:

IEQ

Rz —Wl_)pl'vXC

4.3. Horicyclic Coordinates on Ly to Cartesian on E,

For variables %, § we obtain:
Us R

ug — uy ug — Uy

L3}
[

T =
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In the limit R — oo we get: £ — y/R, § — 1+ z/R and the Beltrami coordinates
go into Cartesian ones: z; — z, 2 — y. For integral of motion we have:

I M 1
-% = 7r2+ R; - E{ﬂ'z,M3} —->p§ ~ Xc.

4.4. Elliptic Coordinates on Ly to Elliptic Coordinates on E,
We put

2 D2 )
R _ . (4.11)
as — as ay — ap

and in the limit R? ~ (—a3) — oo obtain:

IE=M32+ K2—>L3+D2p1~XE,

i
where 2D is the focal distance. Writing the coordinates as
p1 = a1+ (a1 —az)sinh®¢,  py = az + (a1 — ap) cos’n

and using eq.(4.11) in the limit R? ~ (—a3) — oo we obtain the ordinary elliptic
coordinates on the E, plane.4®
4.5. Elliptic Coordinates on L, to Cartesian on E,

We make the special choice a;j — az = a3 — az = a. Then the variables &1 2 are
determined by the formula:

612=p1,2—02=‘u0+u2:’:1 u§+u§ 2 uf
’ : a 2R2? 2 R? RZ

Considering the limit R — oo we obtain: & — 1+ 2y?/R?, € — z2/R? and
the Beltrami coordinates (3.7) take the Cartesian form: z; — z, z3 — y. The
operator Ig goes into the Cartesian one:

IE_M3

Ez- R2 +7r1—‘pl~XC

4.6. Rotated Elliptic Coordinates on Ly to Parabolic on E,

We choose a; — a; = az — ag = a. For all Jacobi elliptic functions modulus k£ =
k' = 1/+/2, then for rotated elliptic system (see Table 1) we obtain:

i u} u(, 2 u? i uf uo 2 u’zz
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1 u} uf 2 u 1 u) uf) 2 uf?
C“ﬂ‘2\/( B R) T ta (1 Yo R) tag (419

For large R from (4.12), (4.13) we get:

z'cnoz'vl—iu—2 cnf~14 —— 1 v
- 22 R’ - 22 R’

so0, in the limit B — oo we obtain the parabolic coordinates:

uz—'vz

2 )

zl——)z=

Ty — Y = uv.

In this case the integral of motion Ig transforms into the parabolic one:

Ig_ 3
R\/_ R\/_

— {72, M3} — {p2,L3} ~ Xp.

4.7. Hyperbolic Coordinates on Ly to Cartestan Coordinates on E,

We start from the choice a; — a; = a2 — as = a. For coordinates we put:

p1— a2
a

=&, 2 =g,

then Beltrami coordinates can be written as:

s p2&r+1D(E—-1) s _ p2lla—1)(&+1)
HER s TR T e

Now considering the limit R — oo we obtain: & — 1+ y?/R?, & — 1+ 2?/R?
and Beltrami coordinates go into Cartesian ones: z; — z, z9 — y. The integral of
motion takes the form:
In _ > 1,0
-}—27371'1 - WMS —*p% ~Xc.

4.8. Semi-hyperbolic Coordinates on L, to Parabolic Coordinates on E;

The variables y; 2 are determined by the formulae:

udu? 'u2 uou;
P12 = = t o o
R R R?

In the limit R — oo the variables y; ; take the form: p; — u?/R, py — v?/R and
the Beltrami coordinates contract to parabolic ones. The operator Isy goes into
the parabolic one Xp:

1
‘RISH = {my, L3} — {p2, L3} ~ Xp.
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4.9. Elliptic-parabolic Coordinates on Ly to Parabolic Coordinates on E>

For variables ¥ and a we have:

up — /uZ — R?

3
ViZ = R2 + up
cos?y= —— Y0 coshlaq= X0 —— —

Ug — U Upg — U3

In the limit R — oo we obtain: cos?¥ — 1 — v%/R, cosh’a — 1+ v?/R and
hence the Beltrami coordinates z1, x> go into the parabolic ones. For the integral
of motion we get:

1 2
E{IEP +h’R¥ALB} = §M§ + {72, M3} — —{p2, L3} ~ Xp.

4.10. Hyperbolic-parabolic Coordinates on L, to Cartesian ones on E,

Variables ¥ and b are determined by the formulae:

a2 2 ) 2

cos?g= W VUMTRE oy Yt VU R
Ug — Uy Up — U

Then in the limit R — oo we obtain: cos? ¥ — y2/2R?, cosh?b — 2(1+ z/R) and

Beltrami coordinates go into Cartesian ones. In this case the operator Iyp takes

the form:

1

1 1
F2lnp = 73—l + ﬁM32+ E{Wz,Ms} — p} —p} = Xc.

4.11. Semi-circular Parabolic Coordinates on Ly to Cartesian Coordi-
nates on F,

For variables n,£& we have:
2 _ VRE+ud+uy 62_\/R2+u%—’U.2
. m= Ug — Uz ’ - Ug — Ui ’

In the limit R — oo the variables 7,£ take the form: 7> — 1+ (z + y)/R, &2 —
1+ (= — y)/R and Beltrami coordinates go into Cartesian ones. The operator Iscp
may be written as:

1 1
ﬁfscp = {m, m}+ E{ﬂ'z,Ma} — 2pap1 ~ Xc.

5. Contraction of Basis Functions

Using the contraction properties of separable coordinates, we shall now consider
the contraction limits for the two simplest eigenfunctions — pseudo-spherical and
equidistant bases.



60 A. A. Izmest’ev, G. S. Pogosyan & A. N. Sissakian

5.1. Spherical Basis on Ly to Polar Basis on E,

s

The normalized spherical eigenfunctions ¥ >m (7, %) have the form:

psinhwp 1 . .
Vom(r,9) = \| Sgm® | T(5 +ip+ [ml) | P/, (cosh ) exp(imyp),
where A = m = 0,£1,42,.... In the contraction limit R — oo we put: tanh7 ~

7~ /R, p~ kR. Using the asymptotic formula!3
Jm Dz +iy) [exp(z |y ) |y 1572= Var
yl—~oo ‘

and rewriting the Legendre function in terms of the hypergeometric function, we
obtain in the contraction limit R — co:

: 1 .1 . 2T _ 2t
ngr;o F (5 +|m| + ip, 5+ [m| —ip; 1+ [m|; —sinh 5) = (k—r)T"TJlml(kr).

So, the spherical functions in the contraction limit take the form:

- eime
}%l_’ngo ‘I,fm(ry p) = Qfm(riso) =vk- Jlml(kr) : Vor

where J,(2) is the Bessel function and the spherical basis contracts to the polar
one.

5.2. Equidistant Basis on Ly to Cartesian Basis on E,

In the equidistant system the normalized eigenfunctions \Ilf,\Q(rl, 72) have the form:

sinh mp ; ;

¥E2(ry,75) = £ - (cosh 7y)~1/2 pir —tanh ;) - 72,
PA (r1,7) cosh? 7\ + sinh?® Tp ( ) 'A_I/Z( )

To perform the contraction we write the Legendre function in terms of the hyper-

geometric function

/2% (cosh 1y )~## (1 11 , )
T(E—a)l(2-0b) 2P Z+a,4+b,§,tanh T
LE-arG-y) 3 5 3

+2tanh7'1r(%_a)r(%_b)2F1 (Z—a,z-b,i,tanh Tl) s

where a = i(p — 1)/2, b = i(p + 1)/2. In the contraction limit B — oco we put:
p~kR, A ~kR, ~z/R 1 ~ y/R where z,y are the Cartesian coordinates.
Then we have asymptotic formulae:

: P:f—l/i’(_ tanhm) =

; Lol o ) _ 1 _vH\ _
Rh—r.lgozFl (Z+a,z+b,§,tanh Tl) = oFy (57—7 = cos kyy,

. 3 3 .3 2 _ 3 yk2 1
}Zli{xgozFl (Z—a,4——b,§,tanh rl) = oF (5,— 2 _asmkgy,
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where k? + k% = k2. In the contraction limit the equidistant basis goes into the
Cartesian one:

. EQ _ _ k . .
ngr;o 3 (71, 72) = Pry ka(7,9) = ‘/m exp(ik1z + tkay).

6. Conclusions

In this paper we continue the investigation of some aspects of the theory of Lie
group and Lie algebra contractions: the relation between separable coordinate sys-
‘tems in curved and flat spaces, related by the contraction of their isometry groups.
We have considered the second simplest meaningful example, namely the original
Inénii-Wigner contraction from a 0(2,1) to E(2), as applied to the two-sheeted
hyperboloid L, and Euclidean plane E;.

We have followed through the contraction R — oo on four levels: the Lie al-
gebras as realized by vector fields and the Laplace-Beltrami operators in the two
spaces, the second order operators in the enveloping algebras, characterizing separa-
ble systems, the separable coordinate systems themselves and two of the separated
sets of eigenfunctions of the invariant operators. In particular, we have shown how
different limiting procedures lead from nine separable systems on L,, to four on the
plane Es.
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