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ABSTRACT

In our fourth paper on super-integrable potentials on spaces of constant curvature we discuss the
case of the three-dimensional hyperboloid. Whereas in many coordinate systems an explicit path
integral solution for the corresponding potential is not possible, we list in the soluble cases the
path integral solutions explicitly in terms of the propagators, Green functions, and the spectral
expansions into the wave-functions.

We discuss in some detail the formulation and construction of coordinate systems on the
three-dimensional hyperboloid, which includes the statement of the Schrodinger operator, the
general form a potential must have to be separable in the coordinate system, and the relevant
observables.

Some special care is taken for the proper generalization of the harmonic oscillator and the
Kepler problem. We find the analogues of the maximally and minimally super-integrable poten-
tials of IR® on the hyperboloid, and many minimally super-integrable potentials which emerge
from the subgroup chains corresponding to SO(3,1). In an appendix we give a list of super-
integrable potentials in the spaces of constant curvature in two and three dimensions, including
the corresponding observables.
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1 Introduction

1.1 Motivation and Symmetry Methods in Physics.

The present paper is the fourth in a sequel concerning super-integrable potentials in spaces
of constant curvature. It continues our studies which started from the investigation in two-
and three-dimensional Euclidean space, i.e., in R* and IR’, on the two- and three-dimensional
sphere §* and $®), and on the two-dimensional hyperboloid A(®). Qur goal is devoted to the
study of physical systems in spaces of constant curvature which have accidental degeneracies,
i.e., systems which have due to their peculiar features a so-called hidden or dynamical group
structure, thus giving rise to degeneracies in the energy spectrum, and additional integrals of
motion, respectively observables.

The most well-known of these kinds of potential systems in three-dimensional flat space are
the harmonic oscillator with quantum energy spectrum

and the Kepler-Coulomb problem with the quantum energy spectrum

Met
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Here, V denotes the principal quantum number, and for fixed N each level Fy for the oscillator
is (N + 1)(N + 2)/2-fold degenerate, and in the Coulomb problem (N + 1)*-fold degenerate.

The particular symmetry features have the consequence that there are additional constants of
motion in classical mechanics, respectively observables in quantum mechanics. In comparison,
the orbits of a simple integrable system, e.g., a three-dimensional anharmonic oscillator, are
generally only periodic with respect to each coordinate, but not globally!. For a physical system
in D dimensions just to be integrable, a number of D constants of motion is required, with
one of them the energy F. In classical mechanics these constants of motion have vanishing
Poisson brackets with the Hamiltonian, and with each other; in quantum mechanics they are
operators which commute with the quantum Hamiltonian and with each other. For instance,
for a spherical symmetric system, the constants of motion are the energy F, the square of the
total angular momentum L?, and the square of the (usually chosen) z-component of the angular
momentum L%, in classical mechanics as well as in quantum mechanics.

In systems like the isotropic harmonic oscillator or the Kepler-Coulomb problem in three
dimensions, there are two more functionally independent constants of motion. In the case of
the harmonic oscillator the additional constants of motion correspond to the conservation of the
quadrupol moment, the so-called Demkov tensor Ty, = p;py, +w?a;2, [37], and in the case of the
Kepler-Coulomb problem the conservation of the square of another component of the angular
momentum and the third component of the Pauli-Lenz-Runge vector A = ﬁ(L xP—-Px
L) — ¢’x/|x|, and both systems have five constants of motion, respectively observables.

A more careful investigation shows that the highly spherical symmetric systems of the
isotropic harmonic oscillator and the Kepler-Coulomb problem can be perturbed in various
ways by the incorporation of additional potential terms: First, this does not spoil the degener-
acy of the energy levels at all, i.e., there are still five observables?; second, one of the observables
is removed, i.e., they are four left, and third, only the minimum number of three observables

"However, they are periodic globally if the frequencies w123 are commensurable, i.e., if their respective quo-
tients are rational numbers.

?In the sequel we use the notions “energy levels” and “periodicity of closed orbits”, “observables” and “con-
stants of motion”, “Coulomb-” or “Kepler-problem”; referring to quantum mechanical or classical mechanical
properties, respectively, as synonymous.



for integrability remains. The first possibility is described by the notion of a mazimally super-
integrable system, the second possibility by the notion of a minimally super-integrable systems,
and the last possibility just describes an integrable system. If the system in three dimensions
has less than three observables it is not integrable, and can be referred as a chaotic system, for
instance the anisotropic Kepler problem, c.f. [17, 94, 97, 177], or the Coulomb potential with a
magnetic field, e.g. [94].

In this respect, the physical significance of the consideration of separation of variables in
several coordinate systems is as follows. The free motion in some space is, of course, the most
symmetric one, and the search for the number of coordinate systems which allow the separation
of the Hamiltonian is equivalent to the investigation how many inequivalent sets of observables
can be found. In particular, the free motion in various coordinate systems on the hyperboloid has
been studied in Refs. [63, 70, 75, 87, 89, 134]. The incorporation of potentials usually removes
at least some of the symmetry properties of the space. Well-known examples are spherically
symmetric systems, and they are most conveniently studied in spherical coordinates.

All the super-integrable systems have the particular property that all the energy-levels of
the system are organized in representations of the non-invariance group which contain represen-
tations of the dynamical subgroup realized in terms of the wave-functions of these energy-levels
[51]. In the case of the hydrogen it enabled Pauli [168], Fock [49] and Bargmann [5] to solve the
quantum mechanical Kepler problem without explicitly solving the Schrédinger equation. The
additional integrals of motion also have the consequence that in the case of the super-integrable
systems in two dimensions and maximally super-integrable systems in three dimensions all finite
trajectories are found to be periodic; in the case of minimally super-integrable systems in three
dimensions all finite trajectories are found to be quasi-periodic® [122]. Of course, in the case of
the pure Kepler or the isotropic harmonic oscillator all finite trajectories are periodic.

Generally, a physical system in D dimensions is called minimally super-integrable if it has
2D — 2 integrals of motion, and it is called mazimally super-integrable if it has 2D — 1 integrals of
motion, respectively observables. Therefore we are led to the search of more (potential-) systems
which have similar features concerning degeneracy and number of observables as the isotropic
harmonic oscillator and the Coulomb problem.

Attempts to classify separable potentials along these lines in general go back to Eisenhart
[43], Aly and Spector [2], Bose [15], and Luming and Predazzi [142], however with the empha-
size on “solvable potentials” in quantum mechanics. A systematic study was undertaken by
Smorodinsky, Winternitz and co-workers [51, 148, 193], i.e., they looked for potentials which are
separable in more than one coordinate system. The separation of a quantum mechanical poten-
tial problem in more than one coordinate systems has the consequence that there are additional
integrals of motion and that the spectrum is degenerate. The Noether theorem [161] connects
the particular symmetries of a Lagrangian, i.e., the invariances with respect to the dynamical
symmetries, with conservation laws in classical mechanics and with observables in quantum me-
chanics, respectively. The choice of a coordinate system then emphasizes which observables are
considered to be the most appropriate for a particular investigation.

1.2 Super-Integrable Systems.

The harmonic oscillator in various coordinate systems has been studied by Evans [44], Kallies
et al. [111], and Pogosyan et al. [171]; in spaces of constant curvature by e.g. by Bonatsos et al.
[14], Higgs [99], Lemon [137], Granovsky et al. [59] and [81, 82]. The Coulomb-Kepler problem
in flat space in various coordinate systems has been studied by many authors including, e.g.,
Cisneros and Mclntosh [28], Coulson et al. [30, 31] concerning the Coulomb problem in spheroidal

*The notion quasi-periodic means that they are periodic in each coordinate, but not necessarily periodic in a
global way. They are periodic globally if the respective periods are commensurable.



coordinates, Davtyan et al. [33]-[36], Fock [49], Guha and Mukherjee [93], Hartmann [95], Higgs
[99] and Lemon [137], Hodge [100], Kibler et al. [122]-[128], Lutsenko et al. [144], Pauli [168] with
his famous solution based on the algebra without solving the Schrodinger equation explicitly,
Teller [184], who first dealt with the two-center Coulomb problem, Vaidya and Boschi-Filho
[187], and Zhedanov [197], and in spaces of constant curvature by Barut et al. [9] in the general
context of the SO(4,2) dynamical algebra, Granovsky et al. [60], Hietarinta [98], Katayama
[120], Mardoyan et al. [149, 151], Otchik and Red’kov [165], Pogosyan et al. [171], Schrédinger
[173], Stevenson [182] and Vinitsky et al. [190].

Corresponding path integral discussions are due to, e.g., Carpio-Bernido et al. [18]-[21] for
the generalized Kepler-Coulomb problem and the Hartmann potential, Chetouani at al. [24]-[27]
concerning parabolic coordinates and the D-dimensional Coulomb problem, Duru and Kleinert
[42] with the first evaluation of the Coulomb problem within the path integral formalism by
means of the Kustaanheimo-Stiefel transformation, Gerry [53], Refs. [62, 72] and in particu-
lar Refs. [68, 69, 71, 80] concerning parabolic coordinates, modified Coulomb-potentials in two
and three-dimensions, and the general aspect of separation of variables and super-integrable
potentials, Inomata [105] with a careful lattice investigation of the Kustaanheimo-Stiefel trans-
formation, and by Sékmen [175] and Steiner [180] in the context of space-time transformations
in polar coordinates.

The notion of “super-integrability” [44, 118, 194] can now be introduced in spaces of constant
curvature [81, 82]. Whereas the general form of potentials which are “super-integrable” in some
kind is not clear until now, one knows that the corresponding Higgs-oscillator (c.f. Bonatsos et
al. [14], Granovsky et al. [59], Higgs [99], Ikeda and Katayama [102], Katayama [120]), Leemon
[137], Nishino [160], and Pogosyan et al. [171]) and Kepler problems (c.f. Granovsky et al. [60],
Infeld [103], Infeld and Schild [104], Kalnins et al. [119], Kibler et al. [123], Kurochkin and
Otchik [135], Nishino [160], Otchik and Red’kov [165], Vinitsky et al. [190, 191], Zhedanov
[196]) in spaces of constant curvature do have additional constants of motion: the analogues
of the flat space. For the Higgs-oscillator this is the Demkov-tensor [37, 58, 160] and in the
Kepler problem a Pauli-Runge-Lenz vector on spaces of constant curvature can be defined, c.f.
[60, 99, 135, 137, 160]. Corresponding path integral considerations are due to Barut et al. [7, 8],
Otchik and Red’kov [165], and [65] (D-dimensional case), and [81] (super-integrable aspects).

It is interesting to remark that the Kaluza-Klein monopole system, e.g. [55], is a super-
integrable system as well. Its observables can be constructed in complete analogy to the ob-
servables in the Kepler-Coulomb system [29, 121], i.e., a Pauli-Lenz-Runge vector exists. Path
integral discussions are due to Bernido [10] and Inomata and Junker [106] in spherical coordi-
nates, and due to Ref. [67] in parabolic coordinates. However, a system which is separable in
spherical and parabolic coordinates is also separable in prolate spheroidal coordinates, similarly
as the Coulomb or the Hartmann potential. In [83] we have analysed the corresponding inter-
basis expansions of the parabolic basis with respect to the spherical basis, and in [84] we will
analyse the spheroidal basis with respect to the spherical basis, such that all three coordinate
bases of the Kaluza-Klein monopole system are explicitly known, and can be transformed into
each other.

Disturbing the spherical symmetry usually spoils it. The first step consists of deforming
the ring-shaped feature of the (maximally super-integrable) modified oscillator and Coulomb
potential. Omne gets in the former a ring-shaped oscillator and in the latter the Hartmann
potential, two minimally super-integrable systems. The number of coordinate systems which
allow a separation of variables drop from eight to four (namely spherical, circular polar, oblate
spheroidal and prolate spheroidal coordinates Kibler et al. [123, 128]), and from four to three,
namely spherical, parabolic, and prolate spheroidal II coordinates. The ring-shaped oscillator
has been discussed by, e.g., Carpio-Bernido et al. [20, 21], Kibler et al. [122, 125, 127], Lutsenko et
al. [143], and Quesne [172]. The Hartmann system has been discussed by, e.g., Carpio-Bernido



et al. [18]-[22], Chetouani at al. [24], Gal’bert et al. [52], Gerry [53], Granovsky et al. [58],
[68], Guha and Mukherjee [93], Hartmann [95], Kibler et al. [122]-[125], [127], Lutsenko et al.
[144], Vaidya and Boschi-Filho [187], and Zhedanov [197]; compare also the connection with a
Coulomb plus Aharonov-Bohm solenoid [1], e.g., Chetouani et al. [25], Kibler and Negadi [126],
and Sékmen [175].

Disturbing the system further, and one is left with, say, one coordinate systems which still
allows separation of variables. A constant electric field (Stark effect) allows only the separation in
parabolic coordinates [68]. Here it is interesting to remark that in the momentum representation
of the hydrogen atom the bound state spectrum is described by the free motion on the sphere S,
To be more precise, the dynamical group O(4) describes the discrete spectrum, and the Lorentz
group O(3,1) the continuous spectrum [4]. Now, there are six coordinate systems on S which
separate the corresponding Laplacian. The solution in spherical and cylindrical coordinates
corresponds to the spherical and parabolic solution in the coordinate space representation. The
elliptic cylindrical system is of special interest because it enables one to set up a complete
classification for the energy-levels of the quadratic Zeeman effect (c.f. Solov’ev [177], Brown and
Solov’ev [17], Herrick [97], Lakshmann and Hasegawa [136]).

The separation in parabolic coordinates is also possible in the case of a perturbation of the
pure Coulomb field with a potential force « z/r which allows an exact solution [69, 71]. The
two-center Coulomb problem turns out to separable only in spheroidal coordinates (Coulson
and Josephson [30], Coulson and Robinson [31], Morse [157]) as has been studied first in the
connection with the hydrogen-molecule ion by Teller [184].

Another possibility to disturb the spherical symmetry is to remove the invariance to rotations
with respect to some axis, e.g., about a uniform magnetic field. Usually this invariance is used
to illustrate the azimuthal quantum number m of the L, operator. The physical meaning of
this quantum number then is that there exists a preferred axis in space. This symmetry can be
broken if one considers a Hamiltonian of a nucleus with an electric quadrupole moment () and
spin J in a spatially varying electric field [139, 178]. Here sphero-conical coordinates are most
convenient, and the projection of the terminus of the angular momentum vector traces out a cone
of elliptic cross section about the z-axis [178]. Also the problem of the asymmetric top (Kramers
and Ittmann [133], Luka¢ [138], Smorodinsky et al. [140, 176, 192]), the symmetric oblate top
[138], or the case of tensor-like potentials (Luka¢ and Smorodinsky [141]) can be treated best in
sphero-conical coordinates. Therefore sphero-conical coordinates are most suitable for problems
which have spherical symmetry but not a sphero-axial symmetry.

In order that a potential problem can be separated in ellipsoidal coordinates is that the
shape of the potential resembles the shape of a ellipsoid. Of course, the anisotropic harmonic
oscillator belongs to this class. Introducing quartic and sextic [186] interaction terms then
eventually allows only a separation of variables in ellipsoidal coordinates. Another example is
the Neumann model [159], which describes a particle moving on a sphere subject to anisotropic
harmonic forces (Babelon and Talon [3], and MacFarlane [145]).

The case of magnetic fields on the two-dimensional hyperboloid has been considered by means
of path integrals in [64], and it has been found that in spherical, horicyclic and equidistant
coordinates a separation of variables is possible, i.e., in coordinate systems which have one
ignorable coordinate [117], and the corresponding solutions are circular, respectively plane waves
in this (ignorable) coordinate. Depending on the strength of the magnetic field a finite number
of bound states can exist, with energy levels given by (b = eM B/2ch > 0, e the electric charge,
B the magnetic field strength, and ¢ the velocity of light), e.g. [96]

[ 142 1
En:m[b +io(b-n—17] ., w=0,.. Ny<b-1i. (1.3)
Such investigations play an important role in the theory of tensor-weighted Laplacians, auto-
morphic forms, determinants of Laplacians and zeta-function regularization, and quantum field



theory on (super-) Riemann surfaces, e.g. [75] and references therein.

Our first paper [80] dealt with super-integrable potentials in two- and three-dimensional
flat space, where we distinguished minimally and maximally super-integrable systems. In two
dimensional Euclidean space they are four (maximally) super-integrable systems [44], i.e., the
(generalized) harmonic oscillator V;(x), the Holt-potential V5(x), the (generalized) Coulomb
potential V3(x), and a modified Coulomb potential V,(x).*

In three-dimensional Euclidean space there has been found five maximally and nine mini-
mally super-integrable systems. Among the maximally super-integrable are the (generalized)
harmonic oscillator V;(x), the Holt-potential in R”, V5(x), and the (generalized) Coulomb po-
tential V3(x); among the minimally super-integrable systems were a double-ring shaped oscillator
Vs(x), the Hartmann potential V7(x), a three-dimensional analogue of the Holt-potential V5(x),
four potentials Va(x), Va(x), Va(x), Vs(x) which emerged from the group chain F(3) D E(2),1i.e.,
they are super-integrable in IR”, and the two potentials Vi(x), Vo(x) which emerged from the
group chain E(3) D SO(3), i.e., they are super-integrable on the two-dimensional sphere S(2).
In appendix D we give in tables D.1-D.3 a list of the super-integrable potentials in IR* and IR?,
where we list in each case the separating coordinate systems, and the corresponding integrals of
motion. In the underlined coordinate systems an explicit path integral solution has been found.

In our second paper [81] we continued our study on the two- and three-dimensional sphere.
On 5 we found only two potentials with the required properties, i.e., the (generalized) Higgs
oscillator Vi(s) and the (generalized) Coulomb potential Vs(s). We have not been able to find
the super-integrable analogues of the Holt-potential and the modified Coulomb potential. On
the three-dimensional sphere $® we have found three maximally super-integrable and four
minimally super-integrable potentials, respectively. Among the maximally super-integrable po-
tentials were the (generalized) Higgs oscillator Vi(s), the Coulomb potential Vs(s), and as a
third potential Vi(s) a pure scattering potential which corresponds to Vy(x) in IR>. Among the
minimally super-integrable systems have been the analogues of the double ring-shaped oscillator
Vi(s) and the Hartmann potential V5(s) on S, and the two remaining potentials Vy(s), Vi(s)
emerged from the group chain SO(4) D SO(3). However, we have not been able to find a super-
integrable potential on S incorporating a constant electric field, c.f. V5(x) in IR®. In appendix
D our results are listed in tables D.4-D.5, similarly as in the flat space cases.

In [82] we considered the super-integrable potentials on the two-dimensional hyperboloid
A®. We have found the analogues of the (generalized) harmonic oscillator V;(u), i.e., the Higgs
oscillator in a space of constant negative curvature, the (generalized) Coulomb potential V5(u),
and of the Holt-potential V3(u) on A2, We also found two more systems Vi(u), V,(u), which
are due to the peculiarity of the hyperboloid that in spaces of constant negative curvature there
are generally more orthogonal coordinate systems which separate the Schrédinger, respectively
Helmholtz equation, in comparison to flat or constant positive curvature spaces. However, we
have not been able to find a super-integrable version of the modified Coulomb potential, c.f. V4(x)
in IR*. The results are compiled in appendix D in table D.7.

1.3 Interbasis Expansions.

An important aspect of group path integration in quantum mechanics is the so-called interbasis
expansion technique for problems which allow the representation of the wave-functions in various
coordinate space representations. The basic formula is quite simple being

k>= [dECulp > + 3 Cosln > . (1:4)

*The notion of minimally super-integrable systems in two dimensions does not make sense, because the number
of integrals of motions equals two, and is thus equal to the number of integrals of motion which are required that
the system is separable at all.



where |k > stands for a basis of eigenfunctions of the Hamiltonian in the coordinate space
representation k, and [ dF) is the spectral-expansion with respect to the coordinate space rep-
resentation 1 with coefficients C} x, Chx which can be discrete, continuous or both. The main
difficulty is, in case one has two coordinate space representations in the quantum numbers k
and p,n, respectively, to find the expansion coefficients €, x and Cy . Well-know n are the
expansions which involve cartesian coordinates and polar coordinates. In the simple case of free
quantum motion in Fuclidean space, this means that exponentials representing plane waves are
expanded in terms of Bessel functions and spherical waves, a discrete interbasis expansion, i.e.,
e = 3,y eV (2).

This general method of changing a coordinate basis in quantum mechanics can now be
used in the path integral. We assume that we can expand the short-time kernel, respectively the
exponential e**-1%i in terms of matrix elements of a group [75] by choosing a specific coordinate
basis. We then can change the coordinate basis by means of (1.4). Due to the unitarity of the
expansion coefficients )y the short-time kernel is expanded in the new coordinate basis, and
the orthonormality of the basis allows to perform explicitly the path integral, exactly in the
same way as in the original coordinate basis. However, to find the dynamical group and its
corresponding coordinate space representation in a super-integrable system, one of the principal
problems, is not always very easy.

From the two (or more) different equivalent coordinate space representations, formuleae and
path integral identities can be derived. These identities actually correspond to integral and
summation identities between special functions. The case of the expansion from cartesian coor-
dinates to polar coordinates has been studied by Peak and Inomata [169], and they obtained the
solution of the isotropic harmonic oscillator as well. The path integral solution of the isotropic
harmonic oscillator in turn enables one to calculate numerous path integral problems related
to the radial harmonic oscillator, actually problems which are of the so-called Besselian type,
including the Coulomb problem.

Summarizing, the following small list of interbasis expansion have been investigated until
now in the literature (we do not claim completeness):

1. Homogeneous Spaces of Constant Curvature:

(a) The Two-Dimensional Euclidean Space:
i. The expansion of plane waves with respect to the polar basis is a well-known
expansion theorem involving Bessel-functions and circular waves [57, p.971].

ii. The expansion of plane wave in terms of the elliptic basis can be found in [153,
p.185], and

iii. the expansion of the polar basis with respect to the elliptic bases in [153, p.183].
(b) The Three-Dimensional Euclidean Space:

i. A formal discussion of the interbasis expansion of ten of the eleven bases with
respect to the cartesian basis is due to [16], and references therein.

ii. The expansion of the sphero-conical basis in terms of the in terms of the spher-
ical basis corresponds to the subgroup chain E(3) D SO(3), and is therefore
essentially the same as in [167].

iii. The expansion of plane waves into the spherical basis is a expansion theorem
involving Bessel-functions and Gegenbauer polynomials [57, p.980].

iv. The expansion of plane waves in terms of (oblate and prolate) spheroidal wave-
functions is due to [153, p.315].

(¢) Two- and three-dimensional Minkowski space:



i. Interbasis expansions relating the cartesian basis with the polar and elliptic bases
in two dimensions, and the cartesian basis with the spherical and spheroidal bases
in three dimensions have been discussed in [75].

(d) The Two-Dimensional Sphere:

i. On the two-dimensional sphere, there is only the interbasis expansion of the
elliptic basis with respect to the spherical basis which can be found in [167].

(e) The Three-Dimensional Sphere:
i. The expansion of the spherical basis with respect to the cylindrical basis is de-
termined by the Clebsch-Gordan coefficients, e.g. [4, 188].

ii. The expansion of the sphero-elliptic basis in terms of the in terms of the spher-
ical basis corresponds to the subgroup chain SO(4) D> SO(3), and is therefore
essentially the same as in [167].

iii. The expansion of the two ellipso-cylindrical bases (the oblate elliptic and prolate
elliptic) with respect to the spherical, respectively the cylindrical, is due to [78].

iv. The expansion of the ellipsoidal basis with respect to another basis is not known
yet, but will be the subject of a future investigation [79].

(f) The Two-Dimensional Hyperboloid:

i. The only known interbasis expansions on A(®) deal with the expansions of eight
out of nine bases with respect to the spherical basis [114].

(g) The Three-Dimensional Hyperboloid:

i. The interbasis expansions of the four bases corresponding to the subgroup chain
SO(3,1) D E(2) are the same as in IR,

ii. the interbasis expansions of the two bases corresponding to the subgroup chain
SO(3,1) D SO(3) are the same as on S%),

iii. the interbasis expansions of the nine bases corresponding to the subgroup chain
SO(3,1) D SO(2,1) are the same as on A%

iv. Interbasis expansions corresponding to the non-subgroup bases on the three-
dimensional hyperboloid are not known.

2. Potential Problems:

(a) The Oscillator in IR*:

i. The expansion of the elliptic and cartesian basis with respect to the polar basis
is due to [150].

(b) The Coulomb potential in R”:

i. The expansion of the elliptic basis with respect to the polar and parabolic bases
is due to [151].

(¢) The Coulomb potential in R”:

i. The expansion of the parabolic basis with respect to the spherical bases is deter-
mined by the Clebsch-Gordan coefficients, e.g. [4, 188].

ii. The expansion of the spheroidal basis with respect to the spherical bases is due
to [30], and with respect to the parabolic bases due to [149].

(d) Generalized Oscillator and Kepler-Coulomb Problem in IR”:

i. In the Coulomb problem the expansion of the spheroidal basis with respect to
the spherical and parabolic bases is due to [123].



ii. In the oscillator problem the expansion of the spheroidal basis with respect to
the spherical and cylindrical bases is due to [124].

(e) Oscillator and Kepler-Coulomb Problem on 53

i. In the Coulomb problem the expansion of the ellipso-cylindrical basis with respect
to the spherical basis is due to [170].

ii. In the oscillator problem the expansion of the cylindrical basis with respect to
the spherical basis and vice versa is due to [58, 171].

(f) The Kaluza-Klein Monopole system:

i. The expansion of the parabolic basis with respect to the spherical basis is deter-
mined by the Clebsch-Gordan coefficients [83].

ii. The expansion of the spheroidal basis with respect to the spherical and parabolic
bases will be discussed in [84].

1.4 Path Integral Approach.

In our investigations the path integral turns out to be a very convenient tool to formulate
and solve the super-integrable potentials on spaces of constant curvature, in particular on the
hyperboloid. The subsequent separation of variables in each problem can be performed in a
straightforward and easy way.

This line of reasoning must be seen in the endevaour to solve quantum mechanical problems
“from the point of view of fluctuating paths” [42]. In the contributions [90, 91] we have already
presented our approach “How To Solve Path Integrals in Quantum Mechanics” by listing the
relevant Basic Path Integrals necessary for the calculations, and a comprehensive “Table of Path
Integrals” will appear soon [92]. This includes path integral problems which are based on the
general Gaussian Path Integral [46, 174] based on the path integral of the general quadratic
Lagrangian, the Besselian Path Integral [40, 47, 56, 108, 169] based on the path integral of
the radial harmonic oscillator, and the Legendrian Path Integral [12, 13, 41, 48, 108, 109, 132]
based on the path integral of the (modified) Péschl-Teller potential, respectively, as well as path
integral formulee which deal with point interactions and boundary conditions [91].

In tables 1.1 and 1.2 we have summarized the wide range of quantum mechanical problems
which are accessible by path integration. For details we refer to [75] and [90]-[92].

Higher dimensional path integral problems can usually be put into a hierarchy corresponding
which one-dimensional path integral is most important for their evaluation. For instance, in
the Coulomb problem, the Besselian part is the most important because after separating off the
angular path integrations, and a space-time transformation, a path integral for a radial harmonic
oscillator remains.

The class of Natanzon potentials, where the confluent and hypergeometric case are both
subject to path integration [77], are the most general kinds of Besselian and Legendrian path
integral potential problems, with six parameters which may be chosen freely.

The classes of “conditionally solvable” potentials are somewhat more restricted in comparison
to the Natanzon potentials by having only four free parameters. However, fractional power
dependences can be incorporated, e.g., a long-range 1/,/r behaviour [76] and references therein.
For the conditionally solvable potentials confluent (Besselian) and hypergeometric (Legendrian)
versions can be found as well.



Table 1.1: Application of Basic Path Integrals

Quadratic Lagrangian

Radial Harmonic
Oscillator

Poschl-Teller
Potential

Modified Poschl-Teller
Potential

Infinite square well

Liouville potential

Scarf potentials

Reflectionless potential

Linear potential

Morse potential

Symmetric top

Rosen-Morse potential

Repelling oscillator

Uniform magnetic field

Magnetic top

Wood-Saxon potential

Forced oscillator

Motion in a section

Higgs oscillator
on spheres

Hultén potential

Saddle point potential

Calogero model

Manning-Rosen potential

Uniform magnetic field

Aharonov-Bohm
problems

Hyperbolic Scarf potential

Driven coupled
oscillators

Coulomb- and
confinement potentials

Hyperbolic barrier and
modified

Rosen-Morse potentials

Two-time action

Smorodinsky-Winternitz

Hyperbolic spaces

(Polaron) potentials of rank one

Second derivative Coulomb-like potentials Kepler problem

Lagrangians in polar and parabolic on (pseudo-) spheres
coordinates

Semi-classical expansion Nonrelativistic Hyperbolic strip
monopoles

Generating functional

Kaluza-Klein monopole

Higgs oscillator
on pseudospheres

Moments formula

Poincaré plane
+ magnetic field
+ potentials

Hermitean spaces

Effective potentials

Klein-Gordon- and
Dirac Coulomb problem

Anharmonic oscillator

Anyons

Conditionally solvable pots.

Natanzon potentials

Natanzon potentials
Conditionally solvable pots.

1.5 Presentation of Results.

The contents of this paper is as follows. In the next section we give an introduction into the

formulation and construction of coordinate systems on the three-dimensional hyperboloid. This

includes an enumeration of the coordinate systems according to [74, 75, 114, 116, 162]. The

enumeration includes the explicit statement of the quantity u = (wg, uy, us, us) in terms of the

coordinate variables @ = (01, 02, 03), the line element ds* = ds*(g), the momentum operators
P,,, the Hamiltonian Hy, the form a potential V(u) must have in order that the Schrédinger
equation HV = (Hy + V)V = EV is separable, and the corresponding integrals of motion,

respectively observables.




Table 1.2: Group Path Integration and Perturbation Expansions

Group Path Integration Perturbation Expansions
Euclidean space o-functions

pseudo-Euclidean space §'-functions

Spheres Point interaction for Dirac particle

Single-sheeted pseudospheres | Dirichlet boundary conditions

Double-sheeted pseudospheres | Neumann boundary conditions

Bispherical coordinates Boxes and radial rings

Pseudo-bispherical coordinates | Absolute value potentials

Klein-Gordon propagator Point interactions in IR?, IR?

Discontinuous potentials

In Section III we present the three found maximally super-integrable potentials on the three-
dimensional hyperboloid, including an analogue of a Stark effect potential which is, however,
in comparison to IR? only minimally super-integrable. The maximally super-integrable systems
have five integrals of motion. For instance, in the pure Coulomb problem in IR® they are the
energy F, the square of the absolute value of the angular momentum LZ?, L?  an observable
corresponding to the semi-hyperbolic system, and the third component of the Pauli-Lenz-Runge
vector A (the whole set of E,L* L? A is not functionally independent). Actually, the first
three of these constants of motion are typical for each radial problem, and the minimum number
of three observables is required that a three-dimensional system is separable at all (in [44] a
systematic listing of these constants of motion has been presented). We treat the first two
potentials, i.e., the Higgs oscillator and the Coulomb potential on A®) in some detail.

In Section IV we discuss the minimally super-integrable potentials on A®®). We find four po-
tentials which have their counterparts in three-dimensional Fuclidean space. The remaining po-
tentials emerge from the subgroup structure of SO(3,1), i.e., we find four potentials correspond-
ing to the chain SO(3,1) D F(2), two potentials corresponding to the chain SO(3,1) D SO(3),
where one of them is however equivalent to a previous one, and five potentials corresponding to
the chain SO(3,1) D SO(2, 1), respectively. This yields 15 minimally super-integrable potentials
on A®. We do not explicitly list each solution again, because this would blow up our paper to
much, and refer instead to our previous work concerning the super-integrable potentials in flat
space [80], on the sphere [81], and on the two-dimensional hyperboloid [82]. In Sections III and
IV we make frequently use of the path integral formulations of the P&schl-Teller, the modified
Poschl-Teller, and the Rosen-Morse potential, whose solutions are cited in Appendix A.

In the fifth Section we summarize and discuss our results. Here we also establish a corre-
spondence of maximally and minimally super-integrable potentials in two and three dimensions
in the three spaces of constant curvature, i.e., Fuclidean space, the sphere, and the hyperboloid.
In addition we suggest analogues of the Holt-potential on the two- and three-dimensional sphere
and on the two- and three-dimensional hyperboloid, respectively. However, these potentials turn
out to be only integrable. On the sphere the corresponding separating coordinate systems are
the k = k' = 1/v/2 particular case of the rotated elliptic, respectively rotated prolate spheroidal
systems. On the hyperboloid the separating coordinate system are the semi-hyperbolic systems.
The flat space limits of these systems are parabolic coordinates in two and three dimensions.

In four appendices we present some additional material. This includes on the one hand side
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the presentation of elementary path integral solutions which we need in our evaluations. On the
other we complete the consideration of super-integrable potentials in R? (Appendix B) and on
53 (Appendix C) corresponding to the S(?) subgroup chain reduction by adding a minimally
super-integrable potential due to the subgroup reduction corresponding to SO(3). Appendix D
summarizes all our former findings of minimally and maximally super-integrable potentials in
two- and three-dimensional Euclidean space, on the two- and three-dimensional sphere, and on
the two-dimensional hyperboloid, respectively.

2 Coordinate Systems on Hyperboloids

In this Section we construct the coordinate systems on the three-dimensional hyperboloid. How-
ever, first we cite some useful information concerning the construction of coordinate systems on
the most important spaces of constant curvature. These are FEuclidean spaces, spheres and

hyperboloids.

Table 2.1: Operators and Coordinate Systems in Flat Space
Observable I in IR? Coordinate System
I=pP:— P Cartesian
I=12 Polar
I =L+ d*(P?— P} Elliptic
I={Ls, P} Parabolic
Observables I, I, in IR? Coordinate System
I = P} I, = P} Cartesian
I = L3, I, = P} Circular Polar
I = L3+ d*P?, I, = P} Circular Elliptic
I, ={L3, Py}, I, = P Circular Parabolic
L=L*L=L?+k"L3 Sphero-Elliptic
L =L IL=13 Spherical
L =L?—d*P}+ P}, Ih=13 Prolate Spheroidal
L =L+ d* P+ P}, I, =13 Oblate Spheroidal
Il = {Ll,Pz}—{Lz,Pl},Iz = L% Parabolic
I = L? + (as + a3) P? + (a1 + az)PZ + (a1 + a2) PZ, Ellipsoidal
Iz = G%L% + ang + ang + ClzCl3P32 + a1a3P22 + alazPlz
I = L3 —d*P? +d({Ls, P} + {L1, P2}), Paraboloidal
Iy =d(P} — P2) +{La, P} — {L1, Ps}

2.1 Coordinate Systems and Observables.

For the classification of coordinate systems in an homogeneous space, and hence for sets of
inequivalent observables, we need second-order differential operators I; (i« € J, J an index
set) which are at most quadratic in the derivatives. In order that they can characterize a
coordinate system which separates the Hamiltonian we must require that they commute with
the Hamiltonian and with each other, ie., [H,I;] = [I;,;] = 0. This property characterizes
them as observables (in classical mechanics as constants of motion). In two-dimensional spaces
we have one characteristic operator I which corresponds to the additional observable, and in
three-dimensional spaces there are two characteristic operators I, I, which correspond to the
two separation constants which appear for each coordinate system. Finding all inequivalent sets
of {I}, respectively {I,,[,} is equivalent in finding all inequivalent sets of observables for the

11



Hamiltonian of the free motion. Because the operators I; , commute with the Hamiltonian and
with each other one can find simultaneously eigenfunctions of H, I, respectively H, I, I5.

Table 2.1 illustrates this for the four coordinate systems in IR* and the eleven coordinate
systems in IR? (a,d > 0,0 < r < 1 parameters, {-,-} is the anticommutator, and 0 < a; <
01 < as < 03 < az < p3 with g1 53 the coordinates in the ellipsoidal system), according to
Refs. [16, 111]. Here P 5 3 = —ih0,, and L; 5 3 are the usual momentum and angular momentum
operators taken in Cartesian coordinates (2.1), see below, and c.f. [16, 75] for more details.

Table 2.2 illustrates this for the coordinate systems on S(* and $*). Again Ly 53 are the
usual angular momentum operators, where we have set [119]

h h h

Ll = i_D23 9 Lz = i_D31 9 L3 = i—D12 P (2-1)
h h h

N1 = i—D14 9 Nz = i_D24 9 N3 = i_D34 . (2-2)

with D;; = s;0,, — 5;0,,, and for the parameters we have 0 < k* < 1,k =1—k?, and in the
ellipsoidal system a; < p; < a3 < p3 < az < p3 < ayg. We have also included the elliptic 11
and the prolate elliptic II systems as examples for a rotated elliptic system, c.f. for the proper
definition of the parameters [81]. We have the commutation relations (¢;;;, is the Levi-Civita

tensor)
(Li, L;] =ihe;ply [Li, N;] = ihe;j Ny, [Ni, N;] = ihejp Ly (2.3)

Table 2.2: Operators and Coordinate Systems on Spheres

Observable I on S(2) Coordinate System
I=12 Polar
I=L24 kL2 Elliptic
I=cos2fL%— isin2f{Ly, L3} Elliptic IT*
Observables I, I, on S Coordinate System
I =N2 I, =13 Cylindrical
L=L1L=1L?+k"L} Sphero-Elliptic
L=L*1=1% Spherical
IL=(1—k)L2 4+ k*(L3 - N3), [, = L} Prolate Elliptic
I = cos2fL% + %sin 2f({L1, N2} —{Lay, N1}), 1o = L3 Prolate Elliptic IT*
L =(1—k)L2 - k*N3 I, = L3 Oblate Elliptic
I = (a1 + a4) L% + (as + as) L3 + (as + aa) L3 Ellipsoidal

+(az + az)NE + (ay + az)NZ + (ay + as) N2
Iz = a1a4L% + 0204[% + a3a4L§ + ClzClgle + a1a3N22 + alazN??

* sin? f = k2

2.2 Coordinate Systems on the Three-Dimensional Hyperboloid.

Before we are going to discuss the coordinate systems on the three-dimensional hyperboloid in
some detail, let us start with some remarks concerning harmonic analysis on A®), and we cite
some results from [116].

The homogeneous Lorentz group SO(3, 1) consists of those proper real linear transformations
which leave the hyperboloid (ug > 0)

u-u=u’=ul— (uf +uj+uz)=ul—-u =R’ (2.4)
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invariant. The Lie algebra is six-dimensional, and is generated by the spatial rotation generators

h 0 0 h 0 0 h 0 0
b= 5 (g ) 2= 5 (g o) B 1 (g ) ()

(note the sign convention in comparison to the sphere) and the Lorentz transformation generators

](1 = ?( 8 -I— uli) 5 ](2 = E( 8 -I— UQi) 5 ](3 = E( 8 -I— U3i) . (26)

uoa—ul Jug i uoa—uz Jug i uoa—ug Jug
The commutation relations are

[L;, L;] = —ihe¢;jp Ly, (L;, K;] = —ihe¢;j, Ky, (K, ;] = ihen Ky (2.7)
The Hamiltonian on A® can then be written as (V(u) a potential on A®))

h? 1

I=Ho+ V() o= =gy & = 5y

(K* - L?) . (2.8)

The irreducible representations of the identity component of SO(3,1) are labeled by two num-
bers (jo,0), where jy is an integer or half-integer, and o is complex. The Eigenvalues of the
Schrodinger operator H, are found to have the following form

2

i = oM

continuous spectrum: j, =0,0 =—-1+1ip ,

E discrete spectrum: jo=2n(neN)oc=-1.

lio+o(o+2)] , (2.9)
Actually, the discrete spectrum is not present in our case; for instance, it must be taken into
account for the quantum motion on the single sheeted hyperboloid [73], on the SU(1,1) [12, 13]
and on the O(2,2) group manifold [75, 115]. We have for the energy-spectrum of the free

quantum motion on A®)
2

h
b= S5
In the following enumeration we list in each case the definition of the coordinate systems, the
metric, the momentum operators, the Hamiltonian and the observables I, I, respectively.
In the sequel we only consider orthogonal coordinate systems on the three-dimensional hy-
perboloid. u € A® is expressed as u = u(g), where ¢ = (91,04, 03) are three-dimensional
coordinates on A®). Following Olevskif [162] the line element is found to have the form

P+, p>0. (2.10)

dsz = Gagaadgi
Lo —02)(01—03) , o (02— 03)(02—01), 5 (03— 01)(02—01), »
- doj + do; + dez| , (2.11
i e T Ry BT ey ) Y
which must be a positive-definite quantity, hence ¢, = —1, ¢ = 1,2, 3, and where P(p) is the

characteristic polynomial corresponding to the coordinate system. In algebraic form a coordinate
system on A is described in the following way

wl = 2(91 - al)(gz - al)(@s - 01)
o = A (as — ar)(as — ay)(as — ay) ’
01— az)(@z - az)(93 — Oy

(2.12)




and we have for the characteristic polynomial

P(o)=(0—a1)(o—az)(o—as)(o— as) . (2.13)

Fixing the numbers a;, ¢ = 1,2,3,4, and the range of the g specifies a coordinate system. For
the metric tensor then follows Su B
U; Oy

Jap = Gika—&a—& ) (2.14)
where G, is the metric tensor of the ambient space, which in the present case has the form
Gy = diag(1,—1,—-1,—1), and in order that the line element ds? = 3" , €.19a:dq*dq® is positive
definite appropriate €,, = 1 must be taken into account. Actually €, = €,o = —1,V4,. In the
following we state for convenience only the explicit form of ds?. In table 2.3 we summarize the
results on the coordinate systems on A®® according to [112, 116, 162, 181], including, if known,

the limiting cases for R*, as R — co. The coordinate systems on A® now are the following:

2.3 Enumeration of the Coordinate Systems.

1. Cylindrical coordinates are defined by (7,7 € R,0 < ¢ < 27)

= Rcoshrcoshmy
uy = Rcoshmsinhmy

= Rsinh 7 sing | (2.15)
uz = Rsinh 7 cose .
The characteristic operators are

The line element is ds®> = R?*(dr} + cosh® rydr? + sinh® r,dp?), and for the momentum
operators we have

h
P, = —( 0 + - coth71—|— tanhﬁ) , (2.17)
87’1
h 0 h 0
P — _ P = —— . 2.1
T2 187-2 ’ ¥ 1899 ( 8)

For the Hamiltonian we get

2 2 2 2
Hoz_h[a 9 19 19

| = 4 (tanh thr) e+t —— st —— 7
2M R2 87—12 +( anh 7 + co Tl) 87’1 +cosh2 T 87’22 + sinh2 el 8992

1 1 2 1 1
= P2+ P+ PZ) + 7<4+ - ) . (2.19
2M R* ( ™ cosh®m ™ sinh®m f SM R? cosh®7  sinh®m (2.19)
A potential separable in cylindrical coordinates must have the form

Va(72) n Va(p)

V(u) = Vl(Tl) + 3 " 3 ) (220)
cosh“ 7, sinh™
and the corresponding observables are
I = QMAS +Vo(r) , Iy = 2ML§+ Va(e) - (2.21)
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2. Horicyclic coordinates are defined by ((z,2,) = x € R*,y > 0)

R 2422 1
uo:_(y+m+_) D u = RY
2 Y Y Y

2.22)
R 2 2 1 (
u3:_<y+$1+$2__) , UQIRE
2 y y y
The characteristic operators are
Il - (I(l -I— L2)2 5 Iz - (](2 - L1)2 . (223)

Note the relations Iy = P? ,I, = P2 , with the P, , = —ihd,, , the usual Cartesian mo-

mentum operators. The line elements is ds? = R*(da?+da3+dy*)/y*. For the momentum

operators we have P, , and
hyo 3

P, = ,—<— - —) . (2.24)
i\dy 2y

For the Hamiltonian we have

h? 0? 10 0? 0?

H = ——— ¢ —- "+ — 4+

0 oM Rz (83/2 y 0y + ox? + 896%)

1 2
= ——y(P’+ P + P . 2.2
A potential separable in horicyclic coordinates must have the form
V() = Vi(y) + * [ Valar) + Vs(a)] (2.26)
and the constants of motion are
1 . 1,
Ilv = m([ﬁl + Lz)z + V2($1) 5 Izv = m([ﬁz — L1)2 + V3($2) . (227)

. Sphero-Elliptic coordinates in algebraic form are given by (7 > 0,a; < p; < as < ps < a3)

u? = R*cosh” 71 |
u? = Rsinh27'(’01 @)(p2 — 1)

! (as —ar)(az —ay)

_ _ (2.28)

w? = Rsinh27'(’01 az)(ps — as)

! (a3 — as)(a; — as)

2 _ 2 (p1— as)(ps — as)
uj = Rsinh T(Ch T —

If we put p; = a1 + (ay — a1)sn(@, k) and py = as + (a5 — as) en®(3, k'), where the
functions sn(é, k), en(a, k) and dn(a, k) are the Jacobi elliptic functions with modulus
k [57, p.923], we obtain for the coordinates u on the hyperboloid (& € [—-K, K),j €
[—2K7,2K"], k> + k'* = 1)

ug = Rcoshr |

uy = Rsinhmsn(a, k)dn(5,k) |
o (2.29)

uy = Rsinh 7 en(a, k)en(3, k')
us = Rsinh 7 dn(a, k)sn(3, k') .

K = K(k) and K’ = K(k') are the complete elliptic integrals with k and &', respectively.
The characteristic operators are

L=L1*, L=L"4+kIL}. (2.30)
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A rotated sphero-elliptic system can be introduced according to [81], i.e. (for shorthand
notation we omit the moduli),

g = Rcoshr |
wy = Rsinh 7(k snadnf + kdnasnpg)
Uy = RsinhTcnacenf |

us = Rsinh 7(K dnasnf — ksnadnf) .

(2.31)

In the following the moduli k, k" are omitted if no confusion can arise. The line element is
given by

ds® = R*[dr” + sinh” 7(k* en’a + K en®B)(da’® + df?)] (2.32)
and the momentum operators are
h{ o
P = i—<5—|—cothr) ) (2.33)
P - E(i B k? sna cndzdnd ~) 7 (2.34)
i\da Ek?cn’a+ K cn?f
h k' snBenf dnj
Py = ,—(i L Cnﬁz nﬂ~) . (2.35)
1\J8  kZcn?2a+ k" cn?p
The Hamiltonian has the form
h? 0? 0 1 1 0? 0?
Hy=— — + 2cothT— . — —
0 2M R? [87’2 o "or * sinh® 7 k2 cn2a 4 k% cn?f3 (3072 * 8ﬁ2)]
1 1 1 1 h?
- P2y . (P24 P%) + .
2 T . 2 = a 15 ~
2MR sinh” 7 \/k2 en?é + k' en?f3 \/k2 en?é + k' en?f3 MR
(2.36)
A potential separable in sphero-elliptic coordinates must have the form
1 Va(a) + Va(3
V(w) =Vi(1)+ ——- 2( ~) ?;(ﬁ) =, (2.37)
sinh®7 k2 cn?a + &~ cn?f
and the second observable is changed into
1 2 Va(@) + Va(5)
I = —(L}+ k7L = . 2.
: QM( it )+ k2 en?a + k' en2f (2:38)
. The Equidistant-FElliptic coordinate system is defined by
Wl = R2(91 az)(02 — as) cosh?r |
a1 — 03)((12 — a3
u? = R2(91 as)(02 — as) cosh?r |
! (a1 — az)(az — 613) (239)
ul = R2(91 ai)(a1 — 02) cosh?r |
(a1 — as)(ay — as)
ul = R*sinh” 1

(az < az < p2 < a; < p1). Here @ € (iK',iK' 4+ 2K),8 € [0,4K’), and 7 € R. The
characteristic operators are

L=K+K:-1%, I,=L+sinh’fK? . (2.40)
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with sinh® f as defined below in (2.42), and 2f is the distance between the foci. We set
0 = (01,05), and after putting o, = ay — (@, — as) dn’(a, k), 05 = ay — (ay — ay)sn*(5, k),
and k? = (ay — as)/(ay — as), k" = (a; — as)/(a; — as) with the property k* + k> = 1, we
get

g = Rsn(a, k)dn(f, k") cosht |
uy = iR cen(a, k) en(B, k') cosht |
uy = iR dn(a, k)sn(B, k") cosh | (2.41)

us = Rsinhr .

Analogously as for the elliptic system on the two-dimensional hyperboloid we can introduce
a rotated equidistant-elliptic system, also called equidistant-elliptic II system. Instead of
a trigonometric rotation as for the case on the sphere [81] we must consider in the present
case a hyperbolic rotation [82]. We define

- K a, — a 1
inh? f= 84 "92 _ % W2p=tm0 o 2.42
St f as — a3 kZ ’ €os f o — Qg kZ ( )
The rotated elliptic system is then obtained by
ug cosh f sinhf 0 0 Ug ug cosh f 4wy sinh f
wy | | sinhf coshf 0 0O u, | | wosinh f + uy cosh f (2.43)
U/Z o 0 0 1 0 Us o Us ) )
Ué 0 0 0 1 Us Us
Explicitly this yields
, R
Uy = 0y — Oa (\/(91 —az)(0: — as) + \/(91 — as)(02 — (12)) cosh T
= R [% sn(a, k)dn(s, k') + i% en(a, k) en(f, k’)] cosht ,
= (0 - (e ) + [ 0~ a)(es — as) ) cosh
Uy = 4y — a5 01— as 01— a3)(02 — a3 0 — 01— G2 )(Q2 — G2) | COSDT
= R [% sn(a, k)dn(s, k') + % en(a, k) en(f, k’)] cosht ,
Uy = R¢(gl — )@~ o) coshT =iRdn(a,k)sn(3, k") coshr |
(01 - az)(ﬂh — a3
us = Rsinh7 .
(2.44)
In the rotated elliptic system the second observable is changed into
Iy = cosh2fL; — $sinh 2 f{K,, L3} , (2.45)

where {X,Y} = XY + Y X is the anti-commutator of two operators X and Y. The line
clement in each case is given by ds? = R?[d7? + cosh” 7(k* cn’a + k% en?B)(da? 4 d3?)).
In the limit R — oo the equidistant-elliptic system yields circular-elliptic, and the rotated
system circular-elliptic IT coordinates in IR?. For the momentum operators in either case
we obtain

h{o
P = i—<$—|—tanhr), (2.46)
P - E(i_ kzsnacnazdna ) 7 (2.47)
i\da Ek?2cn?a + k° cn2f
2
Py = E(i_ k snﬁcnﬁzdnﬁ ) 7 (2.48)
i\9p  k2en?2a+ k'°cn?p
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and for the Hamiltonian

I h? 0? 492 tanh 8+ 1 (82+82)
= - — anh 7— —
° 2M R? | 072 Ot cosh® 7(kZen2a 4 k7 en?23) \ 0o~ 032
1 1 1 1
— - P2 _I_ . (PZ _I_ PZ)
2 T 2 o 153
2MR cosh™ 7 \/k2 ena + k' en2p \/k2 cn?a + k' en2p
_|_i (4 + ;) (2 49)
8M R? cosh®r/ '
A potential separable in equidistant-elliptic coordinates must have the form
1 Vaola) 4 V:
V(u) = Vi(r) + . Vala) + Va(B) (2.50)

2 2 .
cosh” 7 k?cn?a + k'" cn?f

The second observable then takes on the form

! : - Va(@) + Va(B)
v o_ 2 2 pr2 2 3
1) = m(L3 +sinh” fK7) + et WP anis (2.51)
. The Fquidistant-Hyperbolic system is given by
ul = R2(91 — as)(as — 02) cosh’t |
(a1 — az)(as — as)
ui = RZ(Q1 — 5)(d3 — 02) cosh® T,
(a1 — as)(az — as) (2.52)
ul = R2(91 a)(ay — 0s) cosh’t |
(a1 — az)(ay — as)
ui = R*sinh® 1
(02 < a3 < ay < ay < g1). The characteristic operators are
L =K+ K1}, I, = K? —sin®alj , (2.53)

where sin” a = (ay — as)/(a, — as) and 2a is the angle between the two focal lines. We set
o = (01, 02), and after putting o, = as—(ay—az) cn*(u, k), 02 = as+(a; —as) cn?(n, k'), and
k2 = (ay—as)/(ay — as), k' = (a1 — a5)/(a; — as), where p € (iK', iK' +2K),n € [0,4K"),
we get

—Ren(p, k)en(n, k') coshr
wy = iRsn(p, k) dn(n, k") coshr ,
us = iR dn(p, k) sn(n, k") coshr

us = Rsinhrt .

Ug

(2.54)

The line element has the form ds? = R*[dr? + cosh® 7(k? en®pu + k' en®n)(dp® + dn?)], and
the momentum operators are given by
B h( J E? snpenpdngpe ) p_ h(@ E'* sny enn dny
P\ k2en?p + K7 en?n Ci\dn  EZen?p 4+ k7 en?p

7

) . (2.55)

with P, as in (2.46), and for the Hamiltonian we obtain

I h? 0? 42 tanh 8+ 1 (82+82)
= —— | anh 7— —+ —
0 2MR? | 072 Ot cosh? (k% en?p + E? cn?n) \Ou? — On?
1 1 1 1
— P2 _I_ . (PZ _I_ PZ)
2 T 2
2MR cosh” 7 \/k2 en?p + 2 en?y It 7 \/k2 n?p+ e en’n

1 h (4+ ! ) (2.56)
8 M R? cosh?r/) ’
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A potential separable in equidistant-hyperbolic coordinates must have the form

L Va(p) + Va(v)

Viu) =V, 2.57
(a) 1)+ cosh® 7 kZen?u 4 k' en?p ( )
For the second observable we then have
1 Va(p) £ Vs(v)
v 2
I = QM(Al —sin®al3) + K enty s B nty (2.58)
6. The Fquidistant-Semi-Hyperbolic system is given by
2 (1 6?2 24 42 - -
ul = B (L e =y 4 %l(ee =) 487 (e —a)a—0a) () oo 7
2\ (a—7)*+8 [(a—7)*+ 6]
211 6?2 24 42 - -
= B (1 o =)+ 82 =7+ 8] (en—a)la—0s) |\ o 7
2 s RSy (0= )7+ o7
2 _ poler—a)(a—00) 2
u; = R (=) 152 cosh™
ui = R*sinh® 1
(2.59)
(02 < a < g1,7,0 € IR). The characteristic operators are
L =K+ K]—-1L;, I, = {K,, L3} — $sinh2fK7 | (2.60)

where sinh 2f = (a —v)/6 and 2f is the distance between the focus of the semi-hyperbolas
and the basis of the equidistants. In the flat space limit the case of sinh2f — 0 gives
circular-parabolic coordinates, and the case sinh2f — oo Cartesian coordinates. The
special choice of the parameters ¢ = v = 0,6 = 1 together with o1 = iy > 0, —py = s > 0

yields
RZ
ul = 7(\/(1 + (L + p3) + ppe + 1) cosh® 7
RZ
ui = > (\/(1-|-,u1)(1-|-,u§)—,u1,u2 - 1) cosh’ 7, (2.61)
2

= Ry iy cosh® 7,

ul = R?sinh” 1
The characteristic operators then have the form
Il - 1(12 -I— 1(22 - Lg 5 Iz - {](2,[/3} 5 (262)

which shows that the coordinate system (2.61) yields in the flat space limit circular-
parabolic coordinates. The line element is (P(p) = p(1+ p?))

+ po [ dpd dps
ds? — R? [d 2 nr. M ( 1 2 9.
s° = R*|dr” + cosh” 1 1 Pu) P/ (2.63)

the momentum operators are (¢ = 1,2)

_ ?( 0 ,_L lpl(“f)) , (2.64)
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with P, as in (2.46), and for the Hamiltonian we obtain

h? 0? J
H, = _QMRZ[OZ—I_anhTE

1 4 d*  Plu) 0 d*  Plus) 0
s (B ) (8
cosh® 7 i1 + po ( (1) i 2P(py) O (122) oud  2P(ps) 0
— 1 2 1 AP(p1) 1y [4P(111) 4P(H2) AP(ps)

- 2 PT + 2 Pu - u
IMR cosh” r f1 e T i+ e p + e f1 + o

h? 1 1 7 7 3Pl ( ) 3Pl ( )
+8MR2 l4+cosh27(1+ﬂ1+ﬂz (P (ha) = Ppez) = 4P(H1) 4P(p )))]
(2.65)

A potential separable in equidistant-semi-hyperbolic coordinates must have the form

L Va(p) + Va(pe) ‘

14 =V 2.66
(1) = V) + o - T (2.66)
For the second observable we then have
v
I = {Ixz,Lg} 1 Val) + Valpea) (2.67)

M1+ e

7. Equidistant-Flliptic- Parabolic coordinates have the form

u = E( (&1 — a)(a1 — 05)
(

2 \ (a1 — a2)32\ /(01 — a2) (02 — a3)

) — az (Q1 —az)(gz_az)
+¢(91 —asz)(0s — as) + ¢ @ — as ) cosh7 |

u = E( (o1 — a)(a1 — 05)
2 \ (a1 — a3)3/2\/(01 — a3)(02 — a3) (2.68)

a1 — ay _ (01 — as)(02 — as) coshr
M(m—az)(gz_az) ¢ P ) hr

_ R\/(Q1 - al)((h - 92)

) — az

Us cosh7 |

us = Rsinhr
(az < p2 < a; < p1). The characteristic operators are
Il = 1(12 + 1(22 — Lg ) Iz = 1(22 + (a1 - 02)1(12 + Lg - {](2,[/3} . (269)

Making the special choice a; = 0,a, = —1 together with o, = tan®¥,p, = —tanh’a
(V€ (—7/2,7/2),a € R), we obtain

2
cosh” a + cos? ¥

Uy = cosh7 ,

2 cosh a cos ¥
sinh? @ — sin? 9
— R — " " cosh 2.70
“ 2coshacosd o7 ( )

gy = Rtan?dtanhacoshr |
us = Rsinh m .
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In this case the second characteristic operator has the form
I, = K} 4+ K+ L: - {K,, Ls} . (2.71)

The line element is given by

h?a — cos?
ds® = R’ [de + cosh? 7 - 2 Za o (da® + dﬂz)] . (2.72)
cosh” a cos? ¢
For the momentum operators we have
h{0O sinh a cosh a /o sin ¥ cos ¥
Pa = T\ —t h 5 P = |\ = t 19 5
1 (3@ cosh? a — cos2 a a) YT (319 cosh®a — cos? 9 +tan )
(2.73)
with P, as in (2.46), and the Hamiltonian has the form
I K2 ? 42 tanh 0 N 1 cosh? a cos? ¥ (82 N 82)
= ———|=— anh 77— . — 4+ —
0 2MR? | 072 Ot cosh®’r cosh?a — cos29¥ \ Qa2 = 0V?
_ 1 i [ 72 12 cos}zlacosﬂ (P5+P5) cos}zlacosﬂ ]
2MR cosh™ 7 \/cosh a — cos? \/cosh a — cos? Y
L <4+ ! ) (2.74)
SM R? cosh®>7/ '

A potential separable in equidistant-elliptic-parabolic coordinates must have the form

9
1 cosh” a cos?

V(u) = Vi(r) +

[Va(a) + Va(0)] - (2.75)

cosh’ 7 cosh®a — cos? ¥
The second observable then is given by

9
cosh” a cos?

Vala)+ V5(D)] . (2.76)

1
vV _ = = 2 -
I = ﬁ(lxl Ryt Ly = (G, La}) + cosh? a — cos2

8. The Fquidistant-Hyperbolic- Parabolic system has the form

R( (01 — a:)(a; — 0s)
(

o =75 a1 — as)*?\/(01 — a»)(as — 0)

2
n a; — Q2 n ¢(91 - az)(az - 92) coshr |
(91 - az)(az - 92) a; — Q2

u, = E( (91 - al)(ﬂh - 92)
2\ (a1 — a3)3/2\/(01 — as)(as — 02) (2.77)

a; — Gy _ (01 — as)(as — 02) coshir
‘|‘\/(Q1 - az)(a2 — 92) \/ ay — a, ) hr

_ R\/(Q1 - al)((h - 92)
a; — sy
us = Rsinhr

U cosh 7

(02 < as < a; < p1). The characteristic operators are

Il = 1(12 + 1(22 — Lg ) Iz = 1(22 - (a1 - 02)1(12 + Lg - {](2,[/3} . (278)
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Making the special choice a; = 0,a, = —1 together with go; = cot®¥,0, = —coth®b
(¥ €(0,7),b> 0), we obtain

cosh? b 4 cos? ¥

= h
to 2 sinh b sin ¥ OSHT
sinh?b — sin® ¢
R/~ " " cosh 2.79
u1 2 sinh b sin ¥ COSAT ( )

Uy = Rcotdcothbceoshr |

s = Rsinh 7 .

In this case the second characteristic operator has the form

I= K+ K;+ L —{Ky L3} . (2.80)
The line element is given by
‘ sinh?b + sin’ ¥

sinh? b sin? 9

ds? = R? [de + cosh® 7 (db2 + dﬂz)] . (2.81)

For the momentum operators we have
hyo sinh b cosh b h{o sin ¥ cos ¥
Pb=-|=+—5——-——cothb) , Py= | —+—-—————cot ] , (2.82
P (3() + sinh?b + sin? ¥ 0 ) YT (819 + sinh?b + sin? ¥ 0 ) ( )
with P, as in (2.46), and the Hamiltonian has the form

I h? 0? 42 tanh 0 N 1 sinh” bsin® ¥ (82 N 82)
= - anh 7— . — 1+ —=
’ 2MR? | 972 Ot cosh’r sinh®b+sin® 9 \9b? = 90>
_ 1 i [Pf+ 12 ‘ sinlzlbsinﬂ (P21 PY) sinlzlbsinﬂ ]
2MR cosh®7  /sinh?b + sin? ¥ Vsinh? b + sin? 9
+ " (4 + = ) (2.83)
8M R? cosh®7/ '
A potential separable in equidistant-hyperbolic-parabolic coordinates must have the form
Viu) = Vi(r) 4 L . Sl bein’ 0 [Va(6) + Va(9)] (2.84)
- cosh’7 sinh®b 4 sin? ¥ ’ 3 ’ '

and the second constant of motion then is given by

1 sinh® b sin® ¥
— (~K!+ K3+ L] —{Ky, Ls}) + —5—
QM( ! 2 3~ {K2 Ls}) sinh? b + sin® 9

I =

Va(b)+ V()] . (2.85)

9. The FEquidistant-Semi-Circular-Parabolic coordinate system is given by (7 € R)

e = R(g[( (01 — 02) o N %\/(m —a)(a— 92)) cosh T

01 —a)(a— o
= —(fz—l_n) +4 hT 5
8¢n

| [
=

o o) L o —aa- gz>) cosh

8(gl—a a—gz)]?’/z 2

ey (2.86)

cosh T,

R
8577
_ _ 2 _ 2
u2:E a4 8T oshr = RY gcoshr,
2 a— 02 01— a 28n

s = Rsinh 7
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10.

(02 < a < p1), and we have made the choice « = 0, oy = —1/9%, 0, = 1/£%, £, > 0. The
characteristic operators have the form

Il - 1(12 -I— 1(22 - Lg 5 Iz - {](1,](2} - {](1,[/3} . (287)
The line element is given by

£+
&n?

ds? = R? [de + cosh®T - (df2 + dnz)] . (2.88)

The momentum operators are

1@:?(8-+ 3 1), f;:?(gn+ 1 —1), (2.89)

o e € on e+
with P, as in (2.46), and for the Hamiltonian we get
2 92 9 1 et (9 92

Hy=————|=—— +2tanh7— . —+ —

0 2M R? [87’2 +2tan Tor + cosh?7T &2+ n? (8{2 + 3772)

| | £ £ 2 ()

= ——|P; : P+ P 4 . (2.90

QMRzl T+cosh27' \/fz—l-nz( et ”)\/fz—l-nz +8MR2 +cosh27' ( )

A potential separable in equidistant-semi-circular-parabolic coordinates must have the
form

1 &n?
cosh?7T &2+ n?

V(u) = Vi(r) + [Va(€) + Va(m)] - (2.91)

The second observable is given by

£’

1 . . -
I;/ = m({[&j,]&z} - {]‘17L3}) + 52 + 772

Va(§) + Va(m)] - (2.92)

The Spherical coordinate system has the form (7 > 0,9 € (0,7),¢ € [0,27))

g = Rcoshr |

u; = Rsinh 7sindcosg
uy = Rsinh 7sin¥sin¢p |
s = Rsinh 7 cosv .

(2.93)

Note that the coordinate systems III. and X. have the subgroup structure SO(3,1) D
SO(3). The characteristic operators are

L =1, L=1;. (2.94)

The line element is ds* = R*[dr? + sinh? T(d9* + sin’ Jddp?)], and for the momentum
operators we have

RO 1
P, asin (2.33), P, as in (2.18), and for the Hamiltonian we get
R? d? d 1 d d 10
H, = - — t2cothr—+ —— 1 = t)—+ —— 5
0 2MR? [87’2 tzco T@T + sinh? 7 (319 +co a0 + sinzﬂaﬁﬁz)

1 1 P? K2 1 1
P? —————<P2 2 ) 4 — ( ) . (2.96
2M R? [ -t sinh?>7 \ " + sin? ¢ + SM R? sinh? 7 + sin? ¢ ( )
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A potential separable in spherical coordinates must have the form

Vi(w) =Wi(7) + ﬁ (Vz(ﬂ) + VB(L’Q)) : (2.97)

sin” ¥
For the observables we get

1 Va(p) 1
Vo _ 2 3 vV _ 2
1 = 5 L® + Vo(9) + R I, 5 L+ Vs(e) . (2.98)

11. Equidistant-Cylindrical coordinates are given by (71, > 0,¢ € [0,27))

ug = R coshm coshmy
uy = R cosh 7y sinh 75 cos ¢

g = R cosh 7y sinh m58in ¢ (2.99)
s = Rsinh m .

The characteristic operators are
L =K+ K;-13, L=12. (2.100)

Here ds® = R*[d7? +cosh® 7y (d7] +sinh® 1,d@?)], and for the momentum operators we have

h 1
P, = —(i + 3 coth 7'2) , (2.101)

i 87’2

and P, and P, as in (2.46) and (2.18), respectively. For the Hamiltonian we get

I h? 0? 4 2tanh 9, N 1 (82 4 tanh 9, N 1 82)
= ———| == anhmy— + ———| == +tanh o — + ——— ——
0 2M R? | 07 Yo cosh®r, \ 072 Y01y sinh®r, 097
1 1 P? h? 1 1
B P N, N R A
2M R? [ nt cosh”r \' ™ * sinh” 7, ] - 8M R* ( * cosh’ 7, sinh” 7,
(2.102)

A potential separable in equidistant-cylindrical coordinates must have the form

V() = Vi(r) + c051112 - (vz(rz) T SIV;’}E;'”;) . (2.103)
The observables then are
1y = ﬁ([{f + K2 = L2)+ Va(r) + Sféf; . I = ﬁLﬁ +FVa(e) . (2.104)
12. Fquidistant coordinates are given by (7155 € R)
ug = Rcosh 7y cosh 7 cosh 5
o2 Eesbnooh ik o
s = Rsinh 7 .
The characteristic operators have the form
L =K+ KL, L =K. (2.106)

24



Here ds® = R*[d7? +cosh® 7y (d7} +cosh® 72d73)], and for the momentum operators we have

R 0 1
P, =~ — + —tanh 2.1
T (arz Tate 72) ’ (2107
and P, and P, asin (2.46) and (2.18). For the Hamiltonian we get
h? 0? 0 1 0? 0 1 0?
Hy = - T yotanhn— + —— (L ftanhn 4+ ——
0 2M R? [87’12 +2tanhn on + cosh? 7, (37’22 +tanh 7, 0T + cosh? 7 87'3?)]
1 1 P? K2 1 1
- L |p 7(132 s ) 4 (1 ) .
2M R? [ nt cosh’m, \' ™ + cosh? 1 + 8M R? + cosh? 7y + cosh? 7
(2.108)

A potential separable in equidistant coordinates must have the form

(Vz(rz)Jr VS(TB)) . (2.109)

2
cosh” 7

V(u)=Vi(m)+

cosh? 7
The observables then are given by

L. -

Va(73) v
2

b

r

2
cosh™ 7,

13. Fquidistant-Horicyclic coordinates are defined by (2,7 € R,y > 0)

21
u0:§<y+x_+_)cosh7' R UZIRECOShT 5
C) C)

}2z g Yy (2.111)
U1:_<y-|-———)cosh7' , uz3= Rsinht .
2 y oy

Note that the coordinate systems IV.-IX. and XI.-XIII. have the subgroup structure
SO(3,1) D SO(2,1). The characteristic operators are

Il - 1(12 -I— 1(22 - Lg 5 Iz - (](2 - L3)2 . (2112)

The line element is ds*> = R*[dr? 4 cosh® 7(dz? 4+ dy?)/y?]. For the momentum operators
we have P, = —ihd,,

hfd 1
P=———-- 2.113
! i<8y y) ’ (2-113)
P, asin (2.46), and the Hamiltonian has the form
R? d? d y° 0 0
H, = - — + 2tanh7— — 4+ —
0 2M R? [87’2 +2tan T@T + cosh?r (33/2 + 8902)]
_ ! P? 4+ (P2 + Pyl + i (4 + ! ) (2.114)
T oMR|T T costZ N T Y T SR cosh’r/ '

A potential separable in equidistant-horicyclic coordinates must have the form

1
V() = Vi(r) + ——— [Valy) + vVs(2)] - (2.115)
cosh” 7
For the observables we then obtain
1 1
I = S (KP4 K = L) 4 V) +y?Valo) o 1Y = (Ko = L)’ 4 Vi) - (2.116)

2M
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14.

15.

Horicyclic-Cylindrical coordinates are defined by (y,0 > 0,¢ € [0,27))

R 21 cos
Uo:—<y+g—+—) ) ulzRQ SO?
Yy Yy

2 y
. 2.117)
R S| sin (
U3:—<y+g———) ) UzzRQ z.
2 y oy y
The characteristic operators are
Il - (I(l -I— L2)2 -I— (](2 - L1)2 5 Iz - Lg . (2118)

Here ds® = R*(dy® 4+ dp* + 0°d¢?)/y*, and the momentum operators P, and P, are given
by (2.18, 2.24) and

h/ O 1
Po=2(2 1) 2.11
£ (39 - 29) (2.119)
For the Hamiltonian we obtain
© T TR |9y yoy  \9g® " 000 ' 0?0
P n’y’ 35

= — (P24 P ) - . 2.120
2MR2y< v et Y SR T SR (2.120)

A potential separable in horicyclic-cylindrical coordinates must have the form

v
V{u) =Vi(y) +y* (Vz(g) + %) : (2.121)
The observables then are given by
Lo .- . Va( 1
Iy = W[(A1+L2)2—|—(A2_L1)Z] + V(o) + 39(2 ) . L= ng‘l‘VS(ﬁP) - (2.122)

Horicyclic-Elliptic coordinates are given by (y,p > 0,v € (=7, 7))

cosh pcosv

R cosh® p — cos>v 1
Uozg(y-l- a -I-g) ) ulzRﬁv
2.123
R cosh® 1 — cos>v 1 sinh psin v ( )
ug = 5 | Y+ -—), a=R——m— .
2 Y Y Y
The characteristic operators are
Il - (I(l -I— L2)2 -I— (](2 - L1)2 5 Iz - Lg -I— (I(l -I— L2)2 . (2124)
Here ds? = R*[dy® + (sinh® i + sin® v)(du® 4 dv?)]/y* and the momentum operators are
given by
h{ o0 sinh p cosh p hi{ 0 sin v cos v
Po=-\g-t 7 —=- P=c\gt—5 5], (2125
i\Ou  sinh®p +sin’v i\ov  sinh”pu+sin’v

and P, as in (2.24). For the Hamiltonian we obtain

H —_i 2 8_2_124_;(8_24_8_2)
"= TomrY dy*>  ydy  sinh®p+sin® v \Op*  Ov?

3h?

1
) Y+ —— .
\/sinhz,u +sin’v SM R?

1

1
2
=y [ P ———
2MR (y sinhz,u—l—sinzl/

2 2
P2 P (2.126)
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16.

17.

A potential separable in horicyclic-elliptic coordinates must have the form

o Valp) + Va(v)

Vv =V . 2.127
(u) )ty sinh? w4+ sin? v ( )
For the second observable we then obtain
| , Vas) + V()
I = — L2 4 (K, 4 L,)?*| + =222 2.128
2 2M|: 3‘|‘(X1‘|‘ 2):|+Sinh21u‘|‘sin21/ ( )
Horicyclic-Parabolic coordinates are given by (y,&,n > 0)
R 2422 ] 2 g2
2.129)
R 2 {22 ] (
u3:_<y+w__) uzIRf_n‘
2 (] (] (]

Note that the coordinate systems II. and XIV.-XVI. have the subgroup structure SO(3,1) D
FE(2). The characteristic operators are

Il = (I(l -I— L2)2 -I— (](2 — L1)2 5 Iz = {L3, ](1} -I— {Lz, L3} . (2130)

Here ds? = R*[dy* + (£* 4+ n*)(d€* + dn?)]/y*, and the momentum operators are given by

h{o £ h{o n )
P:=+| = P,=—-(=— 2.131
I3 1<8£+£2+772) ? 7 1<8l/+€2‘|‘772 9 ( )
and P, as in (2.24). For the Hamiltonian we obtain
oo, 0" 10 1 0* 0?
Hy, = - Vi9igz - taT=\laa1 33
2MR?7 | 9y*  ydy &+ n?\d&  In?

1 2 1 2 2 1 3h*
my(% et P”W)y T

A potential separable in horicyclic-parabolic coordinates must have the form

2 Va(n) + V5(§)

Viu) = Vi(y) + : 2.133
() =Vi(y) +y £y (2.133)
and the second observable yields
1 . Va(n) + Va(§)
Vo / 2
Iy = (L Ko} + {Lo, La}) + Tere (2.134)
Prolate Elliptic coordinates have the form [a € (iK',iK' 4+ 2K),5 € [0,4K"), ¢ € [0,27)]
ug = Rsn(a,k)dn(f, k) ,
wy = iR dn(a, k)sn(fB, k') cosg
uy = iR dn(a, k) sn(f, k) sing (2.135)
us = iR cn(o, k) en(B, k')

We do not state the algebraic form of the coordinates. It can be derived from the corre-
sponding expressions of system IV. The characteristic operators are
12

k

27



The line element is given by ds? = R?[(k* cn’a + k' en?B)(da? 4+ dB?) — dn’asn?Bde?].
Analogously as for the prolate elliptic system on the three-dimensional sphere [81] we can
introduce a rotated prolate elliptic, also called prolate elliptic II system on A®). Instead
of a trigonometric rotation as for the case on the sphere we must consider in the present

case a hyperbolic rotation. We set

- K a, — a 1
i h2 = u = — h2 — it [
sinh” f p— R cosh” f a2
and the rotated prolate elliptic system is then obtained by
ug cosh f 0 0 sinh f Ug ug cosh f 4+ uzsinh f
Ull . 0 1 0 0 U, . U,
Ulz o 0 0 1 0 Us o Us
ug sinh f 0 0 coshf Uz ug sinh f + wusz cosh f
Explicitly this yields
0 = f_% (01 —as)(02 — as) + /(01 — az)(02 — as)
“ as as
1 k'
= R Esn(a,k) dn(3, k") —H? cn(a, k) cn(ﬁ,k')] ,
(01 —a1)(ay — 02) . '
u = R =iRdn(a,k)sn(B, k") cosy
1 \/(al _ az)(al _ a3) ( ) (ﬁ ) ®
(01— a1)(ar — 02) . N o
u, = R =iRdn(a,k)sn(f, k") singp |
2 \/(al _ az)(al _ a3) ( ) (ﬁ ) ®

W = — (w““%gl—ag)(gz—agwfl‘“m—az)(@z—az))

) — az
!

= R[Esn(a,k)dn(ﬁ,k')—l—%cn(a,k)cn(ﬁ,k')] .

The rotated operators L and K are obtained via the matrix transformation

0 -L{ —-L, —-Lj coshf 0 0 sinhf
Ly 0 Ky —-K, | _ 0 10 0
L, —-K, 0 K N 0 0 1 0
Ly K, -K; 0 sinhf 0 0 coshf
0 —-L, —-L, —1Lj cosh f 0 0 sinh f
y Ly 0 K; —-K, | 0 10 0
L, —Ks 0 K, 0 0 1 0
Ly K, —-K, 0 sinhf 0 0 coshf
yielding
L} = cosh fL; —sinh fK, , K| = cosh fK, +sinh fL, ,
L, = cosh fLy +sinh fK, | K’ = cosh fKy —sinh fL; ,
Ly=1Ls , K=K .

In the rotated prolate elliptic system we get for the second observable

I = A =cosh2fL? — Lsinh 2f({K5, L1} — {Ky, Ls}) .
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18.

Note that for the case k = k' = 1/1/2, i.e. f = 7/4, we obtain

uhy = R(v/2 snadnfB +icnacnfB) , u; =iRdnasnBcosyp ,

uhy = R(snadnf 4iv2 cnacnB) , uy =iRdnasnfsing , (2.143)

and the rotated system (2.143) yields in the limit R — oo parabolic coordinates in R®,
c.f. [170] for the corresponding case of the sphere S, The momentum operators are given

by

hf o k? sna cna dna 1 k* sna cna
Py = <5 - 5 -z ) (2.144)
i\da  Ek2cn?a+k”cn?fg 2 dna
12
Py = E(i K snp cnﬁzdnﬁ 1 cnp dnﬁ) 7 (2.145)
i\9f  Ek2en2a+ Kk 28 2 snf
and P, as in (2.18). For the Hamiltonian we obtain
hZ
Hy=———
P
" 1 ( 0>  ksnacna 9 0* E?snfcenf i) 1 0%
k2 cn’a + k2 en?p \ da? dna  Oda @ 952 dng 98 dn®a sn?f 02
1 1 . 1 1 ,
= 2 (Py + Pﬁ) - 2 F
2MR \/kzcnza—l—k’zcnzﬁ \/kzcn2a+k/2 cn?f3 dn®asn?g ¥
h? 1 sn?acn’a cn?fdn’g
— 4 k? ) . 2.146
SMR? ( + k2cen2a + k72 cn?f ( dn’a + sn?f ( )
A potential separable in prolate elliptic coordinates must have the form
V() = )+ Volb) Valo) (2.147)
k?cen?a + k'“cn?f  dn"asn?g
The observables then are
1
no= ﬁLg + Vale) (2.148)
1 E” Vi(a) + Va(8) Va(e)
I = —— L~ (K24 12 - : 2.149
2 2M k? (K3 + L3)] + k?cena + E?cen?f  dn’asn?f ( )

Oblate Elliptic coordinates have the form (a € (iK’,iK’' +2K),5 € [0,4K"),¢ € [0,27))

ug = Rsn(a,k)dn(8, k') ,

w; =1iRcn(a, k)en(B, k) cosp

uy = iR cn(a, k) en(B8, K )sing (2.150)
us = Rdn(a,k)sn(f, k') .

The characteristic operators are
L=1, L=L4k(L}-K'-K2) . (2.151)
The line element is ds®> = R*[(k*cn’a + K en’B)(da® + df?) — en’acn’Bdp?], and the

momentum operators are given by

h{o k? sna cna dna 1 snadna
Py = <5 - 5 -z ) (2.152)
i\da k2cen?a+ Kk cn?f 2 cna
12
Py = E(i_ k snﬁcnﬁzdnﬁ 1 snﬁdnﬂ) 7 (2.153)
i\9f Ek2cn?2a+k 28 2 cnf
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and P, as in (2.18). For the Hamiltonian we obtain

hZ
o= =231k
" 1 (82 B snadnai_l_a_z_ snﬁdnﬂi)_ 1 0
k2 cenZa + k77 en?f \ da? cnee o 0p? enf 9B en?a cn?f dp?
1 1 . 1 1 ,
= 2 (Poz + Pﬁ) - P
MR \/k2 enZa + k' en?f3 \/k2 enZa + k' en?f3 cn’aen?f?
h? 1 sn?adn’a sn?fdn’p
— 4 . 2.154
SMR? ( + k2 enZa + k7 cn?g ( cna + cn?g ) (2.154)

A potential separable in oblate elliptic coordinates must have the form

Vi(a) + Va(8) Va(p)

= . 2.1
Vi) E2enZa+ k7 en?3  cn?acn?p (2.155)
The observables then are
1

L = ﬁLg + Va(p) , (2.156)

1 9 . . Vila) + Vo (P) Va(p)
I = —|L?4+kK(L:-K?-K? . (2.157
2 QM[ + A7 (Ls = K ‘2)] + k?ena + k7 cn?f - cn’acn?f ( )

19. Elliptic-Cylindrical coordinates have the form (o € (iK',iK' 4+ 2K),3 € [0,4K’),7 € R)
o = Rsn(e, k) dn(8, k" )cosht |, u, = iRdn(a, k)sn(B, k') ,
(2.158)
uy = Rsn(a, k)dn(f, K )sinh 7 , wus =iRcn(a, k) en(8,k) .
The characteristic operators are
L=K?, L=L4kKL-K2. (2.159)

The line element is ds®> = R*[(k* cn’a+ k' en®B)(da” +d3*) + sn’a dn’Bdr?], the momen-

tum operators are given by

2
P - E(i B k* sna cnazdna 1 cna dna) 7 (2.160)
i\da k?cn?a+ Kk cn?f 2 sna
P, = E(i B k? snp cnﬁzdnﬁ B lk’z sn cnﬂ) 7 (2.161)
i\08 Ek2cn?a+ k”cn2p 2 dnp
and P, as in (2.18). For the Hamiltonian we obtain
hZ
Hy= ——1
T oM R
y 1 ( 0? n cnadna O n 92 K snfenf 9 ) 1 0?
k2 cn?a 4 k7 en?p \ da? sna  Jda 032 dng  0p sn?a dn’p 072
1 1 . 1 1 ,
= 2 (Poz + Pﬁ) + 2 PT
2ME \/k2 cnZa 4 k7 en?p \/k2 cna + k7 enzp  Sniedn’s
h? 1 en?adn’o 5 sn?Bcn?s
— 4 K . (2.162
8M R? ( + k2 enZa + k7 en?p ( sn’a + dn®p ) ( )
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A potential separable in elliptic-cylindrical coordinates must have the form

Vi(a) + Va(8) Va(7)

Viu) = . 2.163
(a) k2en?a 4+ K2 cen?f - snZadn’f ( )
The observables then are given by
.
1 2 - Vi(e) + Va(B) Vs(7)
I = — L7+ K (L} - K; . 2.165
2 2M [ LKL 3)] + E2en?a + k7 en?f  snladn’p ( )

20. Hyperbolic-Cylindrical 1 coordinates have the form (p € (IK’,iK’' + 2K),n € [0,4K"),T €
R)

wg = —Ren(p, k) en(n, k) cosht |, uy = iRsn(u, k) dn(n, k') ,
(2.166)
wy = —Ren(p, k) en(n, K )sinh 7, wz = iRdn(p, k)sn(n, k') .

We do not state the algebraic form of the coordinates. It can be derived from the corre-
sponding expressions of system V. The characteristic operators are

L =K, L=K:-L)+k(K2-1?). (2.167)

The line element is ds®> = R*[(k*cn’u 4+ k% en?n)(dp® + dn?) + cn’pen®ndr?], and the
momentum operators are given by

(o k? d 1 d
P, = ,—(—— e n“) : (2.168)
i\ou  k2en?u+ Ak cn?n 2 cnp
h(o k? d 1 snnd
P, = .-(— B snncnn2 ny  1sny nn) 7 (2.169)
i\0n kZen?p+ K cn?n 2 cap
and P, as in (2.18). For the Hamiltonian we obtain
hZ
Hy= ——
° T 2MR?
y 1 ( 0? snpdny 0 9> snnpdnn 0 ) 1 0?
E2en?p 4 k' en?n \ Op? enp dp - On? enny  On en?pen?n 07?2
1 1 1 1
= P>+ P? + P?
IM R? \/k2 cnu 4 2 ann( u 7 ) \/k2 et 2 e cn?pen?n
H 1 “pudn’ “ndn”
- 2(4+ ; (Sn poL Ry 2 77) . (2170)
SMR kZcen?p + k' en?n cn=p s

A potential separable in hyperbolic-cylindrical 1 coordinates reads

Vi(p) + Va(n) 4 Va(T)

Vv = 2.171
(w) E2en?p 4k en?n  en’ucen’n ( )
and the observables then are given by
1
Lo, . Vi(p) + Valn) Va(7)
I = — K- L2+ k(K- 17 ! .(21
? 2M [ '3 2+ 1)] * k2en?u 4 k% en?y  en?pen’y (2.173)
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21. Hyperbolic-Cylindrical 2 coordinates have the form (p € (IK",iK’' + 2K),n € [0,4K"),T €
R)

ug = —Ren(p, k)en(n, k'), wy =iRdn(p, k)sn(n, k') cos g ,
(2.174)
us = iRsn(p, k)dn(n, k') , w, =1iRdn(p,k)sn(n, k')sing .
The characteristic operators are
IL =15, L= K3+ L; - k(L +L3) . (2.175)

The line element is ds* = R2[(k*cn’u 4+ k' cn?n)(dp® + dn?) — dn’usn’nde?], and the
momentum operators are given by

P, - E(i_ k? sn,ucn,uzdn,u 1R sn,ucn,u) 7 (2.176)
i\ou  kK*en’p4 k7 e’y 2 dnp
h k" d 1 enpd
P, = ,—(2 S e 1”7) (2.177)
i\0n k2en?p+ K cn?n 2 sap
and P, as in (2.18). For the Hamiltonian we obtain
hZ
Hy=——
T 2MER?
y 1 (8_2 ksnpenp 0 9 enpdny i) 1 0
E2en?p + k' en?n \ Ou? dnpg  dp  On? snny  dn dn®p sn?ny dp?
1 1 ., 1 1 ,
= 2 (P + P ) - 2 P
2MR \/k2 en2p + k% en2n g ! \/k2 en?u + k% en2y dn®psn?n ¥
B2 2 2 2p dn?
LA ; <4sn“§n“ Cnnzn”) . (2.178)
SMR kZen?p + k' en?n dn“p sn-mn
A potential separable in hyperbolic-cylindrical 2 coordinates must have the form
Vi V V-
V(u) = 2l + Vo) o) (2.179)
E?Zen?pu+ K en?ny  dn"psn?y
and for the observables we obtain
1
o= L) (2.150)
Lo Vilp) + Va(n) Va(e)
I = K24+ Lk (L3 + L2 - 2.181
? 2M [ s s (I+ 2)] * k2 en2p 4 k% en2y * dn’p sn2n (2.181)
22. Semi-Hyperbolic coordinates have the form (p; 2 > 0,¢ € [0,27))
R 1/2
= %(\/(1 + )L+ p3) + paps + 1) . = Ry cosg
2.182)
_ R 2 2 1z _ : (
Uz = E(\/(1+H1)(1+H2)_H1H2—1) s Up = Ry/jips sing .
The characteristic operators are
Il - Lg 5 Iz - {](1,[/2} -I— {](2,[/1} . (2183)
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The line element has the form

+ pa [ dpd dps
ds? = RZ[’“ ( LY ) L ede?] 2.184
4 Plus)  Plpo) it ( )

the momentum operators are (¢ = 1,2)

h( o 1 1P'() 1 )
P = - _|_ _ _ -|- R 2.185
v =3t e TR (2.185)

with P, as in (2.18), and for the Hamiltonian we obtain

K 4 0*  P(m) 9\ 07 Plps) O
o = 8MR2[M1+uz(P(M)<3u1+ (ul)aul) P(“2)<aug+zp(u2)am>)

1o 1910
o Ops | pa Ops | paps 09

1 AP () %u? m wP(ul)Pz wP(uz) L
2M R? ,M1‘|',M2 M+ o p e MR g s paps ¢

(P = e - S B

2MR2 pa + pho AP(p1) — 4P(p2)
SMR*(puy + p2) \ i 143

A potential separable in semi-hyperbolic coordinates must have the form

Vi(pa) + Val(pe) . Va(p) ‘

Vi) = 2.187
() Hi1 + Ho Haflo ( )
The observables then are
v o_ L g
I = 2ML + Vs(e) (2.188)
+ Va(pa) | Vale)
v o= Ky, Ly} + {Ks, Vi) T . 2.189
Vo= gL+ e L) + ) S (2139)
23. Elliptic-Parabolic 1 coordinates are defined by (a,0 € R, 9 € (—7/2,7/2))
2 2 2
UOIRCOSh a+cos” P+ o 7 u1:R#7
2 cosh a cos ¥ cosh a cos ¥
cosh®a 4 cos ¥ — p? — 2 (2.190)
us = R e , u; = Rtanhatand .
2 cosh a cos ¥
The characteristic operators are
I = (K, + 1Ly, (2.191)
I, = 2K} 4+ K3+ K;+ L7 —{Ky, L} —{Ky, L} . (2.192)
The line element has the form
dst — R (cosh®a — cos® ¥)(da® + dv?) + do? 7 (2.193)

2
cosh” a cos? ¢

33



the momentum operators are

A/ O sinh a cosh a 3
P, = (= — —tanh , 2.194
i (3(1 cosh?a — cos29 2 o a) ( )
h/ O sin ¥ cos ¥ 3
Py = (= —tanv ) 2.195
v 1(319+cosh2a—coszl9+2 o ) ( )
with P, = —ihd,, and the Hamiltonian has the form
K2 9 9
Hy=— cosh” a cos® 9
2M R?
1 0? 0 0? 0? 0?
— — 3tanha— 4+ — tan ¥ —— —
choshza—coszﬂ<8a2 3 tan a8a+ 02 3 tan 8192) + 8@2]
1 cosh a cos ¥ cosh a cos ¥ 3r?
= Pa2 + P? + cosh? a cos® 19P2] + .
2M R [\/cosh2 a — cos? 19( ») Vcosh?a — cos2 9 ¢ 8M R*
(2.196)

A potential separable in elliptic-parabolic 1 coordinates must have the form

h? a cos? ¥
V(u) = o5 4o [Vl(a) + Vz(ﬂ)] + cosh® a cos® ¥ V(o) . (2.197)

7
cosh” a — cos2 9

The corresponding observables are

o

I = W(Al + L2)* + Va(o) , (2.198)
1

1= o [2R 4 KR K4 L (K L) (R, LY

9
cosh” a cos? ¥

[Vl(a) + Vz(ﬂ)] + cosh® acos® 9 Va(p) . (2.199)

7
cosh” a — cos2 4

24. Hyperbolic-Parabolic 1 coordinates have the form (b > 0,0 € R, 9 € (0,7))

B sinhzb—sinzﬂ—l—gz—l—Q B Ro
o = 2 sinh b sin 9 » M T SGinhbsing (2.200)
B sinh? b — sin? 9 — o° _ Reothb ot
s = 2sinh b sin ¥ ’ 2 = JLCOMAD LY
The characteristic operators are
I = (K, +Ly)*, (2.201)
I, = 2024+ L4+ K — K —{L,K,} — {Ky,L;} . (2.202)
with the line element
inh® b + sin? 9)(db? 4+ dv?) + dp>
g5 = pelsinh bt sin V)(db” + dV7) + dg (2.203)

L ) . )
sinh? b sin? ¥

the momentum operators are

p, = h(@ sinh b cosh b

RO SIMAOCOShY S inp) | 9.204
i\o6 T s rem?o  2°° ) (2:204)

3
R/ O sin ¥ cos ¥ 3
py = (L PUTOSY 2 otw) 2.205
’ 1(819+sinh2b—|—sin219 2" ) (2.205)
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with P, = —ihd,, and the Hamiltonian is given by

? 1 d? 0 0 0 0
Hy = - inh?® b sin® ¥ —(—— tho—+ =— — tﬂ—) =
T TouRe T Linhz e T TR T ER N T ) P
1 inh b sin ¥ inh b sin ¥ R?
= 2[ sz i (P} + P)) sz o + sinh® b sin” 19P92] + ; 5 -
2M R” | \/sinh® b + sin” 9 Vsinh” b + sin? 9 SMR
(2.206)

A potential separable in hyperbolic-parabolic 1 coordinates reads

inh? b sin® 9
V(n) = 5 [Vi(b) + V()] + sinh? bsin® 9 Va(o) (2.207)
sinh” b 4 sin” ¥

and for the corresponding observables we obtain

r

I = W(Al + L2)* + Va(o) , (2.208)
1 . . . .

Izv = m[QLg‘I‘L%‘I’]XQZ_]‘g_{]x27L1}_{]x17L2}]

sinh? b sin? 9

SinhZb 1 sinZ 0 [Vl(b) + Vz(ﬂ)] +sinh?bsin® 9 Va(o) . (2.209)

25. Elliptic-Parabolic 2 coordinates are (a > 0,9 € (0,7/2),¢ € [0,27))

2
cos? ¥ + cosh” a

Uy = , u; = Rtanhatan?cosy ,
2 cosh a cos ¥ (2.210)
Uz = M us = Rtanh atan ¥ sin
> 7 " 9coshacosd T L
The characteristic operators are
Il - Lg 5 Iz - 2L2 - {L27](1} - {Ll,lfz} 5 (2211)
with the line element
ds? — R (cosh®a — cos® ¥)(da® 4 di¥?) + sinh® a sin® ¥dp> (2.212)
cosh” a cos? ¥ ’
the momentum operators are
hyo sinh a cosh a 1
P, = (= —(cotha — 3tanh 2.21
¢ i (3(1 cosh”a — cos2 ) + Q(CO @~ 3tan a)) ’ ( 3)
h{o sin ¥ cos ¥ 1
Py = | =— —(cot? + 3tan 2.214
v i<319+cosh2a—cosz19+2(co o tan )) ’ ( )
with P, as in (2.18), and the Hamiltonian has the form
h2 2 2
Hy= ————cosh“acos” v
2M R?
1 0? 0 0? J 0?
— tha — 3tanhae)— + — t tan @) — —
8 [coshza — cos2 ¥ (8(12 F (cotha = 3tan “)aa + 01? T (cot ¥+ 3tan )819) + 8992]
_ 1 i [ cosh a cos vV (P24 PY) cosh a cos vV 4 cosh? @ cos® 19le
2MR \/cosh2 a — cos? \/cosh2 a — cosZ )
h? h? 29 -1 h?
cosh™ a + cos n ‘ (2‘215)

- SMR? sinh? a sin” ¥ 2M R?
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A potential separable in elliptic-parabolic 2 coordinates must have the form

h® a cos? ¥
Vi) = 2V (a) + Va(9)] + coth? acot® o V() - (2.216)

2
cosh” a — cos2 9

The corresponding observables have the form

1

o= litVale) (2.217)
1 i ;
o= m[QLz—{LZ,Al}—{Ll,AQ}]

2
cosh” a cos? ¥

[Vi(@) + Va(9)] + coth® acot? 9 V() . (2.218)

cosh” @ — cos? 9
26. Hyperbolic-Parabolic 2 coordinates are (b > 0,9 € (0,7/2),¢ € [0,27))

B cosh? b + cos ¥

= = th b cot
o Ssinhbsing 1 fcothbeotdeosip (2.219)
B sin® ¥ — sinh” b _ R eothbcot d si
O b bsing 7 (2T THEOMADCOMUSE
with the characteristic operators
Il - Lg 5 Iz - {](1, Lz} -I— {](2, Ll} - 1(12 - 1(22 5 (2220)
the line element
dst — R (sinh® b + sin” 19)(d.b2 —2|— d1.922 + cosh® b cos® Vdp? 7 (2.921)
sinh” bsin” 9
the momentum operators
h{o sinh b cosh b 1
P, = -|—+4+—-——-—+ —(tanhb — 3 cothb 2.222
b i<8b+sinh2b+sin20+2(an “ )) ’ (2.222)
h{o sin ¥ cos ¥ 1
P, = | —4+—————— =(tan?d¥ + 3cot? 2.223
v i<819+sinh2b+sin219 tan/ 43 co )) ’ (2.223)
with P, as in (2.18), and for the Hamiltonian we get
2
Hy=— sinh? bsin” ¥
2M R?
1 0? J 0? J 0?
———— | == + (tanhb — thd)— 4+ — — (tan? t ) — —
. LinhzbJrsinw(abz F (tanhb =3 cothb)Fe+ Fgz — (tanv 43 co )819) - 8992]
1 inh b sin ¥ inh b sin ¥
= 5 [ P oS (P} + P}) o + sinh” b sin” 19le
2MR” | \/sinh? b + sin’ ¥ Vsinh? b + sin’ ¥
N h2 sin? 9 —sinh”b— 1 N h? (2.924)
8MR?  cosh®bcos? ¥ 2MR? ’
A potential separable in hyperbolic-parabolic 2 coordinates must have the form
inh®bsin” ¥
V(u) = — 5 [Vi(b) + Va(9)] + tanh® btan® 0 Va(p) - (2.225)
sinh” b 4 sin” ¥
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For the corresponding observables we obtain
1
L = ng + Vi) ,
1 . . . .
. sinh” bsin® ¥
sinh? b + sin? ¥
27. Semi-Clircular-Parabolic coordinates are defined by (o € R, &, > 0)

222 421 a 2 _ 2
v = g8 A A
8N 280
(n2_£2)2+4g2_4 Q
us = R , Uy =R— .
’ 8¢n T
The characteristic operators are
Il = (I(l -I— L2)2 5 Iz = {L37](1 -I— Lz} -I— {](3,](2 — Ll} 5
the line element has the form
st = pr & T MIAE + dn*) + do”

22 ’
and the momentum operators are

_hfo & 3 _hro U _i)
Pf‘i<ag+52+n2 25)’ P”_i<8n+€2+772 2n) "’

with P, = —ikd,. For the Hamiltonian we get

owm e o, 30 0 30N L,

fo = _2MR2l€2+772<82€_€3£+3772_77377)+£n8
_ 1 £n 2 2 £ 2.2 p2 3h*
= |y T g O 4

A potential separable in semi-circular-parabolic coordinates must have the form

Vi = ST [y, 1 202V
(1) = s VO + Vo] + €0 V(o)
and for the observables we obtain
1 .
I = m(A/1 + Lsy)* + Vi(o)
1 . .
A m({LB,A1 + Lo} 4+ {Ks, Ky — L1})
V() + Val)] + €7 Valo)
&+
28. FEllipsoidal coordinates have the form (0 < 1 < p3 < b < g3 < a < py)
2 2010203
Uy = & ab 7
s pelor—Dlea—1)(0s - 1)
o (e Do =)
s palor = 0)(e2—b)(0s -0
G N
ug _ Rz(Ql —a)(os— a)(o3 — a) ‘
(a—b)a—1)a
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[V1(b) + Vz(ﬂ)] + tanh?btan® Va(p)

|

SMR?

(2.226)

(2.227)

(2.228)

(2.229)

(2.230)

(2.231)

(2.232)

(2.233)

(2.234)

(2.235)

(2.236)



29.

The characteristic operators are

I, = abK?+aK:4bK: , (2.237)
I, = (a+b)K]+(a+D)K;+ (b+ 1)K; —al;—bL;— L7 . (2.238)
The line element is given by
L[ (01 — 02)(01 — 03) (02— 03)(02— 01) (03— 01)(03 — 02)
ds* = = do? + do? + do?| ,
4[ P(o1) ' P(o2) ’ P(o3) °
(2.239)
where we have set for the characteristic polynomial
Plo)=(¢—a)e—0b)(e—1)e . (2.240)
The momentum operators have the form
Pg,:.§<a SRE S S - —EP(&)) : (2.241)
i\do; 20,—0; 20i—0r 4 P(0o;)

with ¢, 7, k cyclic, and for the Hamiltonian we obtain (¢.q = hacha. = b2, g% = (h*)?)

o= -y WPe) 0 fppn L 20

C2MR? | = (o —o)(o — ox) Do Do
i#jEk#i cyclic
1 5. :
i=1

The quantum potential AV is given by

K2 ,
=R [(91 — 02)(01 — 03)(I'7 +2I')

+(02 — 03)(02 — 01)(T7 + 2T)) + (03 — 01)(05 — 02)(TF + QFQ)] , (2.244)

where T; = f!/f;, f# = P(0;). A potential separable in ellipsoidal coordinates must have
the form

AV(o)

(02 — 03)Vi(01) + (01 — 03)Va(02) + (01 — 02)V3(0s) ‘

Viu) = 2.245
(w) (01— 02)(01 — 03)(02 — 03) ( )
Hyperboloidal coordinates have the form (93 <0< 1<b< 3 < a < 9;)
W2 = _prlea=Dle—1)(es = 1)
0 (a—1)(b-1) ’
u% — _R? 91912)93 :
“ (2.246)
W= —R? (01 = b)(02 = b)(0s = b)
? (a—b)(b—1)b ’
2 _ polor —a)(oy —a)(os — a)
us = B e = e
The characteristic operators are
I, = abK?—ali—bL5 , (2.247)
I, = (a+b)K;—(a+1)L;—(b+ 1)L5+aK; +bK; — L7 . (2.248)

The characteristic polynomial P(p), the line element ds”, the momentum operators P,,,
and the Hamiltonian H have the same form as in (2.240-2.242), with the appropriate
changes, respectively, and a potential separable in hyperboloidal coordinates must have

the same form as in (2.245).
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30. Paraboloidal coordinates are given by (93 <0< g3 <1< pj,a=b"=a+if,a,5€R)

(ntim) = 2plomllamalez
: — pele=Dles—1(gs — 1) 2.249
Uy = R ((Z—l)(b—l) 5 ( )
ug — _R? nglz)g?, ‘

The characteristic operators are

L = —(a® + L] + a(K3 — L3) - B{I, L} (2.250)
I, = 2oL+ (a+ 1)(K; - Ly)+a(K; - L3) + B({K2 L3} — {Ks,Ls}) . (2.251)

The characteristic polynomial P(p), the line element, the momentum operators P,,, and

0i?
the Hamiltonian H have the same form as in (2.240-2.242), with the appropriate changes,
respectively, and a potential separable in paraboloidal coordinates must have the same

form as in (2.245).

31. The coordinates of System XXXI. are given by (0 < 93 < 1 < g3 < a < py)

(o +w)® = R Q—lgaw?’ )
(@2—u?) = R a(0102+ 0105+ 92%3) — (a+1)010505 7
2 _peler=Des=1)(es = 1) (2.252)
2 (a—1) )
2 _ 2(01 —a)(0y — a)(os — a)
uzy = R (e —1) .
The characteristic operators are
Il = (](3 + L2)2 — Q(I(Q + L3)2 + a[(lz 5 (2253)
I, = (a+ 1)K} +K;—Li+a(Ll;— K3)+ (Ko + L)+ (Ks + Ly)” . (2.254)

The line element, the momentum operators P, , and the Hamiltonian H have the same

0i?
form as in (2.239-2.242), with the appropriate changes, respectively. The characteristic
polynomial has the form

Plo)=(e—a)oe— 1), (2.255)

and a potential separable in coordinates XXXI must have the same form as in (2.245).

32. The coordinates of System XXXII. are given by (—g3 <0< 1< g3 < a < gy)

(ug + U1)2 = _RZLQ@MB )
(2—w2) = Rt oest Qlang) = (0t 1)010005
2 _ _pelen= 1o = 1)(es— 1) (2:256)
2 = (a—1) )
2 _ 2 (01— a)(0s — a)(os — a)
o= R a’(a—1) '
The characteristic operators are
Il = —(](3 + L2)2 + Q(I(Q + L3)2 + a[(lz 5 (2257)
L, = (a+ 1)K} - K;+ L3+ a(K]—L3)— (Ky+ L3)* — (Ks+ Ls)* . (2.258)
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33.

34.

The line element, the momentum operators P, , and the Hamiltonian H have the same

0i?
form as in (2.239-2.242), with the appropriate changes, respectively. The characteristic
polynomial has the form as in system XXXI., and a potential separable in system XXXII.

must have the same form as in (2.245).

The coordinates of System XXXIII. are given by (03 < —1 <0< g3 < a < py)

(ug + U1)2 = —R’ 9_19(12&3 )
(-2 = prileestoet 92%3) — (0= 1)010205
2.2
wl = R2(Q1 —a)(o: —a)(os —a) (2.259)
2 aZ(a _I_ 1) 9
W= _Rz(Q1 + D(os+ 1)(0s+ 1)
o (a+1) '
The characteristic operators are
Il = a[(lz — (](2 + L3)2 + Q(I(Q + L3)2 5 (2260)
L, = (a— 1)K} - K;+ Li+a(l;—K3)— (Ky+ L3)* 4+ (Ks+ Ls)* . (2.261)

The line element, the momentum operators P, , and the Hamiltonian H have the same

0i?
form as in (2.239-2.242), with the appropriate changes, respectively. The characteristic

polynomial has the form
P(o)=(0—a)(o+1)0* , (2.262)

and a potential separable in system XXXIII. must have the same form as in (2.245).

The coordinates of System XXXIV. are given by (93 <0< g <1< 1)

(Uo - U1)2 = —R29192Q3 s
2us(uy — ug) = R*(0100 + 0205 + 0103 — 01003) 5 (2.263)
ui +us —uy = R*(—010203+ 0102 + 0203 + 0103 — 01 — 02— 03)
uy = R*(o1—1)(ea—1)(03—1) .
The characteristic operators are
I = (Ly— K3 — K\(Ky— L3) — (Ky— L3)K, (2.264)
I, = L3—K;— 13— (Ly—Ks3)> —{L,Ly— K3} . (2.265)

The line element, the momentum operators P, , and the Hamiltonian H have the same

0i?
form as in (2.239-2.242), with the appropriate changes, respectively. The characteristic

polynomial has the form
Plo)=(0—1)0" , (2.266)

and a potential separable in system XXXIV. must have the same form as in (2.245).

Table 2.3 summarizes our enumeration of the coordinate systems according to our findings. The
potentials Vi, ..., Voq refer to sections 3,4 and 5. By the the notion “limiting systems” we mean
the emerging coordinate system in R?, as R — oo.
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Table 2.3: Coordinate Systems on the Three-Dimensional Hyperboloid

Coordinate System Coordinates Separates Limiting
Observables I, I5 Potential Systems
I. Cylindrical ug = R cosh 1 cosh 7 Vi Circular-
m2€IR, p€ [0,27) u; = Rsinh 1 cos ¢ Polar
I = Kg uy = Rsinh 1 sin @
I, = L% uz = R cosh 71 sinh 7
I1. Horicyclic ug = R[y + (22 4+ 23)/y + 1/y] /2 Vs, Vo, Vig Cartesian
r12€IR,y>0 up = Rx1/2y
11:([(1+L2)2 Uz:Rl‘z/Qy
I = (K2 = L)? uz = Ry + (e +23)/y — 1/y] /2
II1. Sphero-Elliptic ug = Rcoshr R Vi, Vo, V7 Sphero-
>0, € [-K K] w1 = Rsinh rsnadnp VA Vi Conical
B €[-2K' 2K'] g = Rsinhrendcenf Sphero
L =L% =1L+ k’ng us = Rsinh rdnasng Conical IT*
IV. Equidistant-Elliptic ug = Rcosh rsnadnf Vi, V4+, Via | Circular-
re€R, a0 € (IiK',iK' +2K) w1 = iR cosh 7 enev enf vit Elliptic
B e[0,4K") us = iR cosh Tdnasnf Circular-
I = K+ K35 -1} us = Rsinh 7 Elliptic TT+
I, = L} + sinh? fK?
V. Equidistant-Hyperbolic ug = —Rcosh 7 enpcny Vi, Vig Cartesian
reR,pue (iK' iK' 4+ 2K) w1 = iR cosh Tsnp dnp
n € [0,4K") ug = iR cosh Tdnpysnp
I = K+ K35 -1} us = Rsinh 7
I = K} —sin® oL}
VI. Equidistant-Semi-Hyperbolic |ug = % cosh T(\/(l + p3) (1 + p2) + paps + 1)1/2 Va, Vis Circular-
TR p12>0 U = % cosh 7(\/(1+ p)(1 + p3) — papn — 1)1/2 Parabolic
IlzKlz—i—Kzz—Lg uy = Rcosh 7./ s
Iz = {Lg, [{2} usz = Rsinh 7
2 2

VII. Equidistant- ug = R cosh TW Vi, Vis, Viz | Circular-

Elliptic-Parabolic 1y, = R cosh T—SI;EOS%;CSéISI 7979 Parabolic
r,a € R0 €(—n/2,7/2) us = Rcosh rtan ¢ tanha
I = K+ K35 -1} us = Rsinh 7
I, = (Ky — L3)? + K?

2 2

VIII. Equidistant- ug = Rcoshr W Vir Cartesian

Hyperbolic-Parabolic s = Rcoshr —Slg};inlilg:iglﬁﬁ
reR,b>0,9€(0,7) uy = Rcosh T cotdcothb
I = K+ K35 -1} us = Rsinh 7
I, = (Ky — L3)? — K}

2 272

IX. Equidistant-Semi-Circular- ug = Rcoshr w Vie, Vi7, Vig | Cartesian

Parabolic (1 € IR, &, n > 0)

L =K} + K313
I, = {Ky, Ky} — {Ky, Ls}

7
(E+n) -4
%

n- =&
2

u1 = Rcoshr

uy = Rcoshr

uz = Rsinh 7

* after rotation with I, = cos 2fL

2 —1sin2f{Ly, Ls}; * after rotation with I} = cosh2fL3 — L sinh 2f{K>, L3}
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Table 2.3 (cont.) Separates Limiting
Coordinate System Coordinates Potential Systems
X. Spherical ug = Rcoshr Vi, Vo, V3 Spherical
>0,9€(0,7),¢ €[0,27) w1 = Rsinh 7sind cos ¢ Vs, Vs, V7

I, = L2 uy = Rsinh 7sindsing Vi, Vis

I, = L% uz = Rsinh 7 cos ¥

XI. Equidistant-Cylindrical ug = Rcosh 11 cosh 7 Vi, Vs, Vy Circular-
m2 €R, e €[0,27) u1 = Rcosh 7y sinh 7 cos ¢ Vs, Via, Vis Polar

I :Kf—i—K%—L% uy = Rcosh 1 sinh 5 sin ¢

I =12 uz = Rsinh

XII. Equidistant ug = R cosh 71 cosh 15 cosh 73 Vi, Vig, Vir | Cartesian
1,23 € IR uy = Rcosh 7 cosh 75 sinh 3 Vis

I :Kf—i—K%—L% uy = Rcosh 71 sinh 7

I, = K12 uz = Rsinhmy

XIII. Equidistant-Horicyclic ug = Reosh 7(y + 22 /y + 1/y)/2 Vis, Vir Cartesian
r,x€R,y>0 u; = Rsinhr

L =K} +K3-13% us = Rceosh rz/y

I, = (K3 — L3)? uz = Rcosh 7(y + 2% /y — 1/y)/2

XIV. Horicyclie-Cylindrical ug = R(y+ 0*/y+ 1/y)/2 Vo, Vi1 Circular-
y,0> 0,0 €10,27) u; = Rocosp/y Polar

Il I([(1+L2)2+([(2—L1)2 Uz:RQSng@/y

I =L}% us = R(y+0*/y—1/y)/2

XV. Horicyclic-Elliptic wg = Ry + (cosh? p —sin?v)/y + 1/y]/2 | Vo, V}y Cartesian
y, 0> 0,v € (—m,m) uy; = Rcosh pcosv/y

I = (K1 + La)? + (Kg — L1)? us = Rsinh usinv/y

I = L3+ (K1 + Lo)? uz = Ry + (cosh? pu —sin?v)/y — 1/y]/2

XVI. Horicyclic-Parabolic ug = Rly+ (€2 + %) /y+ 1/y]/2 V1o, Vi1, V1o | Circular-
y,n >0, €R up = R(n? —&%)/2y Parabolic
I = (K1 + L2)? + (K2 — L1)? uz = R&n/y

Iy = {L3, K1+ Lo} uz = Ry + (&2 +n*)*/y—1/y/2

XVII. Prolate Elliptic up = Rsnadng Vi, Vi, Vs Prolate-
o€ (1K' iK'+ 2K) u; = iRdnasnf cos ¢ Vs, V& Spheroidal
B e[0,4K"),¢ €[0,27) us = iRdnasnfsin ¢ Prolate-
I =% ug = iR cnacnf Spheroidal IT*
I = L2 — (K /k?) (K2 + L2) (Parabolic)
XVIII. Oblate Elliptic up = Rsnadng Vi, Vs, Vs Oblate-

a € (iK')iK' 4+ 2K) w1 = 1R cnaenff cos ¢ Spheroidal
Be[0,4K"), o €[0,2m) us = iRcnacnfFsin ¢

I = L% uz = iR dnasnfj

L =L2+k*(L:— K2 - K2)

XIX. Elliptic-Cylindrical up = Rsnadnfcosh 7 W1 Circular-
reR,a € (IK'iK'+2K),8 € [0,4K') |u; = RsnadnfBsinht Elliptic
I = K12 us = 1R dnasnfj

IQZL%—I—/C’z(L%—Kg) uz = iR cna cnf

XX. Hyperbolic-Cylindrical 1 ug = —Renpenycosh 7 W1 Cartesian
reR,pue (iK' iK' 4+ 2K) u; = —Rcengenpsinh 7

nel0,4K)
L =K{ L =Kj;— L3+ k*(Ki—L3)

uy = 1R snp dnny
uz = 1R dnysnny

* after rotation with I} = cosh 2fL? — Lsinh 2f({Ks, L1} — {K1, L2})
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Table 2.3 (cont.) Separates Limiting
Coordinate System Coordinates Potential Systems
XXI. Hyperbolic-Cylindrical 2 ug = —Renpeny Vi, Vs, Vs Circular-
p e (iK' iK' 4+ 2K) u; = iRsnpdnncos ¢ Polar
n € [0,4K"), ¢ € ]0,2m) us = iRsnp dnnsin ¢
=131, = K3+ L3 k*(L}+ L) uz = iR dnpsny
XXII. Semi-Hyperbolic ug = %(\/(1 + a1+ p3) + papn + 1)1/2 Vo, Vs Parabolic
w12 >0,0€[0,27) uy = R.\/pijiz cos Vig, Vao Circular-
I = L% up = R .\/pips sin @ Polar
. . 1/2
Iz:{[&l,Lz}—F{Az,Ll} Uz = %( (1—|—/,L%)(1—|—/,L%)—/,L1/,L2—1) /
2 2 2
XXIII. Elliptic-Parabolic 1 ug = R cosh2 (?o—si—hcc?(szosﬁﬁ—i— g Vg, V9(w:0) Cartesian
a,0 € R, ¥ € (—m/2,7/2) u; = Ro/ cosh acos?d
I = (K1 + Lo)? us = Rtanh atan ¢
. . . h2 2 79 a2 2
I, = 2K+ K2 + K2 + L? uz = RS GOS0
—{Ky, Lo} — {Ky, L1}
12 -2 2
XXIV. Hyperbolic-Parabolic 1 ug = R sinh bQ;IS:ﬁlb g;—ﬁg +2 Vg, V9(w:0) Cartesian
b>0,0eR, ¥ € (0,7) u; = R/ sinh bsinJ
I = (K1 + Lo)? us = Rcothbcot ¢
L, =202+ L2+ K2 — K2 _Rsinhzb—sinzﬁ—g2
st I A T s = 2sinh b sin 0
—{[Xz, Ll} — {[Xl, Lz}
2 2 _
XXV. Elliptic-Parabolic 2 ug = R % Va, Vd, V9(w_0) Parabolic
a>0,9€(0,7/2),p€]0,27) w1 = Rtanh atan 9 cos ¢
I :L% up = Rtanh atan 9 sin ¢
s12 2
Iy = 212 — {Ls, K1} — {L1, K2} uz = REML_=sin_y
2 2 _
XXVI. Hyperbolic-Parabolic 2 ug = R % Vs, V9(w_0) Circular-
b>0,d9€(0,7/2),p€]0,27) uy = Rcothbcotd cosy Polar
Ilng uy = Rcothbcotdsine
s 2.9 12
Iy = {Ky, Ly} + {Ky, L} = K} — K§  |ug = RS-V —sihb
2 232 2
XXVII. Semi-Circular-Parabolic ug = R (n” —¢ )85;17— do” +4 Vs Cartesian
2 g2
e€R,En>0 UlzR%
11:([(1+L2)2 UQIR%
2 2,2 2
I, ={Ls, K1+ Lo} + {K3, Ky — L1} U3=R(77 —< )85;17—4Q —4
XXVIIL Ellipsoidal u? = R2% Vi Ellipsoidal
5 _ palon —D(es — D)(es — 1)
0<l<os<b<om<a<o up =R SN
I -2 -2 9 polo1—0)(g2 —b)(es —b)
Iy = abK{ + aK35 + K3 uy = —R @—-bo=1)b
e e -~ —a —a —a
I = (a+ 0K+ (a+ DEZ + (b+ K2 |ud = R21& @ %%"‘)(a _)(19):; )

—ali—bI%— I
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Table 2.3 (cont.) Separates | Limiting
Coordinate System Coordinates Potential | Systems
~ 2(e1 = 1)(ez = 1)(es — 1) ;
XXIX. Hyperboloidal —-R @-DG=1) W1 Cartesian
03<0<1<b<p<a<p u%:—Rz%
_ 2 73 _ 172 2 _ 2 (01 —b)(02 — b)(03 — b)
Iy = abKi{ —al3 —bLj u; = —R D]
B=(a+0KE - (a+ DI -0+ D13 | = iz allemaln o)
+aK2 +bKZ —
: Lo _ g paler —a)(es —a)(es —a) a B :
XXX. Paraboloidal (w1 + iug)? = 2R CEI =Y ul + ul Paraboloidal
5 _ palon— Do —1)(0s — 1)
Q3<0<Q2<1<Q1 UZ—R (a—l)(b—l)
a=b"=a+if,a,fER uj = —R? 4308
I = —|a)*L} + a(K3 — L3) — B{K3, L2}
I = =2aLi+4 (a + 1)(K3 — L3)
—|—Oé([&722 — L%) + 6({[&72, Lg} — {[(3, Lz})
XXXL (uo + uy)? = R? 912203 Vo =
0<os<l<p<a<o (ud — u?)
IL = (K3 + L2)2 —a(K2 + L3)2 + a[(lz — R2 a(0102 + 0103+ QZCleS) —(a+1)o10203
L= (a+ 1)K} + K3 — I3+ a(L3 - K3) |u} = —R2l= 1)((95__11))(93 =
(K + La)? o+ (Ko + Lo)? wj= = -dle o)
a’(a—1)
XXXIL. (ug + up)? = —R?€12283 Vo -
—03<0<l<p<a<p (ud — u?)
Il — _([(3 + L2)2 + a([(z + L3)2 + a[{12 — RZ a(QlQZ + 0203 + QIGQZS) — (Cl + 1)91@2@3
L= (a+ 1)K — K3+ L3+ a(K? — L3) —ples 1)((%__11))(@3 =)
—(Ky + L3)? = (K5 + La)? u = pele= a)(zg(z - al))(% -
@ —
XXXIII. (ug +uy)? = _R2919a—293 Vou _
o3<—1<0<gm<a<g (u2 — u?)
Il — a[{12 _ ([{2 + L3)2 + a([(z + L3)2 — RZ a(QlQS + 0102 + QZGQ23) _ (Cl _ 1)91@2@3
—a —a —a
I =(a— 1)K} — Ki + L3+ a(L3 — K3) - pla L( 2a n 1))(93 )
- - +1 +1 +1
—(K3 + L3)” + (K3 + L»)? u2 = —pela )((ier 1))(93 )
XXXIV. (uo — u1)® = —R*010205 % -
3

o3<0< o <1l< g

I = (Ly — 1{3) —{Ky, Ky — Ls}
Iy=13—-Kj-1I1}
(Lz — K3)? = {Ly, Ly — K3}

2U2(U1 — Uo)

= R%*(9102 + 0203 + 0103 — 010203)
ui +uj — ug = R*(—010203

+0102 + 0203 + 0103 — 01 — 02 — 03)
uz = R*(g1 — 1)(g2 — (03 — 1)
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3 Path Integral Formulation of the Maximally Super-Integrable
Potentials on A®

In table 3.1 we list the super-integrable potentials on the three-dimensional hyperboloid together
with the separating coordinate systems. The cases where an explicit path integration is possible
are underlined.

3.1 The Higgs-Oscillator.
We consider the generalized Higgs-oscillator on the hyperboloid (k25 > 0)

M w? 4 ud 4 ul B2 kZ__ R2_1 2 1
V. _ = ZRZ 1 2 3 ( 2 4 3 4) 3.1
1) 2~ u? M\ w? u? + ul ’ (3.1)
which in the 14 separating coordinate systems has the form
Cylindrical (15 > 0,9 € (0,7/2)):
M 1
Vi(u) = — 21%2(1 — )
i) 2 cosh? 7, cosh? 1,
h? 1 k-1 k-1 k3— 1
+ 7| == (124+.224)+ e (3.2)
2M R? \ sinh 7'1 cos? sin” ¢ cosh” 7 sinh”
Sphero-Elliptic (1 > 0,a € (0, Ix) €(0,K")):
M kz _ 1 k2 — 1 k2 _ 1
= —W’R?*tanh’ 7 + 24 4 23 4 ~) (3.3)
2 2MR2 sinh® 7 \ sn2a dn ﬁ en?acen?f  dn"asn?g

Fquidistant-Elliptic (1 > 0, € (iK',iK' + K),5 € (0,K")) :

M 1 1
S o [ p—— ;
2 cosh” 7 sn?adn”

2M R? | cosh® 7 \ en2acn?f  dn’asn?f sinh? 7

Fquidistant-Hyperbolic (1 > 0,p € (iK', iK'+ K),n € (0, K")):

M 1 1
= —W'R*| 1~ 3
2 cosh” 7 en?pcn?n

h? 1 ki — % k3 — 1 k3— 1
- 2 2 - 42 + ; 4 - .3 24 (3.5)
2MR? | cosh” 7\ sn?udn”n  dn“psn2y sinh” 1
Spherical (1 > 0,9 € (0,7/2),0€ (0,7/2)):
M, . h? 1 (k%—l k;-l) k3— 1
= — tanh K K K .
2 R tanhtr A+ 2M R?sinh” 7 \ sin® 9 \ cos? ¢ + sin” ¢ + cos? 9 (3.6)

Equidistant-Cylindrical (115 > 0, € (0,7/2)):

M 1
= —w'R? (1 — 3 3 )
2 cosh” 71 cosh”™ 7

hZ 1 kZ _ 1 kZ 1 kZ _ 1
—I_ 2 2 . 2 (124+ .224)+ .324 (37)
2M R? \ cosh” 7y sinh® 7, \ cos? ¢ sin” ¢ sinh” ry

Equidistant (1) 553 > 0) :

1
= W'k’ (1 - 2 2 2 )
2 cosh” 7, cosh”™ 75 cosh” 75
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2 2 2 2
2M R? | cosh” 1, \cosh” mysinh® 73 sinh” sinh” 7,

Prolate Ellzptzc a€ (iK'iK'+ K),8€(0,K'),0€(0,7/2)):

B2 1 g2 -1 g2 1 k21
+ [ ( L4 + 2 4)+,324] (3.8)

(
(1 n ) . o— (kz ~ 0 b . _) + k2§ —1 1 (3.9)
sn?a dn’p 2MR? | dn”asn?f \cos® ¢ sin” ¢ cn’acn’f3 |
Oblate Ellzptzc (v € IK",iK'+ K),5 € (0,K'),p € (0,7/2)):
) | (k%—i kg—i) k21
"~ sn2adn’ 08 2MR? | cn’acn®f dn’a sn?f3 |
FElliptic- Cylzndrzcal a€ (iK' iK'+ K),p€(0,K"),7>0):

(3.10)

—_

2
cos? o sin“ ¢

— _w2 2 1— 1
2 sn?a dn”f cosh® 7

2M R? \ sn2adn’gsinh®*t  dnasn?f  cn’acn?p

Hyperbolic-Cylindrical 1 (p € (iK’,iK’'+ K),n€ (0, K'),7>0) :
M 1
= —w'R*(1- 3
2 en?p en?ncosh” 7

A ( oy Rmog kg_i) (3.12)

2MR? \ cn?pcn?ysinh® 7 sn2udn’y  dn’psn2p
Hyperbolic-Cylindrical 2 (p € (1K',iK' 4+ K),n € (0, K’'), ¢ € (0,7/2)):
M 1 1 1 k=5 k-3 k3= 3
= _—W'R*|1— — 2<1 4+?24)+ 21 | (3.13)
2 en?p en?n 2MR? | sn?2pudn“n\cos?¢  sin”¢ dn“psn?n

FEllipsoidal (a;; = a; —aj,a0 = 0,0, = 1,a3 = b,a4 = a) :
Mo, 1 1
= —w R |a4a94a
2 [ e 34((91 — 03)(02 — 03) 03 — a4

1 1 1 1
+ + ~1
(01— 02)(03 —02) 02 —as (02— 01)(05 — 01) 01 — a4) ]

K2 1 k2 — 2 k2 -1 kZ—1
(310210 (15032040 —3 + 130930 4
+2MR2 (01— 03)(02 — 03) 31021 41g3—a1+ 12032 42g3—a2+ 13@23 43@3_@3
1 21 g2 1 B2 1
(31021041 L4 4 012(1326142# + 13023043 24
(91 - Qz)(@s - Qz) Q2 — a1 Q2 — G2 Q2 — a3
1

2 _ 1 2 _ 1 2 _ 1
1 4 2 4 3 4
) 31021041 + 12032049 + @13a93043 (3.14)

_I_
(02 — 01)(0s — 01 21— 01— @2 01 — a3
Hyperboloidal (a;; = a; — a;,a1 = 0,a2 = 1,a3 = b,a4 = a) :
M 1 1

= —Ww'R’ Q14024034
2 (91 - 93)(92 - Q3) 03 — Q4

1 1 1 1
+ + ~1
(01— 02)(03 — 02) 02 — a4 (92 —01)(03 — 01) 01 — a4) ]

B2 1 k2 _ 1 kf -1 kg 1
4
— a3109104 120320 — A13023G
2MR2{(Q1—Q3)(Q2—Q3)l 31021 41@3_@1 + 12032 42@3_@2 13023 43@3_@3]
1 2L k2 — 1 k-1
- 31091041 + Q12032049 — Q13023043
(91 - Qz)(@s - Qz) Q2 — a1 Q2 — G2 Q2 — a3
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! - = B2
- 31091041 + Q12032049 — Q13023043 .
(92 - Ql)(@B - Ql) 01— 01 — G2 Q1 — a3
(3.15)
The five constants of motion have the form
1
L= ——(K?-12 V
1 2MR2( ) —I_ 11(11) ? .
IZ = Sa7 L3 + ST —I_ . 9 9
2M 2M \cos?p  sin” ¢
1 hZ 1 kz _ 1 kz _ 1 kz _ 1
Iy= —L° + — — (124 24) 24 ) (3.16)
2M 2M \sin Y \cos?¢p ~ sin” ¢ cos? ¥
o M PR h? k3 — &
1, = —f — —
2M 2 cosh? ™ 2M sinh”my , . ,
1 9 h ki— = ks — = ks — =+
Iy = —(L2+ k"L ( = 4 4 ~).
° QM( it )+ 2M R?sinh” 7 \ sn2adn’8  cn2acn2f  dn’asn?f

In the following we do not display all path integral representations for all potentials in all
separable coordinate systems. In order not to blow up the length of the paper too much we
display explicitly only those path integral representations, where an analytic solution is available.

3.1.1 Pure Oscillator Case.

The solution in the
first system, the cylindrical coordinates will be discussed in some more detail, including the
statement of the wave-functions. In the statement of the corresponding Green functions we
always set ' = E 4+ h*/2M R? + Mw?R?*/2. The propagator, the Green function, and the
wave-functions for this special case are denoted by K“)(T), G“)(E), and ¥“)(u), respectively.

The pure oscillator allows an explicit solution in five coordinate systems.

Cylindrical Coordinates. We start with the cylindrical system. To evaluate the path inte-
gral we separate off in the first step the ¢- and 7o- path integration which correspond to the
path integral for circular waves and a symmetric Rosen-Morse potential [132], the latter giving
two contributions due to its discrete and continuous spectrum. This property is accompanied
with the range of the two coordinates according to ¢ € [0,27) and 7, € IR. The remaining path
integral in the variable 71 > 0 is a path integral for the general modified Pdschl-Teller potential.
Therefore we have

1

1 (t")=7/

KW " u;T) = e

T1(t")="7,
{ i tll
X exp %/
t/

m2!

72 (t")=74

Dry(t)sinh 7y cosh 7y / Dry(t)

Ta(t)=1}

M
[7}22 (7'12 + cosh? 7'17"22 1 sinh? Tlc,'oz — (1 —

p(t)=p"
Dep(t)
e(t)=p!

wZ

2 2
cosh” 7 cosh™

h? (4 . 1
M R? cosh? 7,
exp [ 1T( VR + MR2 2)] Qi (0"~ 0")
~ (sinh 7 sinh 7{' cosh 7{ cosh {")1/2 e 2R
e I'(2v — my)
x ( S (s — v — H P pracstlz g )
mo=0
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o )]dt}
sinh”

m2 v+1/2

v—1/2 (tanh ;)

)

(3.17)



Tl(t”):T{I "
it M h? jP-1 (me—v42i)2-1
X Dry(t — —R*7 — 4 2 )| dt
/ () exp { h /t’ [ 2 T T OMR? (sinh2 T cosh? 7y
T1(t")=1]

dk k sinh mk i " p—ik /
* /IR 5:2 2(cos? v + sinh® k) sl €tanh my) P (e tanh 7,

i (t")=1)

it M G O T
D / L _R2.2 B 4 4 dt 3.18
X / 7i(t) exp {h /t’ l 5 N T S R? (sinh2 el + cosh® 7y ( )

T1(t)="1,;

Npy [ N,
= (Z { ST e BTl (G R)B) (Tl T, 0 R)

JEZ mo=0 my=0

+ /0 dp e B TIgle) (S RYW) (1] T R)}

[k [ dpe B e R (o R)) . (3.19)
The discrete wave-functions are given by (Ay = my — v+ 1/2,0? = W*M?*R*/h* + 1/4)
\Ilg,fl)mﬂ(rl, To, 3 R) = (27 sinh 71 cosh 7'1)_1/25%{'”\2)(7'1; R)Qbf:g(rz) A (3.20)
where

T e T

-~ T+ 1) RPI(Ay = |j] = n)my!
x (sinh 7 )Y/ 2 (cosh 7y )2t /2= B (—my, Ay — mgs 1+ |f]; tanh® 7)), (3.21)
I'(2v —m I
Ui(Te) = %mz —v— g)% P (tanh ) | (3.22)
and the discrete spectrum has the form
h? 3\? M :

P!(z) are Legendre functions [57, p.998]. Only a finite number of energy-levels can exist with
my=0,1,...,Np, =[(v—ma—1j|—3/2)/2],N=0,..., Ny = [v—3/2], and [z] denotes the
integer part of . In the flat space limit we obtain (R — o)

which is the proper feature for a three-dimensional isotropic oscillator. Note that the Legendre
functions of the discrete spectrum can also be expressed as Gegenbauer polynomials.

The continuous wave-functions consist of two contributions, first where the quantum number
corresponding to 75 is discrete, second where it is continuous. For the first set of continuous
states we obtain

\111(,%)2]»(7'1, 7o, ¢; R) = (27 sinh 7, cosh 7'1)_1/251(,”"’\2)(7'1; R)Qﬁr(:g(Tz) el ¥ , (3.25)
where

, 1 psinh wp /\2—|j|-|-1—ip) <|j|—/\2—|-1—ip)
(I5lA2) (. - T T
S B = s e ( 2 2

' . N Tl —ip 1o il — i
X(tanh71)1/2+|]|(cosh7'1)1p2F1( 2+|]|2+ 11’7 +1J] > 2 1p;1—|—|j|;tanh27'1) . (3.26)
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The continuous spectrum has the form
2

h M

In the limiting case w — 0 we obtain
2

which corresponds to the case where just a radial part is present which has the same feature as
the spectrum of the free motion on A®. For the second set of continuous states we obtain

\IJSZ;(TD To, 3 R) = (27 sinh 71 cosh 7'1)_1/251(,”"”“)(7'1; R) ,(CV)(TQ) A (3.29)

where

s 1 psinh 7p (ik:Fkg‘l—l—ip) (z\l—ik—l—l—ip)
(I51ik) (. — T T
S i R) = 5\ 2o 2 2

. ik+A+1—ip 14 A —ik—i
X(tanhﬁ)l/z"”\l(coshTl)lszl(1 + 1;_ 1p7 A 21 1p;1—|-/\1;tanh27'1) , (3.30)

Y ksinh 7wk .
(N )(7'2) = ¢2( - [Plik_l/z(tanh 75) + Pif 1/2( tanh 7'2)] , (3.31)

cos? Tv + sinh? k)

with the same spectrum as before.
The Green function in these coordinates is given by

(e —¢")
G“(u", u'; E) = (sinh 7] cosh 7/ sinh ;' cosh T{')_l/zg;z QQTR
Ny
x{ S NG (s Y+ [ e (el (G o @E)} :
mo=0

(3.32)
where GU20(E) is the Green function (A.34) of the modified Péschl-Teller potential.

Sphero-Elliptic and Spherical Coordinates. For the path integrals of the pure oscillator
in sphero-elliptic and spherical coordinates we can separate off in the (d,@), respectively the
(¥, ¢) path integration, very easily because we only have to deal with the free motion on the
sphere S$(*). The remaining path integration over 7 > 0 is of the modified P&schl-Teller type.
We obtain, e.g., in sphero-elliptic coordinates

K@ (" u;T)
T(t”):T” Oz(t”) &' ﬁ"(t//):ﬁ"//

1 . . - R ) .
= / Dr(t)sinh” 7 / Da(t) / DA(t)(k* en®a + k : cn®f3)
T(t)=T1! a(t)=a’ B(t)=4'
. 7 ) ) .2 y
X exp {% /t’ [%Rz (7"2 + sinh” 7(k* en?a + K cnzﬁ)(d2 + 3 ) —w?tanh’ T) - QJ\ZRJ dt}
(3.33)
N ~ ~
- 3 gt o R
lhkg \n=0

+ / dpe I (78 B R (7 & R)} : (3.34)
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The bound state wave-functions are given by [k,q = +1,h + h = l(l+1),l=0,1,..]
Wiy (7@ 5 R) = (sinh 1) ~E S (7 R)AG ()AL () (3.35)
where

1[2(v —1—=2n—1)(n+DT(v—1)]"?
) Ry = =
ST R) = I R3(v — 1 — n)n!

x (sinh 7)1 2(cosh 1) H/27Y By (=1, v — ;1 + [ tanh® 1) . (3.36)

For the periodic Lamé polynomials A}, (z) we have adopted the notation of [167]. An alternative
notation is due to Lukacs [138]. The spectrum is the same as in the previous case with the

principal quantum number N = 2n+1{ = 0,1,.... The continuous wave-functions have the form
Wiy (7@ 05 R) = (sinh 7)™ {0 (75 R)AG (@) AL (B) (3.37)
where

1 [psinh7p (V—l—l—l—ip) (l—l/—l—l—ip)
U)(r Ry = —
S TR = e 2 b 2

. I+1-ip 1 — 1—i
X(tanhT)l"'l/z(coshr)lszl<V+ —; 1p7 V—; 1p;l—l—l;tanh2 T) . (3.38)

with £, asin (3.27). In the case of spherical coordinates the Lamé polynomials degenerate into
spherical harmonics which yields

Ul (7,9, 95 R) = (sinh 7) LS8 (13 R)YY™ (0, ) (3.39)
Ul (1,0, 93R) = (sinh )71 S8 (3 R)Y™ (9, ) (3.40)

For the Green function in sphero-elliptic, respectively spherical coordinates, we obtain
G (" u'; E)
) ) _ Z AR*(GYALE 5/ AR (G"VAL 5// » ‘
= (Rsinh 7' sinh 7)~* ( ’hkil:)(/lm2(15’}729/)))/]%((19“7)@//3( ) G (7 B L (3.41)

Equidistant-Cylindrical Coordinates. In equidistant-cylindrical coordinates the ¢ path
integration gives circular waves with ¢ € [0,27). The emerging 7 > 0 path integral is again
of the modified P&schl-Teller type, and the 7, path integral has the structure of the symmetric
Rosen-Morse potential with 7, € IR. Therefore (Ay = 2mo + |j| — v + 1,v? = M?w*R*/h* +1/4)

i (t")=7/ r2(t")=7Y e(t'=e"

1
KW " u;T) = e / Dry(t) cosh” 7y / D7y(t) sinh 7 / D(t)
T1(t")="7, Ta(t!)=1} et )=y’
: ¢! M 2
X exp i/ —R? 7"12 1 cosh? 7'1(7"22 + sinh? Tzc,bz) - (1 - 3 d 3 )
hJy 2 cosh® 7, cosh”
h? 1 1
- 4 1-— dt 3.42
M R? ( + cosh? 1y ( sinh? 7'2))] } ( )
Noy [ Now,
=2 { > [Z TN (T RV (L T 5 R)
JEZ mo=0 | m;=0
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+/0 dp e B TINge) (G RYUS) (1], Th, 0 R)

b ] @€ﬂ”wwmmaw,m%wiawRﬁ. (3.43)
0 0

We obtain one set of bound state wave-functions and two sets of scattering wave-functions. The
bound state wave-functions are (Ay = m; — v + 1/2)

V) (7,7, 3 R) = (27 cosh® 7y sinh 75) 72802 (745 R)9)(7y) €% (3.44)

mimaj

where (m; =0,...,Np, <v—1/2,N=0,..., Ny, = [V — 3/2]

2 F(Ql/_ ml) mi—v+1/2
SH(m) = ¢(m1 —v— %)77711!}%3 Py (tanh) (3.45)
P (ry) = 1 [2(’/— 7] = 2ma — DT (my + 1+ [F)T (v — my)]*?

L+ 150 D(v = |j] = ma)ms!

X (sinh 72)1/2+|j|(cosh Tz)m2+1/2_”2F1(—m2, v—ma; 14 |j]; tanh® T2) , (3.46)

and Fy asin (3.23). The first set of the continuous spectrum has the form

\IJZ(,m)QJ(Tl,Tz,Lp,R): (27rcosh2 7y sinh 75)~ 1/25(’\2)( )¢(|]|V)( 5)e e (3.47)
where

(A2)(— . p\ _ p-3/2 psinh wp ip ip _

SO(r;R) = R %(COSZWHWW [P p(tanh ) + Py o(—tanhr)| . (348)

The second set of the continuous spectrum is given by
\I’;(;Z;(TU To, 03 R) = (27 cosh? 7, sinh T9)~ 1/25(1k)( )¢(|J| v)( ))e ijo 7 (3.49)

where

Yoy p3/2 psinh p
SW)(r;R) = R %(coshz S [PI_p(tanh7y) + P o(—tanh )| (3.50)

" 1 ksinh 7k vFk +1-ik | —v+1—ik
) = v ’ F( = )F<|]| )
i 27 2 2
, : | +1—ik 14 || —v—ik
X(tanhT2)1/2+|]|(COShT2)1k2F1(l/‘|‘ |]|;’ 1 : + |]| . Vv —1 1+ |j|;tanh2 TZ) 7 (351)
with the same energy-spectrum as for the first set.
The corresponding Green function has the form (£’ as before)
M (e —p")
GW(u" W E) = hZR(COSh 71 sinh 75 cosh” 71 sinh 7/)~1/* >~ QT
JEZ
P 1 1\ /1 1
x{ > 1#5,'1];"”)(7;)ng];"”)(ré’)F<%\/—2MR2E’ — A+ 5)r<£\/—2z\mz]§/ + s + 5)
mo=0
X BT tanh PP (— tanb )
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o° : : 1 1 1 1
_I_/ dklbl(cb|,V)*(Té)¢l(clj|ﬂ/)(7_é/)r(g /[COMR2E' — ik + §)F<£‘/—2MR2E/—I-N€—I- 5)
0]

ik—1/2 ik—1/2

X P, \/m/h(tanh71,<)P_\/m/ﬁ(—tanh7'1,>)} . (3.52)

Equidistant Coordinates. The last system, where an explicit solution is possible is the
equidistant system. From its path integral representation we see that we have three interrelated
symmetric Rosen-Morse potentials with 7 5 3 € IR. Therefore we obtain

Tl(t Tg(f Tg(t
K (v, u’;T) / DTl cosh T / D7'2 ) cosh 7, / DTg

Tl(t’) 7 Ta(t!)=1} T3 (t)="}

% ex i_/t” %Rz 72 4 cosh® 7y (72 + cosh® 7 72) — (1 - w )
b hJy 2 ! e b cosh? 7, cosh? 7, cosh? 75

" 4+ ! <1+ ! ) dt (3.53)
2M R? cosh? 7 cosh? 7 '
Nos ( Ny [ Ny
= XI{E:[2:eﬂ&””W%mWJﬁGﬁnﬁﬂﬂwﬁmmxﬁm;éﬂﬂ
m3z=0 | m2=0 [m1=0
[ e B (s R (s R)]
+[ k[ ape T/w;‘;ma(rf,r;,rg;R)w;°;;:3<rf,rg,rg;1%>}
[ de [k [ dp e BTN s R () (3.54)

We obtain one set of bound state wave-functions and three sets of scattering wave-functions.
The bound state wave-functions are (A\y = mg —v 4+ 1/2, s = my — Ay + 1/2)

P(w) (71, T2, 33 R) = (cosh® 7y cosh 7)™ 1/25(’\2)( )1#(’\1)( 2)1#,(,33)(7'3) ; (3.55)

mi1mams

where (m3 =0,..., Ny, <v—2,ms=0,...,Np, <A — 5, N =0,..., Nyoo = [V — 3/2]

L2+ A —m1) _myoas
Sr(ﬁ\f)(ﬁ) - ¢(m1 — Ay — %) ( R3 - ] ) P,\2—12\2+1/2(tanh 1) (3.56)
my.
F24+ A —m2) .o,
¢(/\1)( 2) = ¢(m2 - A= %) ( mll 2) P,\l—l}\zH/z(tanh T2) (3.57)
2.
B I'2+v-m R
Qbr(na)(TS) = ¢(m3 V= %)% PV_1/2+1/2(tanh T3) , (3.58)
3.

and the discrete spectrum has the form of Ey as in (3.23) with N = my 4+ mq + ms. The first
of the three sets of continuous states is given by

\Ilz()%2m3(71772773;R) = (cosh2 T cosh 7))~ 1/25(’\2)( )Qb(’\l)( 2)1#,(,;’3)(7'3) , (3.59)
where
(A2)/— . pYy — p-3/2 psinh wp ip ip _
SO(r;R) =R ¢%M%M+mwwﬂP1Mmmm+ﬂﬂﬂtmhw,(%m
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with the ¥{(*)(7,), ¥{")(73) as in (3.57,3.58). The second has the form

U (71, 7o, 51 R) = (cosh® 7y cosh 7o) "2 800 (145 RYpM (ma)3b4) (75) (3.61)
where
(ik) _ p—3/2 psinh 7p
S =R ¢2(cosh2 Tk + simh? ) [Plk 1/o(tanh 1) + PP 1/2(— tanh 7'1)] . (3.62)
ksinh 7k ' '
(A1) _ ik ik
v () = \/2((:052 T il ) [P/\I_l/z(tanh T2) + P,\1—1/2(_ tanh 7'2)] , (3.63)

with the ©{/)(73) as in (3.58).The third set finally is given by

\Ilz()kg(rl,rz,rg; R)= (cosh2 T cosh m5)~ 1/25(1k)( )lb( Q)( 2)1%,,)(7_3) ) (3.64)
where
. ksinh 7k
(io) _
v (1) = ¢2(cosh2 — o h) [PIQ 1/2(tanh T2) + PQ 1/2( tanh 7'2)] , (3.65)
) B osinh 7o ‘o o B
() = \/2(cosz7rl/—|—sinh27rg) [Pi o(tanhms) + P2, o~ tanh )] (3.66)

The spectra in all sets are as in (3.27).
The corresponding Green function has the form (£’ as before)

GW(u" W E) = hZR(COSh 7/ cosh 74 cosh® 7/ cosh 72/ )~1/*
{ ORI [Z AL
m3z=0 mo=0

1 1 1 1
F(—\/—QMRzE’ — A+ §)F<%\/—2MR2E’ + A+ 5)

P,\;/1/22]‘/IRQEI/E(t&th 7'1,<)P,\_2\£I/22MR2EI/E(_tanh 7'1,>) .

1 1\ /1 1
/ dk " ()M (7 )F<%\/—2MR2E’ — ik + §)F<%\/—2MR2E’ +ik + 5)

Plk\/l/zzMRQEI/ﬁ(tanh 7'1,<)Pi?_/1_/22MR2EI/h(— tanh 7'17>)]
[an [ gl e (e (e )
><F<%\/—2MR2E’ ik + %)F(%\/—QMRHE’ +ik + %)

< P a7, ) P ST tanh )} . (3.67)
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3.1.2 General Case.

The generalized oscillator allows an explicit solution in five coordinate systems. The principal
difference to the pure oscillator case lies in the fact that we must deal with interrelated (modified)
Poéschl-Teller potentials in all variables. In the following the wave-functions are only explicitly
presented if they have been not stated before, otherwise we refer to already stated ones.

We also do not repeat the statement of the corresponding Green functions which are easy
to write down. In the relevant coordinates 7 and 7, respectively, they are always of a form
of the modified Poschl-Teller type Green function GUp)(E) of (A.34). We just have to insert
E’ as indicated in the last subsection, and for the parameters (x,A) the parameters of the
corresponding radial function 57(17};\)7 respectively.

Cylindrical Coordinates. For the oscillator on A®® we obtain the following path integral
representation (A = 2m F k) Fho+ 1, A =20 F ks —v + 1,v? = M*W?*R*/h* 4+ 1/4):

ST
(@)= ra(t)=ry olt")=s"
X / D7y (t)sinh 7y cosh / Dry(t) / Dp(t)
T (t)=74 T2(t")=7, e()=w!

: ¢! M 2
X exp {i / [—Rz (7'12 + cosh? 7'17"22 + sinh? Tlc,bz + d )
tl

2 2
h 2 cosh” 7y cosh™ 7y

h? 1 k-1 k-1 1 1 k2-1 1
- 2\ 12 (124+-224__)+ 2 (-324+_)dt
2M R? \ sinh” 7, \ cos? ¢ sin“ 4 cosh® 7 \sinh“rm, 4

i A M
KV u';T) = R % exp [— iT( —szz)]

(3.68)
(o) Nl Nn
= {Z [ T ENT g () (S RYW (7 7, 5 R)
m=0 =0 =0
+ / dp e BTG O (2 o RYWO (7], s R)
[k f dpe—iEpT/w;Z;2<rf,r;,so“;R)W;Z;i*v;,r;,@';z%)} . (3.69)

The bound state wave-functions are given by, with m = 0,..., N, = [$(2l F ks — v)],] =
07"'7Nl = [(l/:Fk‘g— 1)/2],N: 07"'7NMax = [%(V:Fk‘l :Fk‘z:‘:kg;)]

\Ilgl‘;;g(rl, 7o, ¢; R) = (sinh 7, cosh 7'1)_1/25,(1’\1”\2)(7'1; R)le(ika’y)(rz)(bgnih’ikl)(go) , (3.70)
where

1 [2(/\2 — AN —2n— 1D+ 1+ AN, — n)]l/2
I'(1+A) R3L(Ay — Ay — n)n!

x(sinh 7)Y/2+ M (cosh )2+ /2722, By (—m, Ay — m; 1+ Agstanh® 7)), (3.71)
(8530 (1) = 1 [2(1/ Fhy— 20— DI+ 1+ k)T (v — z)] 1z

(14 k;) I'(v F ks = D!
x (sinh 75) %% (cosh 7)) 227 Fy (=1, v — 13 1 & kajtanh® 1) (3.72)
mT(m+k +hk,+1) 17

Fl+m+k)I(1+m=+ kz)]
cos )Ptk plEka i) (c690) (3.73)

ST(LAI’A2)(T1; R) =

o (p) = [2(1 T2mtk k)
% (sin 99)1/2ﬂ:k2(
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The bound state energy spectrum is given by (N = m + [+ n 4 3 is the principal quantum
number)

FE :—L[(QN:EIC + kL K —1/)2—1]+%w2R2 (3.74)
N SMER? 1 2 3 5 . .
In the limit ® — oo we obtain
En ~ 2Ntk + kot k3) N €Ny , (3.75)

which gives the correct spectrum for the corresponding super-integrable flat space oscillator, i.e.,
the generalized oscillator in IR” [80].
For the first set of continuous states we find

W) (71, 7oy 03 R) = (sinh 7y cosh ry ) TS A2) (s R)p{ ) (1) @lER ) () (3.76)
where

1 psinh 7p /\2—/\1—|—1—ip) (x\l—/\z—l—l—ip)
(A1,A2) . — T T
S B) = 5\ e ( 2 2

. Ao+ A +1—ip T4+ A — Ay —1i
X(tanh71)1/2+’\1(cosh7'1)1p2F1( 2t 1;— 1p7 T 5 = 1p;1—|—/\1;tanh27'1) ,(3.77)

with the =**")(7,) and ¢(EFr»E8)(0) as in (3.72, 3.73), and the continuous spectrum has the
form

12 M
E, = 4 1)+ —w’R? . .
p = oy D W R (3.78)

In the limiting case w — 0 we obtain £, as in (3.28) which corresponds to the case where just a
radial part is present and has the same feature as the spectrum of the free motion on A, i.e.,

there is no discrete spectrum in this case.
For the second set of continuous states we find

\IJZ(,‘,%(T“ 7o, ¢; R) = (sinh 7, cosh 7'1)_1/251(,’\1’”“)(7'1; R)le(cika’y)(rz)(bgnik*ikl)(tp) , (3.79)
where

. 1 psinh 7p ik—/\1+1—ip) (z\l—ik—l—l—ip)
(A1,ik) . — T T
ST R) = s\ 2o ( 2 2

. ik+A+1—ip 14 A —ik—i
X(tanhﬁ)l/z"”\l(coshTl)lszl(1 + 1;_ 1p7 T 21 1p;1—|-/\1;tanh27'1) , (3.80)

(:I:kg,,u)(T)_ 1 ksinhﬂkr<V:Fk3+1—ik)r<j:k3—1/—|-1_jk)
g YT T(1 k)| 272 9 5

' k 1—ik 1+ ks —v—ik
(tanh ) 245 cosh 7y 1y (PR EER YR tani ) L (381)

with the ¢(FF1£k2)( ) as in (3.73).

Sphero-Elliptic Coordinates. In sphero-elliptic coordinates we have the path integral rep-
resentation (Ay = 2(I+ m + 1) £ ks, v* = M*W?R*/A* + 1/4)
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KV (" u';T)
e—iﬁT/ZMR2 T(t'")="7 a(t'")=a B(t'"=p )

— Dr(t)sinh’ 7 / Da(t) / DH(t)(k* en’a + k" enf)
T(t)=7! a(t)=a' é(t/):é/

. tll - . :(2
X exp {% / [%Rz (7"2 + sinh” 7(k% en?a + K cnzﬁ)(d2 + 3 ) —w?tanh’ T)
t/

i (k%_i + kg + itk )]dt} (3.82)

" 2MRZsinh’ 7 \ sn2a dn’3  cn?acn?3  dn’asn?s

Np
=2 {Z eI (r, & B R)WL) (7,6, B R)

lh n=0

+ / dpe—iEPT/W;Y;)(T“,d”,ﬁ“;R)\IJ;?*(T’,&',B';R)} : (3.83)

The bound state wave-functions are given by

\IJSI/;L)(T, &, f3; R) = (sinh” Tsndcnddndsnﬁcnﬁdnﬁ)_1/257(1’\2’”)(7'; R) E;hikl’ik”ika)(d, 5) ,

(3.84)
where N = 0,..., Nyroo — [%(l/:{: ky & ko £ k3)]
S(}\Q,V)(T‘ R) _ 1 2(1/ - Az —2n — 1)F(n + 1+ Az)r(l/ — n) 1/2
" 7 L'(1+ As) R3I(v — Ay — n)n!
x (sinh 7)*2F1/2(cosh 1) Y/27Y, By (—ny v — m; 14 Mgy tanh® 1) (3.85)

)
—

with the same energy-spectrum as in the previous case. The wave-functions _ghikl’ik%ika)(d, B)
have been determined in [81] and correspond to the free wave-function on the six-dimensional
sphere in a cylindric-elliptic coordinate system. They are not explicitly known yet, and therefore
the above solution in sphero-conical coordinates remains on a somewhat formal level. We present
it for completeness, though. The continuous spectrum has the form
\Ilz(,‘l/ﬁ)(r, &, f3; R)= (sinh2 Tsndcnddndsn@cnﬁdnﬁ)_1/251(,’\2’”)(7'; R) E;hikl’ih’ika)(d, 5) ,
(3.86)

where

1 psinh 7p (1/—/\2+1—ip) </\2—1/+1—ip)
(A20) (1 R) = r r
ST R = 5\ 2o 2 2

. Ao+ 1—ip Ay — 1—i
x (tanh )27/ (cosh 1), (V A ;_ 1p7 = V;_ 1p; 1+ Ay; tanh® T) . (3.87)

and F, as in the previous case.

Spherical Coordinates. In spherical coordinates we have the path integral representation
(Al = QmZF kl :Fk‘z + 1,A2 = QZ:F k‘3‘|— Al + 1,1/2 = M2w2R4/h2 + 1/4)

KV (" u';T)

e_lhT/zMR2 T(tll):TII ﬂ(t”):ﬂ” w(tll):wll

= — / Dr(t)sinh’ 7 / DI(t)sin ¥ / Dp(t)

R3
T(t)="1' d(t)=v’ et )=y’
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. 4 M )
X exp {% / [7}22 (7"2 + sinh? 7(9? 4 sin® ¥¢?) — w? tanh” T)
t/

h? 1 1 (k=5 k-3 1\ k-3 1
- — .2<1 4+.224——)+3 L\ ldty  (3.88)
2M R? sinh” 7 \sind \ cos?¢ ~ sin“p 4 cos?d 4

[CSIENeS) N,
= Z Z {Z e_iENT/h\IJSI/rln)(Tuv 19//7 99//; R)\Ilgz‘l/rln)(Tlv 19/7 99/; R)

m=01=0 (n=0
+ /OOO dp e BTG V(77 o RYWS (70, R)} : (3.89)
The bound state wave-functions are given by N = 0,..., Nyroo = [5(v F k1 F ks F k3)]
i (7,0, 5 R) = (sinh? 7 sin 0) "2 (7 R)o () o ) () (3.90)
where

I+ M ks +1) 12
I+ 1L+ k)T +14+ M)

(bg/\l,ika)(g) = [2(14+ 20+ ks + /\1)F

X (sin )21 (cos 9)1/7ERe pRUER) (cog949) (3.91)
The scattering states are
Uy (7,0, 3 R) = (sinh” 7sin 0) 7250 (7 R)op M ()t () (3.92)

Here denote:
o the wave-functions ¢{Fr=%k1) () are the same wave-functions as in (3.73), and
o the wave-functions S{*»*)(7; R) and §{*+*)(7; R) are the same wave-functions as in (3.85,
3.87), respectively.

The discrete and continuous energy spectra Ey and [, are, of course, the same as in (3.74,
3.78), respectively.

Equidistant-Cylindrical Coordinates. In equidistant cylindrical coordinates we obtain the
path integral solution (A\; = 2m F ky Fho+ 1,2 =20+ A\ —v + 1, 0% = M2 R*/R* +1/4)

i A M
K(Vl)(u”,u’; T) = R_S exp [— %T(W —|— 7R2w2)]

i (t")=1) 72 (t")=74 w(t'=e"
X / Dry(t) cosh® 7y / D1y(t) sinh 7 / Dp(t)

T1(t)="1,; Ta(t)=1} et )=p!

: ¢! M 2
X exp {i/ [—Rz (7'12 + cosh? 7'1(7"22 + sinh? Tzc,bz) + d )
tl

2 2
h 2 cosh” 7 cosh”

h? 1 1 (k-5 k-1 1) 1) k3 — &
- - - - dt 3.93
2M R? (cosh2 T (sinh2 T (COS2 ) + sinp 4 + 4 + sinh? 7 ( )

(o) Nl Nn
=2 {Z [Z eI (T s R)WLN (L T 5 R)
n=0

=0

plm

+ / dp e BTNV (r o RYWO (7], 78, s R)

[ f dpe—iEpT/w;Z;i<rf,r;,so“;R)W;Z;i*v;,rg,w;z%)} . (3.94)
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We obtain one set of bound state wave-functions and two sets of scattering wave-functions. The
bound state wave-functions are (I+m =0,...,N; = [$[(v Fhi Fhs—2)],N =0,..., Nppoo =
[%(V F ki F ko F ks)]

\Ilgl,m(rl,rz,cp;R) = (cosh2 7y sinh 75)~ 1/25(“3 2)( )zb(’\l V)( 2)¢£nik2’ik1)(cp) ,  (3.95)

and Ey asin (3.74). The two sets of continuous states are

ol 1)(7'1,7'2,99,}2) = (cosh2 7, sinh 7'2)_1/251()“3”\2)(7'1;}2) l(’\l’y)(Tz)@nikQ’ikl)(cp) , (3.96)

pkm

\Ilz()lm (11,72, 03 R) = (cosh2 71 sinh Tz)_l/zszgika’ik)(ﬁ; R) ,(C’\l’y)(rz)@fk*ikl)(cp) , (3.97)
and I, as in (3.27). Here denote:
e the wave-functions ¢{F*=%k1) (o) are the same wave-functions as in (3.73),
¢ the wave-functions %(721,1/)(7_2) are the same wave-functions as in (3.72, 3.81) with k3 — Ay,

o the wave-functions S{EF+*2)(; R) are the same wave-functions as in (3.71, 3.77) with
Ay — tk3, respectively.

Equidistant Coordinates. As the last system where an explicit solution is possible we con-
sider the equidistant system and obtain the path integral solution (A, =2m Fk; —v 4+ 1,A; =
QZ:F k‘z - Al + 1,1/2 = M2W2R4/h2 + 1/4)

. hz
K" 'y T) = R~ exp [‘ %T< MR 7R2 )]

(=1 r2(t")=7Y 7a(t")=74

X / Dri(t) cosh? 7y / Dry(t) cosh / Drs(t)

T1(t")="7, Ta(t!)=1} T3 (t)=7}

: ¢! M 2
X exp {%/ [7}22 (7'12 + cosh? 7'1(7"22 1+ cosh? 7'17"3?) + 5 w2 5 )
t/

cosh” 74 cosh® 7 cosh™ 75

R k3— 1 1 ( 1 (kf—i 1) k3 — 1 1)
_ - - dt 3.98
2M R? (sinh2 T + cosh? 7, \cosh? 75 \sinh® 75 + 4 + sinh? 75 + 4 ( )

Ny N; N,
= {Z lZe—lENT/w;m ot RO (L 7 R)

m=0

+ / dpe™ BT (7 R)\IJ;YQ*(T{,T;T;,;R)]
[k [ apen B g R)W;Z%*(r{,r;,rg;f%)}

[ e [ [ dp BT s ROV (i ) (3.99)

We obtain one set of bound state wave-functions and three sets of scattering wave-functions.
The bound state wave-functions are (m =0,..., N, < (v Fhk1 —1)/2,1=0,..., N, < (A F ks —
1)/2,n=0,....,N, < (A Fhks—1)/2)

ol 1)(7'1,7'2,7'3; R)= (cosh2 71 cosh 7'2)_1/25,(1“3”\2)(7'1; R) ,(ikw\l)(rz)zb,(nikl’”)(rg,) , (3.100)

nim
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and Ey asin (3.74). The three sets of continuous states are

Wyt (71 72, 753 R) = (cosh® 7y cosh )T 2S 59 (7 R (ra) g () L (3.101)

plm
\Ilg,i;(rl, To, T3; R) = (cosh2 7, cosh 7'2)_1/251()“3’”“)(7'1; R)Qb,(cikw\l)(Tz)zbfnikl’”)(rg) ,  (3.102)
\IJ(QZ;)(TD To, T3} R) = (cosh2 71 cosh Tz)_l/zszgika’ik)(ﬁ; R)le(cik%m)(rz)zbéikl’”)(rg) , (3.103)

and I, as in (3.27). Here denote:

e the wave-functions ¥{F*17)(73) are the same wave-functions as in (3.72) with 7 — 73,

[ — m and £k3 — k.,

o the wave-functions $(***)(r3) are the same wave-functions as in (3.81) with 7 — 73,

k— p and +ks — £k,

e the wave-functions ***")(7,) are the same wave-functions as in (3.71) with 7, — 7,

n — l, (Al,Az) - (j:k‘z,Al) and R = 1,

e the wave-functions ¢(***")(7,) are the same wave-functions as in (3.77) with 7, — 7,

p— k‘, (Al,Az) - (j:k‘z,Al) and R = 1,

e the wave-functions 1\**'?)(r,) are the same wave-functions as in (3.80) with 7, — 7,

(p, k) — (k,0), \y — kg and R =1,

o the wave-functions S(EF*2)(r; R) and 5(*#+#)(ry; R) are the same wave-functions as in
(3.71, 3.77) and (3.80) with A\, — +ks, respectively.

Let us remark that the wave-functions have been normalized in the domains ¢ € (0,7/2),9 €
(0,7/2) and 7 > 0 in the spherical and in 71 5 3 > 0 in the equidistant system. The positive sign
for the k; has to be taken whenever k; > % (i = 1,2,3), i.e., the potential term is repulsive at
the origin, and the motion takes only place in the denoted domains. If 0 < |k;| < %, i.e., the
potential term is attractive at the origin, both the positive and the negative sign must be taken
into account in the solution. This is indicated by the notion +k; in the formulz. It has also the
consequence that for each k; the motion can take place in the entire domains of the variables
on A®), In the present case this means that we must, e.g., in the equidistant system distinguish
eight cases: 1) 7125 > 0,1i) 7o > 0, 5 € IR, iil) 74 € R, 795 > 0,iv) m € R, 715 > 0, v)
T2 € R, 75 >0,vi)7 >0, 3 € R, vil) 5 >0, 3 € R and viii) 77,3 € R. In polar
coordinates the same feature is recovered by the observation that the Pdschl-Teller barriers are
absent for |k;| < 1.

In elliptic coordinates this feature is taken into account in the following way: Due to a €
(iK', iK' + K), we have sn(a,k),icn(a, k) > k'/k, idn(a, k) > 0, and we see that for a €
(iK',iK'+ K) and 3 € (K',4K’) we get ug > 0 and the variables w,, us, u3 change their signs in
the eight domains, i.e., 5 € (0,K’),5 € (K',2K"),8 € (2K',3K’) and 3 € (3K’,4K"’). We then
have for a # 0

sn(0, k") = sn(2K’, k') = sn(4K', k') =0 ,
en(K', k)= en(3K", k') =0,

and dn(8,k') > 0, 3 € [0,4K"). For convenience, we have made the choice § € (0, k'), and the
same is true in all following systems. The situation is similar in the hyperbolic system, where
we choose p € (iK’,iK’' + K),n € (0, K'). In the sphero-elliptic system we must choose for the
same reasons @ € (0, K) and 3 € (0, K).

(3.104)
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3.2 The Coulomb Potential.

We consider the Coulomb potential on the three-dimensional hyperboloid (k;» > 0)
L
4

a g h? ( oL k- )
V = ————=-1 — , 3.105
() R(\/u%—l—u%—l—ug ) +2M u? + u? ( )
which in the five separating coordinate systems has the form
Sphero-Elliptic (1 > 0,& € (0, K),3 € (0, k")) :
o e I
Vo(u) = —=(cotht — 1 — = 4~) 3.106
(1) R(CO r-D+ 2M R? sinh” 7 ( sn2é dn’j3 * en?a cn?g ( )
Spherical (1 > 0,9 € (0,7),0 € (0,7/2)):
a h? [ T T
= ——(cotht — 1 14 2 4) 3.107
R(CO r I 2M R?sinh® 7 sin” 9 ( cos? + sin” ¢ ( )
Prolate Elliptic 11 (o € (iK',iK'+ K),3 € (0,K"),p € (0,7/2)):
_ o k?snacnf — k’zcnﬁ dng )+ h: (k% -3 N k% ; i) (3.108)
R kZcen?a + k" cn?p 2M R2dnasn23 \ cos? ¢  sin” ¢
Semi-Hyperbolic (pu1,2 > 0,9 € (0,7/2)):
1 2 1 2 h2 k2 — 1 k2 — 1
__o(Vitp e VitE (1 1y ?24) (3.109)
R 1+ o 2M R2pypis \ cos? @ sin” ¢
FElliptic-Parabolic 2 (a > 0,9 € (0,7),p € (0,7/2)):
a [ cosh® a + cos? ¥ B2 5 k-1 21
=—— ~1 th® acot? 9 ——2 4+ -2 4) . 3.110
R (cosh2 a — cos? ) * oMRz O 4 (Cos2 ® + sin® ¢ ( )
For the five observables we find
1
I = W(KZ —L?) + Vy(u) ,
2T oM P T 2M \cos?p | sin’p /)
2T oM 2M sin® 9 \ cos?p  sin®p /)’ . . (3.111)
1 2 h? -z ks — =
I:—L2 k/LZ ( 1 4~ 2 4~)7
* QM( it 2) ¥ 2M R?sinh” 7 \ sn%a dn”3 * cn?écn?f
I 1A+ h? (’f%—iJrk%—i)
T oM T oM sinh® rsin? 9 \ cos? o sinfe /)

Here Az denotes the third component of the Pauli-Lenz-Runge vector on the hyperboloid [165,
170], i.e.,

au

2 2 7
VUl 4+ us + ug

The path integral for the Coulomb potential on A® can be explicitly evaluated in three co-
ordinate systems which will be discussed in the following. In the prolate-elliptic II and the
semi-hyperbolic system no explicit solution is known.

A:L(LXK—KXL)—

5R u = (u,us,u3) . (3.112)

3.2.1 Sphero-Elliptic Coordinates.

The - and 3-path integrations can be separated off without difficulty and we obtain

- i h’
KEY2(r" ' &" &, 3", 3 T) = R exp [— %T<72MR2 + %)]
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T(t”):T” &(t”):&” ﬁ"(t//):ﬁ"//

X / Dr(t)sinh” 7 / Da(t) / D) (k* en’a 4 k% en?3)
(t)="1' a(t)y=a' B(t=5"

22

it M 2( .2 92 2 2~ 12 a4
X exp %/ 7}2 (T + sinh” 7(k" cn”a 4+ kK" en®p)(a + 5 ))—I——cothr
tl
K2 k2 _ 1 k2 _ 1 1
- 2 ( et 4~——) dt (3.113)
2M R?sinh” 7 \ sn2adn“3  cn?acn?f 4

= Z:(sinh2 ' snd’ end’ dnd’ snf’ enf’ dnf’ sinh? 77 sné@” ené@” dné” sng” en3” dn ") "H?
Iht

XE;]:::kl,:l:kz,:l:%)*(d/7 ﬂf/)Eglzll:kl,:I:kz,:l:%)(d//7 5//)1(1(7‘;2)(7—//7 7_/; T) 7 (3‘114)
with the remaining path integral ({,h as in subsection 3.1.2, Ay = 2m + [ F ky F k2 + 3/2)
KI(VQ)(T”,T’;T) = R 'exp [— i—T<7h2 + 2)]
” h \2MR* R
r(t")y=7"
) 2o

i (M o 1
Dr(t — —R*7? 4+ —cotht — —— ) dt| . 11
8 / r(t)exp lh/t ( BTt oot T = S sinhzr) ] (3.115)

T(t)=7!

This path integral is solved in a similar way as in the two-dimensional case [7, 65, 82], which we
do not repeat. Hence, we obtain for the radial path integral K(VQ)(T)

im
Kl(,?)(r”, ™ T)
Nyrax o
= Z e‘iE"T/hSJ(VVQ)*(T’;R)SJ(VVQ)(T”;R)—I—/ dpe_lEPT/ﬁSZ(,V”*(T’;R)SZ(,VQ)(T”;R) (3.116)
0

N=0

The bound state wave-functions and the energy-spectrum are given by

S(VQ)(T‘ R)= 9r2+3 [UJZ\, ~ N? F(N + A+ %)F(UN Ay 4 %)] 1/2
N (T I(2A2+35) L R3N? T(N — X)D(on — As)
1 —7r(on—=N 1 2
<(sinh 7 e (< g o2t i)+ (B17)

a LN’—1 Ma®
Fv=—=-nh — — .
R 2MR?*  2R2N?
Here we have abbreviated a = 4%/Ma (the Bohr radius), oy = aR/N, N = NTk Fhko+2, N =
n+l+2m, N =0,1,2,..., Nyoo < \/R/a. The continuous spectrum has the form

(3.118)

20/2)(p=PitAatd [y sinh mp 1 i Lo
oo fonli(uei-Joen)
Vo) (7 Tt 1) VE 2+ 5+ 5= ) 2+ 5= 5P +p)
i 1
X (sinh 7)*#+1/% exp [T (%(ﬁ +p)— A — 5)]
xF(A o s i ) (3.119)
241 2 9 9 p P)s A2 9 9 p P); 2 71—|—COthT ’ .

p= \/QMRz(Ep — ahz/R)/h, and £, as in (3.28). The complete wave functions of the general-

ized Coulomb problem on the three-dimensional pseudosphere in spherical coordinates are thus
given by

) = (sinh2Tsndcnddndsnﬁcn@dnﬁ)_1/2SJ(VV2)(T;R)E;nilkl’ik%i%)(d,@) , (3.120)

) = (sinh2Tsndcnddndsnﬁcn@dnﬁ)_1/251(,‘/2)(7';R)E;nilkl’ik%i%)(d,@) . (3.121)
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Let us note that in the pure Coulomb case, the path integral evaluation is almost the same with
only minor differences. The wave-functions Eﬁ’“’i’”’iﬁ are replaced by the wave-functions of
the free motion on the sphere S(2), i.e., together with the notation k,q = £1,h+h =1l + 1)

—(Eky,tha, L) 3 - >

= (8. 5) = Al (@A) - (3.122)
The quantum number Ay yields the usual angular momentum number [ € IN,. The discrete
spectrum has the same form as (3.118), however with the principal quantum number N now
given by N = n + 1+ 1, therefore giving degeneracies with respect to the quantum number m.
Everything else remains the same.

3.2.2 Spherical Coordinates.

The separation of the Coulomb problem in spherical coordinates is similarly done as for the
sphero-elliptic one, and we have

h 2MR2+R

T(t”)IT” l?(t”):l?” w(t//):w//

X / Dr(t)sinh” 7 / DI(t)sin ¥ / Dp(t)

T(t)="1' d(t)=v’ et )=y’

. 7 M )
X exp {% / [—Rz (7"2 + sinh? 7(192 + sin? 199'92)) + % coth 1
t/

2
h’ L (k-4 k-1 1\ 1
- — .2<1 4+,224——)—— dt s (3.123)
2M R?sinh” 7 \ sin“ ¥ \cos?¢  sin“p 4 4

. hz
I((VQ)(T//7 7_/7 19//7 19/7 99//7 99/; T) — R—S exp [_ iT( 2)]

m=01=0 \ N=0
4 [ dpe B 0 R (0 R)} . (3.124)
The bound and continuous wave-functions are given by
i (7,0, 5 ) = (sinh 7)7' SV (75 R)
xwl + A+ @WP,;Q(COS DolFratk) (o) | (3.125)
\IJZ()‘I/;)(T, 7, ¢; R) = (sinh 7)7'51V2)(r; R)
ﬁ (140 + HEEE D pos (cosmpotzsinge) . (3.126)

with A\, = 2mF ki Fhk+ 1,0 =14+ A + %,N = N F ki F ks + 2, the wave-functions
SV (m; R), StV2(7; R) (3.117, 3.119), with the wave-functions ¢{FF>+#)() as in (3.73), and the
energy-spectra (3.118, 3.28), respectively.

In the case of the pure Coulomb problem the angular wave-functions are just the spherical
harmonics Y on 5®), i.e., we obtain for wave-functions in this case

U (7,9, 95 R) = (sinh 7) 7S (15 R)Y™ (0, ) (3.127)
U2 (7,9, R) = (sinh 7) 71802 (5 R)Y™ (0, ) (3.128)
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together with the principal quantum number N = n4+14+1=0,..., Nyrop < VR/a— A — 1/2.
In [65] it was shown that the S§?)(; R) and 58V2)(7; R) yield the correct radial wave-functions
in R?, as R — oc.

The Green function of the Coulomb problem in sphero-elliptic and spherical coordinates can
be derived by means of the Green function of the modified Péschl-Teller potential [72] and the
Manning-Rosen potential [62]. It has the form

GV 1 " ' E) = (sinh 7 sinh 7)1
o T EREE G Bzt G, fry ) MO T(my = Lp)U(Lp +my +1)
o V()Y (") RER T (my 4 my + 1) (my —my + 1)
( 2 2 )(m1+m2+1)/2 (coth ' —1 cotht” — 1)(m1_m2)/2

coth7' +1 " coth 7 +1 coth7 +1 " coth 7 +1

cothms — 1
X2F1<_LE‘|’m17LE‘|’m1 + 1;my —m2+1§m)
><2F1<— Lg+my, Lg+mi+1;m +ma+ 1%m) ; (3.129)

where Ly = $(\/—2MR?*E/R> + 1)/h — 1), and my » = Ay £ \/—2mR?*(2a/R + E) — 1/h.

3.2.3 Elliptic-Parabolic 2 Coordinates.

In order to evaluate the path integral in elliptic-parabolic 2 coordinates, one first separates off the
¢-path integration, and then performs a time transformation. This gives (A\; = 2mFk; Fho+1)

i h? «Q
]z(VQ) "o 19// 19/ 17 /. T) = R—S |: _ iT<7 _):|
1 (avav UL @ 95 ) exp f 2MR2+R
a(t”):a” ﬂ(t”):ﬂ” 5 Lp(t”):tp”
h“a— 2y
X / Daf(t) / DI(1) tanh a tan 92> za e
cosh” a cos? ¢
a(t)=a' PIGEDS e(t)=yp’
X exp {i_/t” [%Rz (cosh2 a — cos* J)(a* + 192) + sinh® a sin? 9> _a cosh? a 4 cos? ¥
tl

2 2
2 cosh” a cos? ¢ R cosh®a — cos? ¥

K2 2L pz_1 B2 h? 29 —1
+ cothzacot2ﬂ< L 4, 2 4) + cosha + cos dit (3.130)

De(t)

2M R? cos?p  sin’ 8MR?  sinh®asin®?

e—ihT/ZMR2 o0
= 7}2 (cotha’ coth a” cot ¥’ cot 9'')"/? Z PLERDERD () g ERnER ()
m=0
a(tll) a /ﬂ(t// 19//
Dalt / Pt coshzg — cos? ®
cosh” a cos? ¥
a(t=a’ B(11)=9
i M cosh?a — cos? 19 . a cosh? @ + cos? ¥
X exp —/ 5 249 ) — 5
hiJo |2R? cosh®acos?d R cosh® a — cos? ¥
R2A\? i2 cosh®a + cos? v — 1
th” a cot® 9 dt 3.131
+ 2M R2 coriLaco + SMR? cosh®a — cos2 ( )
e—ihT/ZMR2 o0
=— (cotha’ coth a” cot ¥’ cot 9'')"/? Z PLERDERD () g ERnER ()

m=0

a(s'")=a" d(s')=0"

ﬂ _IET/E/ ds" / Da(s) / DY(s)
T
a(O):a’ 7.9(0):7.9’
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Xexp{g/o l 5 (a* +9%) - m( T + P + g coshza)]ds} ,  (3.132)
where % = + —2M ER?/W*,v* = £ + 2M R*(2a/R — E)/h*. The analysis of this path integral
is rather involved and requires the same Green function analysis as the corresponding two-
dimensional case [75, 82], which will be not repeated here in all details.

Let us note first that in the case of the pure Coulomb problem we have to replace A, = |j],
j € Z, and the wave-functions in ¢ are circular waves, i.e., ¢;(p) = €7¢/\/27, ¢ € [0,27).
Everything else remains the same.

To analyze the general case we proceed exactly in an analogous way as in [82]. For the
discrete spectrum we expand the ¥-path integration into Péschl-Teller potential wave functions
$(*1:2)(¢9), and the a-path integration into the bound state contribution of the modified Poschl-
Teller potential wave functions ¥}»")(a) of (A.29). The emerging Green function representation

G2 (E) of K2 (T) has poles which are determined by the equation

disc.
2+ M+ 0+1)=-2na+ A —v+1). (3.133)

Solving this equation for £, ,, yields exactly the energy-spectrum (3.118), with the principal
quantum number N =ny +ns+ A+ 1 =1,..., Ny, as before. Taking the residuum gives the
bound state wave-functions which are therefore given by

\Ilg,yglm(a,ﬂ,cp;R) (cothacotﬂ)l/z /W%(;}l 1/)( )gbgf;hﬁ)(ﬁ)gbgnﬂ:kg,:tkl)(@) . (3.134)

where (¢{FF2Ek)(0) as in (3.73)),
(3.135)

1 2v — A —2n; — DD(ny + 1+ A)T(v — ny) 12
BO(a) = [( (s + 1+ AT )]

(1+A ) nl!F(V:sz—nl)
x(sinh a)/?+*1(cosh @)™ +1/2=V Fy(—ny,v — ny; 14 Agstanh® @) (3.136)

(2r.8) nT(B+ A +n+1) 177
PP () = [(ﬁ+/\1+2n2+1) (n2+,\1+1)F(n2+ﬁ+1)]

X (sin 9)/ 2T (cos )72 PO P (cos 20) (3.137)

For the analysis of the continuous spectrum we must insert the entire Green functions of
the Poschl-Teller (A.28) and modified Péschl-Teller potential (A.34). We then find the Green
function GY2)(E) in elliptic-parabolic coordinates by considering the ds”-integration in (3.132)
with the solutions of the P&schl-Teller and modified Péschl-Teller potential, respectively, and
the result can be put in the following form (c.f. also [75] for some more details concerning the
proper Green function analysis)

CTv(VQ)(a//7 a/7 19//7 19/7 99//7 99/; E)

= (R?tanh o’ tanh " tan ¢ tan 9")~'/? Z PlER2ER) () gl ER2ERD) (1)

m=0

{ Z ¢(>‘1 V) (>\1 V)( /)Gg\%yﬁ)(ﬂllv 19/7 E/)

/ Ak g (e (0GR (0", 05 B

E'=h?(2n14A1 +5+1)2/2M R?

E'=—h?k?/2M R?

+ [appropriate term with ¢ and interchanged] } , (3.138)
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in the notation of (A.25, A.28, A.29) and (A.34), respectively. Equation (3.138) also represents
the Green function corresponding to the path integral (3.130). Analyzing the cuts gives the
continuous states which have the form (p? = — — 2M R*(2a/R — E)/h?)

Wi (.9, 5 R) = (R® tanh atan 9) =20 P (a) g " (9)o(E= 24 () (3.139)
where

k

= (tanh a)*+—1/2

'l + /\ ) 272
. I+ M +ip+ik 14+ XN —ip+ik
X(cosha)lk2F1< * 1—|2—1p—|—1 , T 21p—l-1 ;14 Ay;tanh?® a) , (3.140)
() () = TC[3(1+ A +ip 4+ 1k)IT[E(1 + A +ip — ik)] [ksinh ﬂk(tanﬂ)’\l_l/z
(1 + Al) 272
. L4+ A +ip+ik 1+ X —ip+ik
X(cosﬂ)lp"'l""\lel( i 1—|2-1p—|-1 , A 21p—l-1 ;1—|—/\1;—sin219) . (3.141)

The energy-spectra are as in (3.118,3.28), respectively. Putting both results together we obtain
the path integral solution of the Coulomb problem on A® in elliptic parabolic 2 coordinates in
the following form

I((VQ)(Q//7 a/7 19//7 19/7 99//7 99/; T)

= Z { Z e_lENT/h\IJglenQ( 7 19// 99//7R) 52/721 n2(a/,19/,§0/;R)
m=0

n1,n2

—I—/O dk/o dpe_iEPT/h\IJ;ZZ(a”,ﬂ”, " R)W;‘;ﬁn (a',ﬂ’,cp';R)} . (3.142)

3.3 A Radial Scattering Potential.

We consider the potential in its five separating coordinate systems (k23 > 0)

(3.143)

| IS |

h? ks — % 1 ki — 1L -3 k3 —+
Va(u) = 2| = T = 2 7 2 + 7 2 T
2MR uj Vudl Fud \Vud+ud Fu o Vud el - u3
Spherical (1> 0,9 € (0,7/2),¢0 € (0,7)):

h? k2 — = 1 1 ki — < k2 — <+ k3 — %
- 2| T 5t 3 3 ( 3 + == ) 5 (3.144)
2MR cosh® 7 sinh” 7 \ 4sin” ¥ \cos?(¢/2) = sin’(p/2) cos? ¥
Fquidistant-Cylindrical (11 5 > 0,9 € (0,7)) :

R (k-5 1 ki — & 1 ki — 3 k3 — 1
T OMR? (sinh2 T + cosh? 7, (_ cosh? 7 + 4 sinh® 7y (cosz(c,o/Q) + sinz(c,o/Q)))) (3.145)
Prolate Elliptic (o € (iK',iK'+ K),8 € (0, K'),¢o € (0,7)):
h? k2 1 k2 k2 — <+ k32— 2
T T 2MER? ( "~ sn2adn’s t 4 dn’osn?p (cosz(cp/Q sin” 99/2 ) + en?acen? ﬁ) (3.146)
Oblate Elliptic (o € (iK',iK'+ K),3 € (0,K'),¢ € (0,7)):
_ " (— by 1 (kz__ kz__)+ ) (3.147)
2M R? sn2adn’fs  4en’acn?f\cos?(¢/2)  sin’(¢/2) dn’a sn2g
Hyperbolic-Cylindrical 2 (p € (1K',iK' 4+ K),n € (0, K'),¢o € (0,7)):
h? ki — & 1 ki — 1 -2 k3 — 1
T T 2MR? ( ~ cen’ueny * 4sn2p dn’v (cosz(c,o/Q) * sinz(cp/g)) * dng,u sxfzy) ' (3.148)
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For the five observables we find

1
I = ——(K*-L*)+ V.
1 QMRZ( )—I_ 3(111) ? .
T LL2+E< K~ ks — 4 )
PT oM T 8M \cos2(p/2) T sin(p/2))
ESOTLN B £ N B AN B
ST oM 2M \ 4sin” 9 \cos*(p/2)  sin’(p/2) cos?d | 7

2 2 _ 1 2 1 (3.149)

L= ——(K?+ K2 —I2)+ h ( b b )
YoM T T T T QM R sinh® 1, \cos?(¢/2) | sin®(p/2)/)

I
Is= 5 (K2 + L3 - k(L3 + 13)]

W L (k%—i %—i)+ k=g
2MR? \ 4 sn2pdn’v \cos?(¢/2)  sin®(¢/2) dn’psn?v |-

Only in the first two coordinate systems an explicit solution is possible.

Spherical Coordinates. In the first separating coordinate system we have the following path
integral representation together with its solution (A, = m + %(1 FhiFh),\a=20Fks+ A +1)

KW (" u';T)

_lhT/zMR2 T(tll):TII /Lg(tll):ﬂll w(t//):w//
e
= 7 Dr(t)sinh® 7 DI(t)sin ¥ Dp(t)
T(t)="1' d(t)=v’ et )=y’
i t”M2~2 <1292 | . 2 9.9 h? kg — 3
Xexp{%/ﬂ [7}2 (T + sinh” 7(9° 4 sin” J¥¢ )) TOMRI\ T coshzj'
1 1 ki — 4 k3 — 4 kB2-1 1
— ( — ( - — —1)+3 4——) dt (3.150)
sinh® 7 \4sin” 9 \ cos?(¢/2) = sin’(¢/2) cos?d 4
= S5 [ dpe B 0 RN (70 R) (3.151)
m=0 1=0

The path integral evaluation is successively performed by applying the path integral solution of
the Poschl-Teller potential in ¢ and ¥, and for the 1/ sinh” r-potential in 7. The spectrum is
purely continuous and the wave-functions have the form

)

and £, as in (3.28). Here the wave-functions SZ(,’\Q”“”) are the usual continuous modified Poschl-

Teller wave-functions analogous to (3.77) with the parameters (Ao, ko), the ¢\**=*)(9) are the
same as in (3.91) and the wave-functions ¢{F*2*k1)(/2) are the same as in (3.73) with ¢ — ¢/2
and an additional factor 1/4/2. The Green function is given by [92] (E' = E + h*/2M R?, for
simplicity we have set k2 = 1/4)

¥

2

\I;(Va)

plm

(7,9, 95 R) = §P=F)(r; R)qﬁ?Al’ika)(ﬂ)ch,f’“Q’i’“l)( (3.152)

2M

R
% Z Z <b;)q,:I:k‘a)(ﬂ//)gb;)\hﬂ:k‘a)(19/)qbgrzll:k‘g,:l:k‘l)(

m=0 [=0

GV (0" 0 B = (sinh 7' sinh 77)~ /2

S0//

2

(L£ka,xky)

(

(coshTsy) ’Yl/z_l_\/m/h(coshrd .

so’)
—Aa

—iTAs
xXe P e y—mmrmE s

(3.153)

The functions PF(z), @*(z) denote Legendre functions with argument |z| > 1 [57, p.999].
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Equidistant-Cylindrical Coordinates. The solution in the second coordinate system has

the form (A, =2m F k) Fha+ 1)
K (u" u';T)

i (t")=1) 72 (t")=74 w(t'=e"

o= inT[2M R?
=— / Dry(t) cosh” 1y / Dry(t) sinh 7 / Dy(t)
T1(t)="1,; Ta(t)=1} et )=p!
P M e oo k-t
con {3 [ [ (4 o it ) - (B
1 ki -1 1 k2L g2l
+ - =+ ( 14 = 4—1)+1 dt 3.154
cosh? 7 ( cosh’7,  4sinh? 7, \ cos? £ sin? £ ( )
=X [k [ dpen P s RO (e 5 ) (3.155)
m=0 0 0

The path integral evaluation is successively performed by means of the path integral solution for
the Péschl-Teller potential in ¢, for the 1/sinh® r-potential in 7 and for the modified Péschl-
Teller potential in 7. The continuous wave-functions have the form (A, as before)

WO (71, T, 3 R) = IR (5 R)p M) () R R (f) : (3.156)

pkm 9

with ¢{Fk2E60(p/2) as before, and the §Ek+*)(7; R) the same as in (3.97), and the ¢{*+*) the
same as in (3.152) with Ay — A\, 7 — 7 and R = 1. The Green function G(Y*)(E) in these
coordinates is constructed in a similar way as the previous case, where for the explicit expression
in the radial variable 7, we must take G\Z42'")(F + 2 /2M R?).

3.4 A Stark-Effect Potential.

We consider the potential (k; » > 0)

Vi(u) " iog kg +k (3.157)
u)= U . .
’ IMVE+ B \VE+ il +u Vet —u )

In its four separating coordinate systems it has the form
Fquidistant-Elliptic Il (oo € (1K',iK'+ K),3 € (0,K’),7 > 0):
1 K l B4k -1 (k’2 1 )

Vi(u) = -
a(w) cosh® T 4AMR? | k2 cn2a 4 k? en?f \ dn’a  sn?f3

k' k?snacna + k' cnf dng
2 12 .
+(ki — kz)? R enta 1 e ont ] + ksRsinh 7 (3.158)
Equidistant-Semi-Hyperbolic (1 € R, j1y 5 > 0) :

K2 1 1 1
- 2 k- D ()
AM R? cosh™ 7 p1 + po 1 e

1 z 1 Z
(K —kg)(\/ AR )] +ksRsinhr  (3.159)
241 M2
Fquidistant-Elliptic-Parabolic (1 € R,a > 0,9 € (0,7/2)):
2 2 2 g2 1 L2 _ 1
_ W _coshiacosTd ( L a 24) + kaRsinh (3.160)
2M R? cosh™ 7 cosh® a — cos? ¥ \ sin” ¥ sinh” «a
Fquidistant-Cylindrical (1) € IR, 75 > 0, € (0,7)) :
" (k%_i + kg_i)—kkR'h (3.161)
= sinh 7y . .
8M R? cosh® 7 sinh” 75 \sin*(¢/2) = cos?(¢/2) 3 !
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The four constants of motion have the form

1
Il = 2MR2 (K2 — LZ) -I— V4(11) 5
L=k rronys 0 ( Bioy o, Ki—g )
T oM ! 2 3 8 M sinh? 7, sinz(cp/Q) cos?(p/2)/)
[ ki — % k3 — % (3.162)
Iy = — 12 +
ST oM R + 8M (sinz(cp/Q) cosz(cp/Q)) ’
1 2 cosh®acos?®y [kP-—L k-1
L= (Ko~ L)’ + K] + - (14 24)
* QM[( b 3) + ] 2M cosh® a — cos? 9 \ sin® ¥ sinh®a

Because there are only four observables, the potential V, is only minimally and not maximally
super-integrable on the hyperboloid. However, its flat space analogue Vs(x) is maximally super-
integrable, and we have included Vj in this section, though.

Unfortunately, the path integrals in all coordinate systems are not solvable. For instance,
in the equidistant-cylindrical case it leads in the variable 7; to a spheroidal potential problem

[153], i.e. (Al =2m F kl F k‘z + 1),
K9 (" u';T)

iR 2MR? i (t")=7/ r2(t")=7Y e(t'=e"
= QT Dry(t) cosh® 7y / D7y(t) sinh / De(t)

T1(t")="7, Ta(t!)=1} et )=y’

. 7 M
X exp {% / [7}22 (7'12 + cosh® (75 + sinh® Tzc,'oz)) — k3R sinh 7
t/

h’ 1 1 k-5 k3 — 5 1 1
- 2 c 12 2 + -+ g == ||
8M R? \ cosh” r; \sinh® 75, \sin®(¢/2) = cos?(p/2) 4 sinh® 7

H 2
o—iAT/2MR

/ 1
= 7(cosh2 T cosh” 7 sinh 7, sinh Tél)_l/z Z ¢£nik2’ikl) (%) ¢£nik2’ikl) (LP_)

R

m€EINg 2

© ksinhrnk
X / dkgf(% + ik + Al)Pi;illjz(cosh Té)Pi;ill/z(cosh 5)
0 7TR
e A DV SR CR T 1
x Dry(1 —/ —R’——( i )—kR'h dih .
/ il )exp{h " [2 oM cosh’7,  4sinh® 7 i T

T1(t)="1,;

(3.163)

The other cases are similar, and we omit the statements of the other corresponding path integral
representations.
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4 Path Integral Formulation of the Minimally Superintegrable
Potentials on A®

In this Section we list our findings of the minimally super-integrable potentials on A®). They
include the following;:

1. The class of potentials which are the analogues of the minimally super-integrable potentials
in IR® [80]. For instance, the potentials V5 and Vs correspond to the double-ring shaped
oscillator and the Hartmann potential in IR®, respectively. The four found potentials are
discussed in some detail.

2. The class of potentials which correspond to the group reduction SO(3,1) D E(2),i.e., which
are super-integrable in IR* [80]. Here the results of [80] will be used, and the problem of
self-adjoint extensions for Hamiltonians unbounded from below is briefly mentioned.

3. The class of potentials which correspond to the group reduction SO(3,1) D SO(3), i.e.,
which are super-integrable on $(® [81]. In our list we have chosen for convenience a
dependence according to 1/u3, but any function F' = F(uy) admits separation of variables.
Here the results of [81] and of Appendix B are used.

4. The class of potentials which correspond to the group reduction SO(3,1) D SO(2,1), i.e.,
which are super-integrable on A(? [82]. In our list we have chosen for convenience a
dependence according to 1/u2, but any function F' = F(u3) admits separation of vari-
ables. Because the features are repeating themselves, all those potentials can be treated
simultaneously.

4.1 Analogues of the Minimally Superintegrable Potentials of IR®.
4.1.1 Double Ring-Shaped Oscillator.

We consider the minimally super-integrable double ring-shaped potential V5 on A®) (ks > 0)

M u? + ul 4 u? R (k3 — % F(uy/uy)
Ve _ M eprta 2 3, M [ FT 41
(1) 2~ u? M\ uj u? +ui )7 (4.1)
which in the five separating coordinate systems has the form (¢ with appropriate range)
Spherical (1 > 0,9 € (0,7/2)):
M R? k3 —+  F(tang)
Vs(u) = —w?R? tanh’ ( L ) 4.2
(1) 9 i 2M R? sinh® 7 \ cos? ¥ + sin” ¥ (42)
Equidistant-Cylindrical (11 5 > 0) :
M 2( 1 ) h? (kg—i F(tan ) )
= —w'R(1- + + 4.3
2 cosh? 7, cosh? 1, 2M R? \sinh® 7, cosh® 7, sinh® 7 (4.3)

Prolate Elliptic (o € (iK',iK'+ K),3 € (0,K)):
M 1 h? S F(t
:_w2R2<1_ ) ( 3 4 _I_ (a;ng@)) (44)

2 sn?a dn’p C2MR?\ cn?acn?B | dnla sn?j3
Oblate Elliptic (a € (IK',iK'+ K),3 € (0, k")) :
M 1 R? ki — < F(tan )
= —wR*(1- — 4 ) 4.5
2 ( sn’o dnzﬂ) 2M R? ( dn’asn?f * en’acn?p (4.5)
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g3 T
A b+ owv\dE + Awb - wwv/\ + Am: + wwvém 4 Nw
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Hyperbolic-Cylindrical 2 (p € (1K',iK'+ K),n€ (0,K")):
M 1 h’ k3 — 5 F(t
_ 7@@25{2(1 - ) ( =3 Fltany) ) . (4.6)

k?cn’pcen’v)  2MR? dn’psn?v  sn?pdn’v

The observables have the form

1

1
I, = ng + F(tany) ,
1 R (ki—1t  F(tanp) (4.7)
L= L7+ —( - 4 )
BT oM 2M \ cos? ¥ sinzzﬂ ’ e )
1 M w h F(tan g
L= —(K+K-1%) - — _—
* QM( P 3) 2 cosh’r,  2M 7, sinh’®

An explicit solution is available in two coordinate systems, and we have the following path
integral representations together with their solutions:

Spherical Coordinates. In spherical coordinates the solution is not very different from the
solution of the generalized oscillator on A®), the only difference being the (-dependence. Hence
we obtain (A, =20+ ks + Ap + 1,02 = M*W?RY/R* 4+ 1/4,n=0,...,N, < (v — Xy — 1)/2)
Ko (v u';T)
e_lhT/ZMR2 T(tll):TII /ﬂ(tll):/ﬂll w(tll):wll
. 2 .
= — / Dr(t)sinh” 7 / DI(t)sin ¥ / Dp(t)

R3
T(t)="1' PIGEDE et )=y’

. 4 M )
X exp {i / [7}22 (7"2 + sinh® 7(9? + sin® ¥p?) — w? tanh” T)
t/

h
h? k3—+ F(tang)—1 1
— — —]|dt 4.8

2M R2sinh? 7 ( cos? ¢ + sin? ¢ 4 (4.8)

Ny
S e ENTIG (2 g o RYWSE (7,0, ¢ R)

n=0

=0
+/0 dpe™ T IMG T (2 97, Q" RYWS (70 R) b (4.9)

The bound state wave-functions and the energy-spectrum are given by (N =1+ n)

U2 (7,9, ¢ R) = (sinh” 7sin 0) /2802 (13 )y ) (0) () (4.10)
Ey = i AN+ 1)+ ks + A ’ 1 M 2R? 4.11
N——m[(( +1) £ ks + F_V)_]‘|’7W . (4.11)

The scattering states and continuous spectrum have the form

WO (7,0, ¢ R) = (sinh® 7sin ) 2502 (7 R)oP D (9)0 () (4.12)
2
M
_ 2 2 p2
Ey =3 Rz(p +1)+ S R (4.13)

Here the wave-functions qﬁE\F)(cp) are the eigenfunctions corresponding to the potential term
F(tan ) with eigenvalues E, = h*A2/2M, and the ¢ ***)(¥) are the same as in (3.91) with
A1 — Ap, and the wave-functions S{*>*)(7; R) and S***)(7; R) are the same as in (3.85) and
(3.87), respectively.
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Equidistant-Cylindrical Coordinates. (A, =2/+ A\p — v+ 1,07 = M?w?R*/h* 4+ 1/4)
i W M
I((VS)(U//, 11/; T) = R_S exp |: — %T(W —|— 7R2w2)]
i (t")=7y 72(t" =74 w(t'=p”
X / Dry(t) cosh® 1y / Dry(t) sinh 7 / Dp(t)
T1(t)="7] Ta(t')=1} et )=y’

: ¢! M 2
X exp {% / [7}22 (7'12 + cosh? 7'1(7"22 + sinh? Tlc,bz) + d )
t/

2 2
cosh” 7, cosh™

h? 1 F(tang) — 1 1) k3 —
— — dt 4.14
2M R? (cosh2 T ( sinh? 75 + 4 + sinh? 7, ( )

N Ny
= [ar, {z [ze—lwﬂ/wxi(r{x o R (' )
(=0

= n=0

+ /0 dp e BTNV (211t S RYW R (7l mh, s R)

[ k| dpe—iEpT/w;Z?(r{xr;,go“;R)W;Z?*(r{,rg,sa;z%)} . (4.15)

Again we have similar features as for the general oscillator, hence we have one set of bound
state wave-functions, and two sets of scattering states. They are given by (n = 0,..., N, <

Ao — ks —1)/2,0=0,...,N; < (v — Ap —1)/2)

\IJE\‘,/Z)(TM T, 03 R) = (cosh2 7, sinh 7'2)_1/25,(1“3”\2)(7'1; R)le(’\F’V)(Tz) E\F)(cp) , (4.16)
WL (71,72, 05 R) = (cosh® 7y sinh 7)) 72T A (7 RYpiM )0\ (), (4.17)
\Ilz(,‘l//\s)(rl, T, 03 R) = (cosh2 7, sinh 7'2)_1/251(,“3’”“)(7'1; R)Qb,(c’\F’V)(Tz) E\F)(cp) . (4.18)

The wave-functions le(y’}f’”)(rz) are the same as in (3.72) and (3.81) with £k; — Ap and m — [,
respectively. The energy-spectra Ey and F, are the same as in the previous paragraph.

The Green function corresponding to the potential Vy in the spherical and equidistant cylin-
drical coordinate systems are easy to construct. After separating off the first two path inte-
grations, the Green function in the radial variable is found by the appropriate insertion of the
parameters (k,A) into G0 (E) from the corresponding radial wave-functions S, This is
very similar as the discussion for the Green functions in the general oscillator case, and this is

not repeated once again.

4.1.2 Hartmann Potential.

The next potential represents the analogue of the Hartmann potential Vg in IR® [80]. We consider

o Ug K2 Bus <u2 )
Vstu) = ——| ————=—-1| + + Fl—= , 4.19
o) R(Fw;mg ) 2M(u%+u%>(\ﬁu%+u;+ua " (19
which in the two separating coordinate systems has the form (¢ with appropriate range)

Spherical (1 > 0,9 € (0,7/2)):
R? F(tan ¢) + 5 cos 9
2M R?sinh” 7 sin” ¥

Vs(u) = —%(cothr — 1)+ (4.20)
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Prolate Elliptic 1I (a € (iK',iK’ + K), 5 € (0, K")) :
@ (k2 sna cna — k' ecnf8 dng3 1)

R k2 cenZa + k7 cn?f

N K2 F(tang) + 1 ( k' 1 ) Ekz sna cna + k' en3dnf (4.21)
AMR2 \ k2 cn?a + k* en?f \ dn’a sn2f3 ko E2en’a 4+ k7 cn?p T
For the observables we find
1
Il = @(I(2 — LZ) + V6(11) ,
1, A* F(tanp)+ Scosd
Is = —L° + — — )
2M 2M sin” ¢

and the fourth observable is given by

. k?*snacenf — K enf dnp
2 1 g d
m [COSh 2fL -3 sinh Qf({]XQ, Ll} - {]Xl, Lz}):| —alR 2 enal n k/z anﬁ

h_2 F(tan) + 1 ( k' 1 ) ﬁk_’kz sna cna + k' cnf8 dng3
AM \ k2 en?a + K cen?f \ dn’a sn2f3 ko E2en’a 4+ k7 cn?p '

I4:

_I_

(4.23)

We treat only the spherical case with F(tan¢p)

= 7. Then we obtain together with v > |f|,
M =n+yx8,=m+ A +A_+1)/2,0€][0,27

):

K 7 9" 0 ", s T) = R exp [ <2MR2 * )]
T(t'"=7" 9(t")=9"

X / Dr(t) sinh® / DI(t)sin ¥ / Dp(t)

T(t)="1' PIGEDE et )=y’

it”Mz.z.z’z .2 9.9 o
Xexp{h/t lQR(T + sinh” 7(9° 4 sin 1999))—|—Rc0th7'

" 1+8-F 1=B-3% 1
SMR2sinh’ T (sinz(ﬂ/Q) + cos?(19/2) - 4)]dt} (4.24)

oo 00 N,
_ Z Z {ZG_IENT/E\IJ(VG (7_// 19//799//;]%)\1151‘1/21 (7_/719/799/;}%)

+ / dp e BTG R (7 ) RYWE) (70, R)} . (4.25)
0
The path-integration in ¢ is of the P&schl-Teller type, whereas the path integration in 7 is
essentially the same as for the Coulomb potential. Therefore the wave-functions for the bound
and continuous spectrum are given by (n = 0,..., N, < V/R/a— Xy —1/2, a = i*/Ma is the
Bohr radius)

eimtp

U (r 9, 0 R) = (sinh® 7sin 9)"?Sy(7; R) ;’\J”’\‘)(ﬂ)ﬁ , (4.26)
ime
\IJZ()‘I/; (7,9, 9; R) = (sinh® 7sin 9)"1/25,(r; R) ;’\J”’\‘)(ﬂ)f/? , (4.27)
IT(L+ Ay +A_+1) Y2
PEAW) = (20 + Ay + A+ 1 t
¢ (?) [( At A-S )F(l+/\++1)r(l+/\_+1)
9 1/24X4 9 1/24A_
X (sin 5) (cos 5) PP+ (cosd) | (4.28)
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with the Coulomb wave-functions Sy(7; R), S,(7; R) as in (3.117, 3.119) and the energy-spectra
(3.118,3.28), respectively. In the case when R — oo the flat space limit is recovered [80, 122, 123].
The Green function corresponding to the potential Vi is constructed in complete analogy to the
Coulomb Green function in section (3.2).

4.1.3 Generalized Radial Potential.

We consider the potential (kg 145> 0)

52 2Ll pz_ 1 p2_ 1 p2 1
v7(u)=F(u%+u§+u§)+ﬁ(— - : : - 4)»

which in the two separating coordinate systems has the form

Spherical (1 > 0,9 € (0,7/2),¢€ (0,7/2)):

V(u) = F(sinh® ) + : : (lﬂ%_hkgj)ﬁg_Z il s
= BT T MR | sinh® 7 \ sin2 0 cos? ¢ sin’ ¢ cos? ¥ cosh” '

Sphero-Elliptic (1 > 0,é € (0, K), 3 € (0, K’)) :
2 k2 _ 1 k2 _ 1 k2 _ 1 21
= F(sinh® 1) + h (_1 ( L4y Z 4 4 3 4~)— 4 4) . (431

3 2 2 2
2M R?* \ sinh” 7 \ sn2adn°#  cn?acn?f  dn’asn?p cosh” r

This potential is the analogue of the minimally super-integrable potential V;(x) in IR® [80]. The
corresponding observables have the form

1
Il = W(Kz — Lz) + V7(11) )
L=ty (k%_iJrkg_i)
T oM 2M \cos?2¢  sin®¢ /)’
1 hZ 1 k%_l kz_ 1 2 _ 1
I — e 4 2 4) 34
3 2M Tt 2M (sin2ﬂ<cosztp * sin® ¢ T o ) (4.32)

h? 1 k?
e (1 (=)
QM( ' 2) 2M (k2 en2a + k'* en?j3) (ki =) sn’a  dn®p

k" k? k" 1
B-b(om - =) - - b - =) )
+(ks — ) cn’a dn®p (ks =) dn’a  sn2f

We have the following two path integral representations

I4:

KV (" u';T)
Sphero-Elliptic, Ay = 2(m + 1) £ ks + A1 + 2 (I, h as in subsection 3.1.2):
e_lhT/zMR2 T(tll):TII a(tll) ~// /@(tll) 2H i 2 i
— / Dr(t)sinh® 7 / Da(t) / DA(t)(k* en®a + k' en®3)
=&

( A(t)=p"

=l

T(t")=7'

. tll M B )
o {‘/ l?RQ (# + sinh? 7(K* en’a + K en®5)(d" + 5 )) - F(7)
tl

h
_ K2 (_kg_i_l_ 1 ( k%_iN_l_ kg_iN_l_ kg_i~))‘|dt} (4‘33)
2M R? cosh®7  sinh®7 \ sn?adn’3  cn?acn?f  dn’asn?f
= (R%sinh” 7' sinh® 7 sné’ cnd’ dn@ snB’ enf’ dnf’ sna” cné@” dna” snB” enf3” dnp")=1/?
% Z :gni@kl Jtko, :l:ka) //7 ﬁ )H(:I:kl y ko, tks)* ( ﬁ )]X (V7)(7_// vy T) (434)
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Spherical, \y =2m F by Fhy + LA =2l F k3 + A + 1:
T(tll):TII ’L?(tll):ﬂll w(tll):wll
Dr(t)sinh® 7 / DI(t)sin ¥ / Dp(t)

T(t)=7! PIGEDE et )=y’

R 4 M )
X exp {i/ [7}{2 (7"2 + sinh® 7(9? + sin’ 199'92)) — F(7)
t/

—inT/2MR?

RS

e

h
o ! ! (k%_hrkg_i—l)Jrkg_i—l _ =) g (4.35)
2MR2 \ sinh® 7 \ sin® ¥ \cos2¢ ~ sin®¢ 4 cos?¥ 4 cosh® 7 '
o= ihT/2MR?
= T(sinh2 7' sinh® 7 sin 9" sin 9"')~1/?
> Z (b(:l:kQ Eky )( //)(b(:l:kQ :I:kl)( )Z(b(h :I:ka)(ﬂ//) ;M,:I:ka)(ﬂ/)](l(n‘f)(T//’T/;T) 7 (436)
m=0 =0

with the remaining path integral K\'"”(T)

r(t'")=r"

it M A L
(" 7 T) = ( )/ Dr(t) exp {% /t l7Rzr’2—F(r)— T (Si;hz e T)] dt} :
(=1

(4.37)
The wave-functions ¢{F*= 5 (p) and ¢{**)(9) are the same as in (3.73) and (3.91), respec-
tively. This path integral cannot be further specified until F(7) = F(sinh® 7) is known. The
special case F' =0 is trivial. In this case the radial Green function is proportional to the Green
function of the modified Péschl-Teller potential G35 (F + h2/2M R?).

4.1.4 Analogue of the Holt-Potential.

The potential Vi can be considered as an analogue of the minimally super-integrable Holt-
potential Vs(x) in IR? [80] (a, A,w > 0)

Ll o M RtAutw  Aw (4.38)
2M (ug —ugz)?* 2 (ug — ug)* (ug — u3)?

In the two separating coordinate systems it has the form

Vs(u) =

Horicyclic (z4,y > 0,2, € R) :

3/2 M , I ) i
Vs(u) = 7| + - ‘dat+as+y?) = Aoy | +y T (4.39)
Semz-Czrcular-Pambolzc (&,m,0>0):
_En fal@ ) = 50" = &)+ FEH ) (%wzgz L i) (4.40)
R? £ 1 12 2 oM o ' '
For the constants of motion we find (P,, = —ird,,, i = 1,2)
1
I, = W(Kz — Lz) + Vs(u) ,
I2:WP51‘|‘2MW A$1 )
M h ks — %

L= p L

3 2M R 2t 2M 962 ’ (4.41)

I4 = m ({Lg, ](1 -I— Lz} -I— {](3, ](2 — Ll})

+£2772 20&(52 + 772) _ /\(774 _ 54) + Mw2(£6 + 776)
2 £2 4 2 :
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The effect of the x5- and p-path integration in both cases (z4,0 > 0) is that in separating off
the corresponding variable, the quantity « is shifted by the additional quantum numbers. The
resulting path integrals in the variables (y, ;) and (£, n) separate, however, only the former can
be evaluated. Indeed, almost the same path integral problem we have already solved in [82].
The solution in horicyclic coordinates then has the following structure (z = z; — A /4 Mw?)

y(t”):y” x(t”):x”

1 t
Kty = g [P [ e
Y

y()=y' w(t))=a"

i M 2X2+3)2 3/2< M 2 2 2 2 ) 3/2712 kz_‘
Xexp{%/ﬂ [7}2 " R a—|—7w(4x1—|—x2—|—y)—/\x1 ~ MR p dt

(4.42)

2Mw

\/ﬁz Mo //)ik2

Loy
5 T ks +1)< hi

M M M
XQXP(‘Q—;(%2+$;’2))L§“”( Sla )1 (S

oMo\ 1 2Mw 2Mw Mw 5 9
X Z ( ) 2mm!Hm( - z')Hm( P z”) exp[—T(Zl + 2" )]

m€EINg
y(t")=y" ! -2 <92 2
X y(tl)/:yl Dz/( ) exp llé\g / (sz y—l;@/ - %(anwy,\ + wzyz))dt] , (4.43)
with the quantity ¥, , » given by
22
Eyorx=a+hmw2m+ 20+ ks +2) — S (4.44)

A path integral like this was calculated in [66], and we must distinguish two case, first where
Eowa >0, and second F,, » < 0. In the first case only a continuous spectrum occurs, whereas
in the second bound states can exist with the number of levels given by n = 0,1,..., N, =
[Eowar/2hw —1/2]. According to [82] we obtain therefore the following path integral solution
for Vg(u) in horicyclic coordinates (v = —i\/2M R?E/R? —1/4)

d_Ee—iET/h
R 27

K (Ve) (11 11 T Z ¢n an // Z ¢m m //)

F[%(l—l—l/—l—an,\/hw)] Mw Mw
Wy W_g o M_ w - 2) 4.45
\/thf(l—l—y) Eo,w, /20 /2< 7 y>) Bo,w,n /20 /2< 7 Y ( )

- 3 (S et R

{m=0 Ln=0

At RN et Ry (1.46)
The bound state wave-functions have the form

\Ilgl‘:;iq(flaﬂﬁzay%R) = P, (y; R)om(1)thi(22) (4.47)

where
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¢(y.R)_fn(lEml/hw—M—l ( )'Ew*'/m nif2
e R3U(|Eq o 2|/ hw — n)

Mw

h

M
X exp (— Q—hwy )L(lE" wial/hw=2n= 1)< 2) , (4.48)
2Mw L/4 2Mw A Mw A\
Ymlz1) = <W> Hm( Th ( - 87)) exp (‘ T(xl - 87) , (4.49)
2Mw ! Mw )\ T2 Mw ity [ Mw
Vilaa) :¢ W T £k, T 1)962( h xg) o <_ %xg)ﬁ k )<T$§)  (450)
with the discrete energy-spectrum given by
K’ LAY NN :
FE, = — —— —2n—1 . 4.51
SME?  2MR? ( i " ) (4:51)
The continuous wave-functions and the energy-spectrum have the form
i) (21 22,95 R) = (5 R) (1)t () (4.52)
h_psinh7p sinhz7p 1 Eow, Mw
Vp(y; B) = | 77— Mo 272k F[ (1 +ip + o A)]W—Ea,w,x/zhw,ip/z(Tyz) ; (4.53)
h? 9
A <p n Z) , (4.54)

and the ¥, (2,),¥(xs) as in (4.49,4.50). The Green function GV*)(E) of the potential Vg is
given by (4.45).

4.2 Minimally Superintegrable Potentials from the Group Chain SO(3,1) D
E(2).

4.2.1 Subsystem of Oscillator.

The potential Vy contains the super-integrable harmonic oscillator in IR?, therefore it is minimally
super-integrable on A®). We consider (k; » > 0)

w? + u’ B2 kf—l kg—l
e ( — + 24), (4.55)

uy Uz

M
Ve =F — VS S S S T
9(u) (uo US) + 2 ¥ (UO — U3)4 2M

which in the three separating coordinate systems has the form

Horicyclic (z1 5,y > 0) :

R M Bk -t k21
Vo(u) = F<§) + %[—M(:ﬁ +23) + —( 19@% L4 2 4) (4.56)
Horicyclic-Cylindrical (y, 0>0,0€(0,7/2)):
_F<R)—|——2 M w2 2+i_<k2_i+k§_i)
R 2" 2M 02\ cos2¢  sin’¢
Horicyclic-Elliptic (y,,u >0,0€(0,7/2)):

(4.57)

y?
M
= F(R) + 2 7w2(cosh2 W cos’ v + sinh? I sin? v)

R ki — % k3 —+
— K ! . 4.58
+ 2M (cosh2 W cos? v * sinh” p sin? V)] ( )
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(@) C (1°¢)0S urey) dnoayy oy woyy )y uo s[erjusjod o[qeifoputiodng A[pewruty 7y o[qeL,
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If we choose w = 0 and F' x y?, the potential V; is additionally separable and solvable in the
coordinate systems XXV. and XXVI, and separable in XXIII. and XXIV.

The constants of motion are (P, = —ikd,,, 1 = 1,2)
1
IL = ——(K-L*
1 QiMRZ( )+V9(2)k72
h _ =
I =— x1‘|‘_ Wit + —— )
2M 2M 961 459
o L Mo +ik2— (4.59)
BT oM T 2 M 3
1 horki— s k3 — o
Li=— 2 i)
YT oM 3+2M(cosch+ sinch)

We discuss the path integral representations in all coordinate systems for the potential Vy si-
multaneously. We obtain (N = ny + ny,x € R?)

:yll x(t”):x”

. 2 y(t”)
e—31hT/8MR Dy(t)
3
)=y

(Vo . _
]X( )(u”,u/,T) = T Y

y(t)=

iMoo+ X (R) V(M 5. B (kZ—— kg—l)
— — ~-F(= — L)) |dt
X exp{h /t/ [ 2 o y? Yy R + 2M\ i + v}

(4.60)
— - 3ikT/8MR? y'y" i \IlgleO)( ”)\IlgleO)( )
iy 1n2 1n2
y(t”):y” "
Dy(t) i M LYt R y?

y(t)=y’
The wave-functions ¥{%79)(x) are the wave-functions of the generalized harmonic oscillator
(GHO) in IR” in one of the three possible coordinate system representations [80]. The remaining

y-path integral cannot be further evaluated until the potential F(R/y) is specified. The case of
F « y* was discussed in section (4.1.4). The case of F' « y* can be treated by the methods of

[76].
Let us consider the following variation of V;
M W R (k-1 k3— 1
) — 2 - 4.62
Volu) 2 (up — uz)? t 2M( u? + u? ) ’ (4.62)

which is separable in four more coordinate systems, and the corresponding cases have the form

FElliptic-Parabolic 1: (a,0 > 0,9 € (0,7/2)):

M w? cosh? a cos® ¥ h? k2 -1 k2 -1

— h? 2yt 4 - ) 4.

2 R? (14 0?)? + 2M R? (COS @ o8 0> + tanh® ¢ tan® ¥ (4.63)
Hyperbolic-Parabolic 1: (b,p > 0,9 € (0,7/2)):

Va(u) =

M w* sinh® bsin® 9 h? k?—1 k21
== inh?bsin® 9 ——* ; ) 4.64
2 R? (14 07)? + 2M R2 (sm i 0> + coth? b cot? ¥ (4.64)
Elliptic-Parabolic 2: (a > 0,9 € (0,7/2),p € (0,7/2))
w? 5 2 y , (K% kI-—Z
_ 4 4
= 5 cosh” a cos® ¥ + SR coth” a cot® ¥ o + sinch) (4.65)
Hyperbolic-Parabolic 2: (b > 0,9 € (0,7/2),¢€ (0,7/2)):
M g K
= 5 sinh”® bsin® 9 + SR tanh” b tan 19((:082; + sinzc;) . (4.66)
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For the first two cases we have the following two path integral representations
KYo)(u” u';T)

Elliptic-Parabolic 1:
a(tll):a /ﬂ(tll 19// Q(tll):QII

_ e SIRT/8M R? / / Pt coshzg — cos? ¥ / Polt)
R3 cosh” a cos? 1
a(t=a! v(t') 9 o(t)=o!

X exp {i/t l%RZ (cosh® a — cos? 9)(a* + 9?) + ¢
1

2
2 cosh” a cos? ¢

cosh®acos?d (M W2 R [k — i k2 — i
B 2 5 2z T our Tt 3 dty . (4.67)
R 2 (1407 2M\ o sinh” @ sin” ¥

Hyperbolic-Parabolic 1:

—3iﬁT/8MR2 a(t”):a” ﬂ(t”):ﬂ”
e
= / Dal(t) / Do(1)

i

sinh?b + sin’ ¥ ¢
sinh® b sin® ¥
a(t)=a' PIGEDS o(t)=p'

< exp {i_/f” [%Rz(sinhz b+ sin” 9)(b2 4 92) + ¢
tl

2 sinh? bsin” ¥

smh bsin® 9 w? n? (k- % k2 -1
S dt . 4.68
R ( 2 (14 0%)? * 2M( 0? + coshzbcoszﬂ) ( )

Neither of the two path integrals can be evaluated. In the other two path integral representations
we are lead after the ¢-separation to spheroidal path integral problems, c.f. [75, 82] for an
heuristic approach for the solution of such problems.

4.2.2 Subsystem of Holt Potential.

The potential V;, contains the super-integrable Holt potential [101] in IR?, therefore it is mini-
mally super-integrable on A®®. We consider (k; € IR, ks > 0)

M, 4u? +ul kg R kI-1

V; = Flug — — — 4 4.69
10(u) (o = ua) + 2~ (ug — uz)*  (up—uz)®  2M  uj ( )
which in the two separating coordinate systems has the form
Horicyclic (xq,y > 0,961 €eR):
R\ ¢ [M h k3 — 4
Vig(u) = F( ) + ﬁ 7&(496% +23) + ko + i ng 4 (4.70)

Horicyclic-Parabolic (f, n,y>0):
R\ ¢ [M k h ki — 4
= F( ) + | ((52 —°)* + 52772) + 31(52 — ")+ 55— 4] (471

R?| 2 2M &2
For the constants of motion we find (P,, = —ird,,, i = 1,2)
1
I = 2]1\/[Rz (K* = L?) + Vig(u) ,
IZ = Wpﬁl +2Mw2$%+k12$1k‘27
h =
I3 = —P2 — —
5= gt T 2t 2M 962 ’
. W€ 4 1) + 2k (€1 — ") + BP(KE — (/€ + 1/n*)/M
I,= —{Ls. K+ L 4
4 4M{ 3, K1 + 2}‘|‘ 2E2 + 2)

(4.72)
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Similarly as in the previous case we treat both coordinate space representations simultaneously,
and we have (x € IR?)

. R (tll): 1 x(tll):xll
o 3T /8MR? Y Dy(t)
— 5 Dx(t)

y(t )=y’ x(t")=x'

i ML+ X R v (M B2 k-1
Xexp{%/ﬂ [7}{2 - _F<§)_ﬁ 7w2(4xf—|—x§)—|—k1xl—l—ﬁ x§4 dt

:e—SihT/SMR2y/y// i \IJ(Holt)(X//)\IJ(Holt)(X/)

nin2 nin2

K(Vlo)(u”, u;T) =

n1,n2=0

y(t”):y”Dy(t) i 4 M yz R yZ 3
2

The wave-functions W(¢")(x) are the wave-functions of the Holt potential [101] in IR” in one
of the two possible coordinate system representations [80]. The remaining y-path integral again
cannot be further evaluated until the potential F(R/y) is specified.

4.2.3 Subsystem of Coulomb Potential.

The potential Vi, contains the super-integrable Coulomb (C) potential in IR?, therefore it is
minimally super-integrable on A®). We consider (k; , > 0)

a 1
Vi = F(ug — -
nl = Flte =) = e
R w1 k-4 ks — 4
+ AN /2 2 2 - 24 + 7 : 24 ’ (4.75)
(uo —ug)? 4M /u? + w2 \ Vi + v+ vy Vi +ud—uy

which in the three separating coordinate systems has the form

Horicyclic-Cylindrical (y,0 > 0,0 € (0,7)):

vll(u):F<§)+y—2[—9+ i (k%_i T )] (4.76)

R? o 8Mp? \cos?(p/2) ' sin’(p/2)
Horicyclic-Elliptic II (y,£ > 0,n€ (0,7/2)):
:F<§)+y_2 B a N R? (B} 4+ k3 — 1)+ (k3 — k}) cosy
y R? d(cosh& 4 cosn) ~ 4Md(cosh® € — cos? ) sin”
_I_(kf + k3 — %)—I— (2165 — ki) cosh & (4.77)
sinh” &
Horicyclic-Parabolic (&€,n,y > 0) :
R) 2 2 0 R2_1 2L
=F=)+5| - + L4 L1 . 4.78
(y R2 [ ey T aM(Ee )\ & e (4.78)
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The observables have the form (P; = —ihd,, in IR*, i = 1,2)

1
I = K’ - 1%)+V,
1 QMRZ( )+ 111(11)7 1
Loy h? k%_Z kS_Z
L= —Li+ | —— + == )
2M 8M \ cos?(¢/2)  sin’(p/2)
b= [ Lo (= L] - &4 ( U L )
ST oM T T 0 T 8Me? \eos?(9/2) | sin®(p/2))

_ L Ll 1_ 9y 2_ )&
o= yptlac ) + 0| =€ =)+ (G =260+ (26 - 1)

We have for instance in the horicyclic-cylindrical system the path integral representation (A =

m4 (1+k +k)/2,x € R?)

(4.79)

. R (t”):y” Q(t”):Q” w(tll):wll
] o-3inT/sMR? y(t)
]X (Vll)(u//7u/; T) = 7R3 y3 DQ(t)Q / D@(t)
y(t)=y’ o(t')=e’ p(t)=¢
it [ M 52 52 2,52 R
« exp 1/ _sz_F(_>
h Sy 2 y° Y
2 32 B2 _ L g2 _ 1
_y_2 ( L4y 2 4)—3 dt (4.80)
R2\ 8Mp*\cos?(¢/2) = sin’(¢/2) 0
-3 [ + [ v wne)
m=0 Ln=0

VT [ M (R B 3T

Yy 1 2 Y 2 2 1
1 SRS —F( D) e A - L (481
“R Y eXp{h/ﬂ [2 ) (y) Y oMRe ’W] 8MR2} (4.81)

Here denote the wave-functions ¥{5)(x) and ¥{5)(x) the discrete and continuous wave-functions
of the Coulomb problem in IR in one of the three coordinate space representations [80]. In the

discrete case we have A} = 2M R*E, /A* with (A, = m + (1 £ &y £ k) /2)

Ma?

E, = —
" 202 (n+ M +4)? 7

(4.82)

and in the continuous case just A, = k£ > 0. The remaining y-path integral again cannot be
further evaluated until the potential F(R/y) is specified. However, let us consider the case
F = 0. With A\, = £ we obtain for the y-path integral the path integral representation for
Liouville quantum mechanics [87], i.e., we get

y(t”):y” ) " . .
1 Dy(t) expd - /t %Rzy_z R R? g 3inT
R Y hJy 2 y? 2M R? SM R?

y(t)=y’

= WQLR?’/O dp psinh mp Ky, (ky ) Kip(ky") e e T1h (4.83)
and E, = r*(p* + 1)/2M R*.

In order to take into account the negative bound states of the two-dimensional Coulomb
subsystem we first observe that A} = —x* < 0 (k > 0). This system therefore requires a proper
self-adjoint extension because it is unbounded from below. Actually, this problem emerges in
the consideration of the quantum motion on the SU(1,1) group manifold, respectively on the
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0(2,2) hyperboloid. The spectrum consists of two parts, an infinite negative discrete and a
positive continuous spectrum.

This difficulty is resolved by means of harmonic analysis on the SU(1,1) group manifold,
respectively the SO(1,2) or O(2,2) hyperboloid and the corresponding wave-functions are the
matrix element expansions of the Titchmarch transformation ([13, 32, 73, 75], [147, p.140], [154,
p.54], [185, p.93-95]. The corresponding path integral representation has been discussed in [75]
with the result of the following path integral identity, which is also the solution of the remaining
y-path integration in the present case:

y(t”):y” "
1 Dy(t it MLy h2K? inT
y( )eXp [%/ (—Rzy—-l- s UK )dt 3i ]
!

2y T oMRe )" T SMR?

—ig(® «a ’ «a " « -1 )kt «a "
= 3 OGO + [ A BT s

neIN

The bound states are given by

2(2n + )
R
hZ
() — __M 2 _
B = o (2n+a)-1] , (4.86)

D (y) Jontal(KY) (4.85)

and the continuous states are

U = gy et + ()] (4.87)

2

h
b= vty (4.88)

and « is the parameter of the self-adjoint extension.

4.2.4 Subsystem of Modified Coulomb Potential.
The potential V;, contains the super-integrable modified Coulomb potential in IR?, therefore it
is minimally super-integrable on A®®). We consider (3, » € IR)

Q 1
VUi 4 ud uo — us
1 Biy/Vui + ui + wi + Boy/Vui +ui —w (4.89)

(uo — u3)?/? 2/uf +u3 7 '

which has in mutually parabolic coordinate systems the form (&, 7,y > 0)
R y* | a — (Bi€ + Ban)
Vis(u) = F(;) _ ﬁl e (4.90)
The constants of motion are (A, p is a parabolic system mutually orthogonal to £, n) (P = —ihd,,
in R*, i = 1,2, P, = —ihd,)
1

Vis(u) = Fug — us) —

_I_

I = 2MRz(K2 —L?) 4 Via(u)
b= o+ 2+ (- 1]+ 1 ()
1 a(A = p) + BV A = A/ (4.91)
I3 = —{L37P1}— R
4M At p
T ZL{L P}_a(f—n)+(ﬁ1+ﬁz)nv€/ — (B + B2)6/n/2
4 AM 3,42 £—|—7’] .
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We state the corresponding path integral formulation which have the form

K(V”)(u”, u';T)

anrjsume YR € )=¢" n(t")=n"

el B~ B U VOGRS
y(t)=y’ ean=¢’ n(t)=n’
. {%/j [%Rzyz + (¢ +y7722)(52 +i7) F(@) | z_z (a - (gﬁ ;ﬁﬂ?))]dt} (4.92)

{ Z \Ilnlruf 77) n1n2 5// 77/ _I_Z/ dC/ dp\p(eo)*f 77)\1;(60)(5// 77//)}

y(t'")=y

7 it 2 2
wo—3inT/sME* Y Y / Dy(1) exp & / %Rﬂ/_ - F(ﬁ) h Ab | dt b (4.93)
R Y h Je 2 y? Y QM'R2

y(t')=y’

Here denote the wave-functions ¥,,, ,,,(£,7) and \Ilz(f&o)(f,n) the discrete and continuous wave-
functions of the corresponding problem in IR [80]. In the continuous case we have for the
parameter A\, = p, whereas in the discrete case we have \? = 2MFE,, ,,,/h* with (N = n; +
No, M0 € INg)

E”lynz = __wjz\f 5 wy =Y~ + YN = Uy + s, (494)

2a
2 3aN 7
s| (20 \° | BT+ 55 BT+ B3N LB+ 65 20 Y
2 — ) . 4.
\I<3hN) T MNh T ( MNh) TN <3hN) (4.95)
The remaining y-path integral again cannot be further evaluated until the potential F(R/y) is
specified. Of course, for A\? < 0 the same feature as for the potential V}; must be taken into
account, and again we obtain for the case ' = 0 the solutions (4.85, 4.87). The Green functions

of the potentials Vg 101112 can be constructed by using the result of (4.45), which is left to the
reader.

Uy 2

4.3 Minimally Superintegrable Potentials from the Group Chain SO(3,1) D
SO(3).

In the following two potentials we can consider two choices of the functions F(ug), i.e.,

P kg Fy(ug) = aR——2— . (4.96)

F =
I(UO) 2M ug 9 uo 1

F leads the usual modified Poschl-Teller path integral problem, whereas F, gives a Kepler
problem on the hyperboloid. The latter has already been discussed, and therefore in the following
we make the choice of I} just for convenience.

4.3.1 Subsystem of Oscillator.

At first sight, the potential V/, c.f. table 4.3, contains the super-integrable Higgs-oscillator on §*)
due to its sub-group construction, therefore it is minimally super-integrable on A®®). However, as
seen, e.g., in the spherical system it is by an appropriate redefinition of the parameters equivalent
to the potential V7, c.f. subsection 4.1.3. We have mentioned this potential nevertheless to
emphasize the SO(3) subgroup property of the corresponding analogue of the flat space case.
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4.3.2 Subsystem of Coulomb Potential.

The potential V;3 contains the super-integrable Coulomb potential on S(?), therefore it is mini-
mally super-integrable on A®®. We consider (k; , > 0)

Vis(u) a Us R ki —
u)=— - —
t uf +ui+uiJul+ui  2M  uf
hZ kZ_l kZ_l
+ — | "+ ———" : (4.97)
AMu? + w2\ Vud +ud+u Jud+ud—

which in the two separating coordinate systems has the form
Spherical (1 > 0,9 € (0,7),p€ (0,7)):

1 h? ki — 4 k3 — & nook— 1
Vis(u) = ———| —acot ¥ + ( iy 24 )] 4 (4.98)

~ RZsinh’r I 8M sin® 9 \sin’(/2) = cos?(p/2) ~ 2MR? cosh® r
Sphero-Elliptic 1I (T > 0,a € (0,K),3 € (0, K')) :
1 [ _KsnBdnf — ksnadna
- R2sinh? T I - k2 cn2a + k7 cnzﬁ
h? (k3 + k2 — D)k’ + (k3 — k3)k' sné dna
* IM (k2 cen?a + k% en?f3) ( cn’a

QIR -k F (B —kDksnfdnf)) w2 K- o0
cn?f3 2M R? cosh” T
The corresponding observables are
1
I, = W(I(2 — Lz) + V13(11) 5
Lo -5 | K-d )
T 2]1\/[ 3 8M sinz(c,o/Qg cosz(kﬁfg/z)1 7 21
s st _1
I; = —L2 — t ( - 1 : 2 ) ?
3T oM acotv+ 8M sin® ¥ \sin”(¢/2) +~cosz~(99/2) (4.100)
1 . k'sngdnfg — ksna dné :
L= W(% sin2f{Ly, Ls} = cos 2fL§) - k2 cen2a + k'* cnzﬁ
. 2 (ki + k3 — $)K” + (k3 — k) sné dng
M (k? cn?a + k2 cn?f3) cnZa
_I_(kf + k3 — 1)k + (k3 — ki)k snB dnp3
cnzﬁ ‘
Here denote
kz = G2 — & = Sinzf 9 klz = s — 2 = coszf 9 kz ‘|‘ klz =1. (4101)
as — ay az — ay

and 2f is the interfocus distance on the upper semisphere of the ellipses on the sphere [81].
Because the potential Vi3 contains the Coulomb potential on the two-dimensional sphere as
the subsystem, we can separate the subsystem off and obtain (2 = (,,9,) € 5 are the
corresponding coordinates on S, Ay = m + (1 F ky F k2)/2)

T(tll):TII Q(tll):QII
Dr(t)sinh” 7 / DQ(t)

T(t)=7! Q)=

—ikT/2M R?

RS

KWV’ u';T) = ¢
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R k-

X exp i_/t” %RZ(%2 + sinh? TQZ) +
h Ju 2 2M R? cosh® r

h? 1 h? ( k-1 . k3 — ) T
2MR?sinh” 7 \AM\/s{ + 5 \\/sT + 83+ 51 Vsl +s3—s1/) 4

(4.102)
0o 00 N, )
=SS e e e e
m=0 (=0 \n=0
+/0 dp e TRy R (7 Qs RYW (7, Qs R)} : (4.103)
The bound state wave-functions and the energy-spectrum are given by
Wi (7,9 R) = (sinh 7)) (s R)TA(Q) (4.104)
hZ
and the continuous states are
) (7, R) = (sinh7)"LSP2 ) (1 RYU(Q) (4.106)

and £, asin (3.28). The wave-functions U{*)(Q) are the wave-functions of the Coulomb problem
on 5 [81]. The quantum number A, is defined by the energy-spectrum of the Coulomb potential
on §) which can be positive or negative, i.e., \2 = 2M R*E;/h* with [81] E; = i*(I*~1)/2M R*—
Ma?[21?%. The wave-functions SQ=¥54)(7; R), S(2%k2)(7; R) are the same as in (3.71,3.77) with
(A1, A2) = (Ag, £k3). For E; negative the same problem of a proper self-adjoint extension arises
as for the potential Vi;, however we do not know this extension, and we are not able to write
down the corresponding path integral representation either.
The radial Green functions of the potential V3 is of the form

hZ
13 . _ : : - 2,%ks .
GV )(7_//7 s E) _ (Rsmh 1 sinh 7_/) 1G£2\PT k )(7_//7 ' E+ W) . (4_107)

4.4 Minimally Superintegrable Potentials from the Group Chain SO(3,1) D
SO(2,1).
4.4.1 Construction of the Potentials V;,—Vs.

In the following potentials we can consider two choices of the functions F(us), i.e.

h? ki1 u
Fl(U3) = ﬁ 3u2 4 ) FQ(Ug) = O[Rﬁ . (4108)
3 3

F leads the usual modified Pdschl-Teller path integral problem, whereas F; yields a Rosen-
Morse potential on the hyperboloid. The latter gives the following solution in terms of the
equidistant variable 7, [66, 132, 82]

KU(xf, 75T
Tl(t”):T{I 1
1 i ML, L
= E / DTl(t) exp [% /t/ (7}% T — aRtanh T — mm)dt (4109)
T1(t)="7]
d_Ee—iET/h% I(my — L)T'(Ly + mq + 1)
R 27i B2 T'(my + mq + DI (my — mg + 1)
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" (1 —tanh7 1 —tanh T{’)<m1_m2)/2<1 + tanh7{ 14 tanh T{,)(m1+m2)/2

2 ' 2 2 ' 2
1+ tanh 7
><2F1<—Lk+m17Lk+m1+1§m1+m2+1§%)
1 — tanh
:/0 dp e BTy ()W (7). (4.111)

Here denote L, = —2ik — 1, my, = \/M/2(V/—aR — E £ VJaR — E)/h, and (4.110) is the
Green function corresponding to the path integral (4.109). The wave-functions and the energy-
spectrum of the continuous states are (where £ distinguishes between incoming and outgoing

scattering states, respectively)

W (7, = 1 /M sinh(7|m; £ my|)/2
P v RI'(1+ my £+ mao) Bl sin w(my + Ly)|

y (1 + tanh Tl)(m1+m2)/2<1 — tanh Tl)(ml_”“)/z

2 2
1 4+ tanh
o F) (ml—l-Lk—l-1,m1—Lk;1+m1im2;¥) . (4.112)
h? 9

Ey = g +1) -k . (4.113)

In the following we make the choice of F} just for convenience.

Subsystem of Oscillator on A®, The potential V;, contains the super-integrable Higgs-
oscillator on A®), therefore it is minimally super-integrable on A®). We consider (k; 53 > 0)

M w? u? + u? 2 k% —
V14(11) — 1 2 ( 1

T I
— — 4 4 4 4.114
2 u—u?—u? ul 2M N\ u? + u? + ul ) ’ ( )
which in the four separating coordinate systems has the form

Fquidistant-Elliptic (1 > 0,0 € (iK',iK'+ K),3 € (0,K")) :

1 M 1
Vig = ————|5* (1 - 72)
R2cosh™ 7| 2 snZa dn” (3
2 2 _ 1 2 _ 1 2 2_ 1
_h_< Moy ko )+ L Tl (4.115)
2M \ en’acn?f  dn’asn?f 2M R? sinh® 7
Fquidistant-Hyperbolic (1 > 0,p € (iK',iK’' 4+ K),n € (0, K")):

_ 1 M 2<1 1 )
~ R?cosh’7| 2 “ cn?p en’y

B2 L2 _ 1 L2 _ 1 B2 k21
——( — L+ = ) + P (4.116)
2M \ sn?2udn“y  dn“psn?v 2M R? sinh” 7

Equidistant-Cylindrical (11 > 0,¢ € (0,7/2)):
1 M | k-1 k21
= 5 —wztanhsz—l—— " 5 ( ! 4"’ .22 4)
R?coshy T | 2 2M sinh® 7, \cos?¢p = sin“ ¢

Equidistant (1) 553 > 0) :

Wok3— 3

+ 2M R? sinh® 7,

(4.117)

1 M, 1
e sl Rral Ul B g g
R%cosh” | 2 cosh” 75 cosh” 5

91



hz kz_l kz_l ﬁ2 kz_l
+ (2 =’ L4 )]Jr 24 (4.118)

2M \sinh’ 75 cosh? 7 sinh? 75 2M R? sinh® 7,

The observables are

1

Il = W(KZ — LZ) -I— V14(11) 5
IL=K +K:-13,
el (s, Bk (1119
T oM oM cos2p  sin®p /)’

1 ., M 'R n ki -+
Li=o Ky - ot o5 -

2M 2 cosh” 13 2M sinh® 5

Subsystem of Coulomb Potential on A, The potential Vi5 contains the super-integrable
Coulomb potential on A®), therefore it is minimally super-integrable on A®). We consider

(k1,2,3 > 0)

Vis(u) = — @ 4 +i@
’ w—di— 3\ + i IM 2

n? K- g B — g
+ 2 2 2 2 + 2 2 ’ (4'120)
AMA/w +ul \Vud +ud 4w, Jud +ud—

which in the four separating coordinate systems has the form

Fquidistant-Elliptic Rotated (1 > 0,0 € (iK',iK' + K),5 € (0,K"),):

n? o k3— 1+ 1 a [k snacnf — k' enBdnf
Vis(u) = ot 2 ) 2 -1
2M R? sinh® T RZ%cosh” T R k?cen?a + k'" cn?g
N h? kL + k-1 ( k' 1 )—I—(k2 kz)ﬁkzsnacna—l—k’cnﬁdnﬁ
AMR? | k2 en2a + k7 en2f \ dn’a sn?f R k2en?a + B en?

(4.121)
FEquidistant-Semi- Hyperbolic (7,15 > 0) :

[ 1 {_a(\/1+u§+w/1+u_2_1)+ 12 1

- 2M R?sinh®>r = R2cosh®T M1+ fa AMR? py + o

X [(karkg _ §)<i+ i) —|—(kf—k§)(\/1+“% - \/H"%)H (4.122)

241 M2 241 M2
Fquidistant- Elliptic-Parabolic (a,7 > 0,9 € (0,7/2)):
B k:— i 1 cosh? a + cos2 ¥
T OMR? sinh? 7 + R?cosh’® 7 [ - (cosh2 a—cos2d 1)

A2 cosh®acos? ¥ (k% - i k3 — i)] (4.123)

+ﬁ cosh?a — cos? ¥
FEquidistant-Cylindrical (11 > 0, € (0,7)):
L 1 h? (kf—l g2 — 1
= — thry — 1 4 24 ) .
2M R? sinh* 7, + R? cosh® 7, a(cothr, I 8M sinh” 7, \sin*(¢/2) + cos*(¢/2)
(4.124)

.2 . 2
sin” ¢ sinh” a
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The observables are

1
Il = 2MR2 (K2 - LZ) + V15(11) 5
I =K+ K;-1j ,
1 R? ki — < k21
L= lit | gt = |
2M 8M \sin’(p/2)  cos?(p/2)

Lo VIt pi+ V3
I, = —A4K, L} —
4 4M{ ‘1, 3} aR 0+ s

hz /1 2 _ /1 2

aM Hi + Ho fa o (e + pho)

_I_

(4.125)

The Potential Vis. We consider the potential Vi which in the two separating coordinate
systems has the following form

a M u?—ui+ 3ul s n? ki — &
=+ — - A — 4.12
Vis(u) (ug — uy)? + 2 v (g — uy)* (wg —uy)®  2M ( 6)
Fquidistant-Horicyclic (t,y > 0,2 € R) :
W k3 - i y’ M-,
_ 0% (42 2y A 4.127
QMstinhZT—l_choshzT[a—l_ QM(QC ) ! ( )
Fquidistant-Semi-Circular Parabolic (1,€,17 > 0) :
G i 1 En? 2 2 X[, 4 4 M, 2/¢6 6
= —2(n* = £ . 4.128
2M R? sinh® 7 choshszz-l-??Z[Oé(5 tr) = alm — 8+ 5w -|-77)] ( )
The constants of motion have the form
1
Il = W(I(2 - Lz) + V16(11) 5
L=K'+K;-1j,
1
LF:ZWHQ—L92+a+2Mw%9—Ax, (4.129)
1 R .
I4 = m({]&l,]XQ} — {]Xz,Lg})
&’
ta g )+ HE )+ S )]

The Potential Vi;. The potential Vi; contains the super-integrable potential V3 on A®),
therefore it is minimally super-integrable on A®). We consider (k; 3 > 0)

M 2 hZ k‘Z_l k‘Z_l
Vidu) = = —% 4 ( 2 443 4) : (4.130)

2 (UO — Ul)z m 2 2

Uy Uz
which in the five separating coordinate systems has the form

Fquidistant- Elliptic-Parabolic (a,7 > 0,¢ € (0,7/2)):

Viz(u) = L %wz cosh® a cos? ¥ + i(kz — Ycoth’acot? 9| + _B k=3
YT R2cosh?r\ 2 IMN? 4 SME? sinh -
(4.131)
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Fquidistant- Hyperbolic- Parabolic (b,7 > 0,¢ € (0,7/2)):
1 M 5 0 3 noki -
=—|— h™b v+ — — K
R?cosh® 7 ( g 0 S OSIm + 2M 2M R? sinh® 7
Fquidistant-Semi-Circular- Parabolic ( separable only for |ks| = 1/2, 7,£,1> 0):
1 M 5., n? k- %
— R —— 4.133
Rreot?s 2% 8T T 3R Gnk? (4.133)
Fquidistant (11, > 0,73 € R) :
_ 1 M w2 B k2 — i N ki — i
"~ RZcosh’m 2M cosh® 1, 2M R? sinh®
Fquidistant-Horicyclic (t,z,y > 0) :

(k2 — 1) tanh® b tan” 19) + (4.132)

— 4.134
2 cosh® T, ( )

_ Y’ M,
B choshzr(Qw +

n k3 — 1

2 1
K2 -1

For the observables we find

5L
I
I3

I

1
2M R?

hZ
- 4
2M  x2 ) 2M R2 sinh2 r

(K? = L?) + Viz(u) ,

=K+ K;-1L;,

= — (K, -

= — K+ —w’™ .

(4.135)

(4.136)

The Potential V5. We consider the potential Vig(u) in its two separating coordinate systems

Vis(u) - R (4.137)
u) = — .
' ud —ui—ud\Jul —ul  2M U
Fquidistant (11, > 0,73 € R) :
tanh 7, R k- %
_ 4.138
“ R2cosh?7m,  2MRZ cosh® 7 ( )
Semi-Clircular Parabolic (1,£,17> 0):
w11 Wk -t
= s (———) 2t (4.139)
R2cosh” T &2+ n2\&  n? 2M R? sinh” 1
and the observables have the form
1
Il = W(I(2 — Lz) —|— Vlg(ll) 5
-2 -2 12
L=K/+K;—-135, (4.140)

P e (11
I3 = m({]&l,]XQ} - {]Xz,Lg}) + O[sz n 772 (5—2 - E) )
L= K2 .
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4.4.2 Path Integral Discussion of the Potentials V;,—Vis.

The common structure of the potentials allows us to treat them simultaneously. Let us denote
by V](V) (j = 1,...,5) the five super-integrable potentials on A® with v € A(®). We then obtain
for each of the V; in the corresponding separating coordinate systems (i = 14,...,18,k; > 0,
and identify 7 = 7, appropriately)

K9 o T)

5 t(t")=7" v(t'"y=v"

e—ihT/2MR Dv(t)
= / Dr(t)cosh® T o
T(t)=7! v(t)=v’
it M Wok-t  V(v)+1
X exp ] — — R*(7?% — cosh® 7v?%) — ( 344 4) dt 4.141
P { h /t’ [ 2 ( ) 2M R2 \ sinh” 7 cosh® 7 ( )
Nr
= [do, [ do. {Ze—iEnTw;an(rcv’;R)\IJ;Y;W“,V";R)
n=0
—I—/O dp e_iEPTh\IJ(QY’Q)Qp(T’,V'; R)\IJ(QYZ))QP(TH,VH; R)} . (4.142)
The bound state spectrum has the form
WY (r,vi R) = (cosh? )7 250 (7 R (v) (4.143)
hZ
E, = —2MR2(2n+A1¢k3+1)2 : (4.144)
and the continuous spectrum is given by
B, (v ) = (cosh 1) 2805 7 BB (1) (1149

and £, as in (3.28). Here denote the wave-functions \IJ(XJQ)Q (v) the corresponding wave-functions
of the two-dimensional subsystem on A®), and the wave-functions S{*#+*)(7; R), Sk (7; R)
are the same as in (3.71,3.77) with (A, As) — (A, £k3). The spectral expansions [ dp; de-
note Lebesque-Stieltjes integrals in order to contain both discrete and continuous quantum
numbers. The subspectra of the corresponding subsystems may be positive or negative, i.e.,
Al = 2M R*Ey, [h* may be positive or negative, respectively. If A7 is positive, N, = 0 and only
continuous states exist for the corresponding V;. If A? is negative, bound states can exist with
N, = X(|Ai| = ks — 1). If the 1/ sinh® r-term vanishes, the analytic continuation to an attractive
potential is trivial, and we obtain in the radial variable a symmetric Rosen-Morse potential de-
fined in 7 € IR. The radial bound state wave-functions in this case are (3.56) and the scattering
states (3.60).
The radial Green functions of the potentials V; is of the form (i = 14,15,16,17,18)

hZ
GYI(r", 7' E) = (R cosh 7" cosh T')_lG%f%w\l) (q—“, ' E+ m) . (4.146)

For |ks| = 1/2 the corresponding radial Green function is given by (£’ = E + h*/2M R?)
G(V’)(TH, s F)
M , 1 1N\ /1 1
= ﬁ(coshr cosh7")™'I' %\/—QMRzE’ — A+ 3 T %\/—QMRZE’ + A+ 3

x P anh ) PLY TN tanhr ) (4.147)
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5 Summary and Discussion

The purpose of this paper has been to present a comprehensive discussion of super-integrable
potentials on the three-dimensional hyperboloid A®). It has included an enumeration of the
coordinate systems on A(® as known from the literature, a systematic search of maximally
and minimally super-integrable potentials by appropriate generalizations from the Euclidean
space, the statement of the constants of motions, respectively operators, and in the soluble cases
the evaluation of the corresponding path integral representation in order to find the quantum
mechanical propagators, the Green functions, the discrete and continuous wave-functions, and
the energy spectra, respectively.

In the enumeration of the 34 coordinate systems in section 2 we have followed [116, 162],
however, supplemented by the corresponding Hamiltonian and the form of a corresponding
separable potential, several rotated coordinate systems, i.e., the sphero-elliptic rotated (2.31),
the equidistant-elliptic rotated (2.44), and the prolate-elliptic rotated (2.139). These rotated
systems correspond in their respective flat space limit to sphero-conical II, cylindrical elliptic
II, and prolate-spheroidal II coordinate systems, which in turn contain as additional degenerate
systems the respective parabolic systems. However, for the complicated two-parametric systems
XXIX.-XXIV. hardly any statement and usage could have been made.

In section 3 we have presented our results concerning the maximally super-integrable po-
tentials on A®. These have been the (generalized) Higgs-oscillator Vi(u), the (generalized)
Coulomb potential V5(u), and a specific scattering potential V3(u). The potential V4(u), which
is only minimally super-integrable on A(®), has been included in this section due to the fact that
its flat space analogue in IR? is maximally super-integrable.

The Higgs-oscillator and the Coulomb potential have been discussed in some detail, first for
the pure oscillator and Coulomb case, second with the incorporation of additional centrifugal
terms which do not spoil the property of maximally super-integrability, similarly as the cor-
responding cases in IR® and on S®). The energy spectrum and degeneracy of levels was also
discussed.

In section 4 we have discussed the minimally super-integrable potentials on A®®). We have
found the four analogues of the flat space case, in particular the ring-shaped oscillator, the
Hartmann potential, a radial potential, and a Holt potential. The remaining minimally super-
integrable potentials have emerged from the subgroup structure of SO(3,1), i.e., we have had
to take into account the group chains SO(3,1) D E(2), SO(3,1) D SO(3), SO(3,1) D SO(2,1),
which have given rise to four, one and five new minimally super-integrable potentials, respec-
tively. In total, we have found 15 minimally super-integrable potentials on A®®). Whereas we
have treated the ring-shaped oscillator and the Hartmann potential in some detail, the discussion
for the other potentials has been mostly rather sketchy because the underlying super-integrable
two-dimensional systems have been already solved in previous publications.

We have therefore continued the study of super-integrable systems in spaces of constant
curvature as started by Bonatsos et al, Higgs, Granovsky et al., Hietarinta, Kalnins et al., Kibler
et al., Izmest’ev et al., Katayama, Mardoyan et al., Otchik et al., Vinitsky et al., and others.
At the same time, we have extended these investigations by taking into account generalizations
of already known potentials, and a wider range of potentials.

Furthermore we would like to draw the attention to the following observations:

1. Let us consider the potential Vg in semi-hyperbolic coordinates

M duiui Rokr-L 2ol
Vistw) = (St ) b+ g (S 2

oo (kf—i ko1
QMRzlulluz

RZ
o e

[%wz(u%ui’ﬂks(u?—u%)] + ) SR

2
cos?p  sin“ g
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and the potential is separable in this system. It has two flat-space limits in its full range of
parameters, i.e., without the restrictions we made in section 2.3.22, namely circular polar
and parabolic coordinates. Whereas it was possible to just simply state the potential
Va(u), no explicit solution could have been found. This Stark-effect like potential could be
of some interest, in particular in comparison with the potential Vig(u). The potential in
this limit corresponds to the second maximally super-integrable potential V5(x) of [80], c.f.
table D.2, and the limiting case separates in these two coordinate systems, and in addition
in the cartesian and circular elliptic system.

. Let us consider the potential V54 in semi-hyperbolic coordinates

M, (4uul B F(ug/uy)

V= (Tt e d) 4 gy
R M , 5 R?  F(tan o)

- Hl‘l’HZ?w (H1+M2)+2MR2 [ o

and the potential is separable in this system. The potential in the flat space limit corre-
sponds to the sixth minimally super-integrable potential Vs(x) of [80], c.f. table D.3, and
the limiting case separates in circular polar and parabolic coordinates.

(5.2)

. The expressions for Vig(u) and Vs(u) suggest analogous expressions on the two- and
three-dimensional sphere. Let us consider on the two-dimensional sphere the following
two potentials (s = (1,54, 83) € 52))

@ M 45752
V3(S )(S) = 7@02( ]%23

h k3 — 1

oM 2

+ s%) + 2ky5185 +

R M 2 6 6 4 4 h’ k%—i
:m 7w(cn a4+ cn®f) + ki(en*a — cn®g) +2MR2 o s’ (5.3)

Py +m¢¢§%¥ﬁ¥+m%+m¢¢§%1@¥—m%
*  R\sT+ 2 2R\/s3si + R?s3

_ 30 sna dna — snfFdnp 4 fiena + By cnf : (5.4)

R cn’?a + cn?f cn’a + cn?g

where we have inserted the elliptic I system on 5*, c.f. Appendix C and [81], and we have
put for the moduli & = k' = 1/4/2. According to [110] this coordinate system yields in the
flat space limit parabolic coordinates in IR?*. We have thus found the analogues of the Holt-
potential and of the modified Coulomb potential on S*), which are however only integrable
but not super-integrable. Therefore, we have found on the two-dimensional sphere and
on the two-dimensional hyperboloid, c.f. [81, 82], all the analogues of the super-integrable
potentials of two-dimensional Euclidean space.

. Considering in an analogous way the k = &' = 1/1/2 version of the prolate elliptic system
on S [81] (s = (1, 59,53,84) € §&))

R
= —(snadnf + dnasnf) ,
V2 (5.5)

83 = R cnaenfising |, s, = i(dna snf — snadnf)

V2

we can construct two more potentials on S which correspond to the maximally super-
integrable potential V3(x) and V5(x), c.f. tables D.5, D.6. They have the form:

1 2 1
(5(3)) _ M 45282 K2 k% - 7 kz - =
Vs @)—Ew(é”@+£+ﬁisf+sf

s1 = R cenacenficose ,  S3
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P (e
cn?a + cn?g 2 2M R? cn?acn?f \ cos?¢  sin” ¢

h*R?
2M /8387 + Rz(s1 + s3)

(3)
Vg(S )(S) = 2]6‘38384 +

ﬁ1 2 ﬁ1 4
\V/$387 + R2(s] —|— $3) 4+ 8384 \/5354 + R2 (s7 —|— $3) — 8384
_ 4 hZ 9 1 1
LR enta — entp . <ﬂ1 n B 4) . (5.7)
cn?a + cn?f 0 2M R? en?a 4+ cn?f\ cn’a cn?f

However, both potentials are only integrable but not super-integrable on (),

. Following along these lines we are able to construct on S the analogue of the minimally
super-integrable potential V5(x) in IR?, c.f. table D.3, i.e.,

M ,/4sis? h? F(sq/s1)
7 (T ) oy
]\2/[R 2 ena + cn®g R?  F(tan o)

cn?a + cn?f  2MR? cn?acn?f

@
V1(05 )(S)

(5.8)

Therefore we are able to construct suitable parabolic coordinates on the the two- and
three-dimensional sphere, together with the corresponding separable potentials which are
the analogues of two- and three-dimensional flat space, respectively. However, we have not
found a possibility to construct the analogues of the minimally super-integrable potentials
in IR? which correspond to the group chain F(3) D F(2). A corresponding group chain
for 5 does not exist, and therefore it is not surprising that it is not possible to construct
the corresponding circular coordinate systems nor the corresponding potentials.

. The previous observations allow the following statement: We have found all five analogues
of the maximally super-integrable potentials in IR®, where we have the following iden-
tification (where the enumeration of the potentials in IR® is according to [80], and the
enumeration of the potentials on 5@ according to [81], c.f. tables D.2, D.5):

Table 5.1: Correspondence of Maximally Super-Integrable Potentials in Three Dimensions

Vi (u) | #Systems | Vrs(x) | #Systems | Ve (s) | #Systems
Vi(u) 14(8) Vi(x) |8 Vi(s) 6(8)
Va(u) 5(4) Va(x) |4 Va(s) 3(4)
Va(u)  |5(4) Va(x) |4 Va(s) |2(2) [3(4)]
Va(u) 4(4) Vs(x) |4 Vo(s) 1(1)
Vig(u) [1(2) Va(x) |4 Vs(s) 1(1)

In parenthesis we have indicated the number of limiting coordinate systems, as R —
oo. Note that for Vs(s) we have two separating coordinate systems. In V3(s) we have
also indicated the additional coordinate system which emerge, and causes an additional
observable, if k2 — 1/4 = 0, c.f. table D.5. From the rotated sphero-elliptic system on
S3) two coordinate systems on IR® can be obtained by means of contraction, as R —
o0, the cylindrical elliptic II and the cylindrical parabolic. Note also that Vi(u) is only
minimally super-integrable, but not maximally super-integrable. Furthermore, in [81]
several potential systems were overlooked. However, the additional systems turn out to
be only integrable but not super-integrable.
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Table 5.2: Correspondence of Minimally Super-Integrable Potentials in Three Dimensions

Vi (u) | #Systems | Vgs(x) #Systems | Vs (s) | #Systems
Analogues of flat space
Vs(u) 5(3) Vs(x) 4 Vi(s) 4(4)
Vs(u) 3(4) Va(x) 3 Vs(s) 2(3)
Vz(u) 2(2) Vi(x) 2 Vs(s) 2(2)
Vs(u) 2(1) Vs(x) 2 Vio(s) | 1(1)
Vao(u) [ 1(2) Ve(x) 2 Va(s) 1(2)
Potentials emerging from SO(3,1) D F(2)
Vo(u) 3(3) Va(x) . . 3 ,
/ h’ % B i g B i
R i T
Vo) |303) Valx) 3 } .
Vis(u)  2(2) Va(x) 2 - -
Potentials emerging from SO(3,1) D SO(3)
Vi(uw)  ]2(2) Vi(x) 2 Vs(s) 2(2)
Vis(u)  [2(2) Vo(x) 2 Vi(s) 2(2)
Potentials emerging from SO(3,1) D SO(2,1)
Vi) [43) Valx) 3 - .
Vis(u)  [4(3) Vi(x) ; } .
Vig(u) | 2(1) Va(x) 2 - -
e 5@ | ) L
Vis(u) |2(1) ar + F(z) 2 - -

. Furthermore, we have therefore found all analogues of the minimally super-integrable
potential in IR®, which is summarized in table 5.2, where the enumeration of the potentials
in IR? is according to [80], and the enumeration of the potentials on S according to [81],
c.f. tables D.3, D.6. (In parenthesis we have indicated the maximal number of limiting
coordinate systems, as R — o0). For three minimally super-integrable potentials in IR® we
have found two, respectively three generalizations on the three-dimensional hyperboloid,
a feature which is due to the rich subgroup structure of SO(3,1).

. The linear potentials on the sphere and on the hyperboloid seem to have a structure ac-
cording to s3s,, respectively wous, which turns out to be separable in an appropriately
chosen parabolic coordinate system. However, on spaces of constant (non-vanishing) cur-
vature, there seems to be no analogue of an cartesian coordinate system, which separates
these kinds of potentials as well.

. We also have found two more minimally super-integrable potentials in IR® and on §(),
respectively. They correspond to the subgroup chain F(3) D SO(3) and SO(4) D SO(3).
These cases have been overlooked in [44] and [81]. Whereas in both cases the subgroup
Higgs oscillator on §(¥ is easy to solve, we must distinguish for the subgroup Kepler
problem on S two cases. First, where the interaction on S(* is repulsive, second where
it is attractive. The repulsive case causes no problems. However, the attractive case yields
a discrete negative subspectrum due to strongly attractive potentials in the variable r in
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IR® and y on S®. Tt would seem very odd to discard these cases because it seems ill-
defined. Rather we must find an analytic continuation for these kinds of problems. The
case of R? can be treated in the context of the free motion on pseudo-Euclidean space,
c.f.e.g. [75, 154], and the solution is known. The situation is unfortunately very different
for the strongly attractive singular potential on S, Here, no solution seems to be known
yet (however, c.f. [32] for the corresponding hyperbolic case).

10. The coordinate system XXX. separates a radial potential according to V' (us, u3) x a/ui+
(/u3, XXXIV. a potential according to V(uz) < 8/u3, which are, however, trivial and not
very interesting. The systems XXXI.-XXXIII. separate a potential according to

a gy
V. = - 4. 5.9
51(u) ot + 2 + el (5.9)

where we do not know any application, and no explicit solution.

11. Let us finally note another application of the prolate elliptic coordinate system. It has the
property that it separates the two-center Coulomb problem on the hyperboloid, similarly
as the prolate elliptic system on the sphere separates the two-center Coulomb problem on
5 [11, 164]. Let us consider two point charges located at u; » = (1,0,0,4k")/k on the
hyperboloid. Then it is not difficult to show by means of the prolate elliptic coordinate
system that one has in algebraic form (Zy = Z; £ Zs)

U - U Uy - U
14 , U, = -7 -7
(1,3, ) ! (uy -u)?—1 ’ (ug-u)? =1
_ _Z+\/(Q1 - az)(91 - 03) - Z_ \/(92 - az)(@z - 03) (5 10)
01— 02

A detailed investigation of this problem will be presented elsewhere [85].

We cannot say for sure if we really have found all possible super-integrable potentials on the
hyperboloid. For a systematic search one must solve differential equations which emerge from the
general form of a potential separable in a particular coordinate system, and changing variables.
Because there are 34 coordinate systems on the hyperboloid which separate the Schrodinger
equation, there are 33! ~ 8.7 - 10%° of such differential equations. This is not tractable, and one
has to look for alternative procedures, in particular physical arguments. In this respect, we have
found the relevant potentials which matters from a physical point of view, and which are the
analogues of the flat space limit IR®, including the corresponding coordinate systems.

Summarizing, we have achieved an enumeration and classification of super-integrable systems
in spaces of constant (positive, zero, or negative) curvature. Further studies along these lines
could include the investigation of the corresponding interbasis expansions, the contraction of the
wave-functions in the curved spaces with respect to their Euclidean flat space limit, c.f. [110],
their pseudo-Euclidean flat space limit, and the solution of the various superintegrable potentials
in the generic, respectively parametric coordinate systems [86]. Among the latter, the most
important cases are the Coulomb problems, for instance the Coulomb problem in A(* or A®)
in semi-hyperbolic coordinates, and the investigation of the Stark-effect in spaces of constant
curvature which includes the solution of the corresponding Schrodinger equations, or an analysis
of the anisotropic Kepler problem [17, 94, 97, 177] in a space of (non-zero) constant curvature.
We hope to return to these issues in the future.
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A Elementary Path Integral Techniques

In order to set up our notation for path integrals on curved manifolds we proceed in the canonical
way (see, e.g., DeWitt [38], D’Olivio and Torres [39], Feynman [45], Feynman and Hibbs [46],
Gervais and Jevicki [54], [61, 88], McLaughlin and Schulman [146], Mayes and Dowker [152],
Mizrahi [155], and Omote [163]). In the following x denotes D-dimensional cartesian coordinates,
q D-dimensional arbitrary coordinates, and z,y, z etc. are one-dimensional coordinates.

A.1 Defining the Path Integral.

We start by considering the classical Lagrangian corresponding to the line element ds* =
gupdq®dg® of the classical motion in some D-dimensional Riemannian space

. M ds\? M
Lei(q,4) = —(—) = V(@) = —-gu(@)i¢" - V(a) . (A.1)
2 \dt 2

The quantum Hamiltonian is constructed by means of the Laplace—Beltrami operator

M= Ao 4 Via) =~ g g Vi) (A2)

BT QM\/_qu ‘

as a definition of the quantum theory on a curved space. Here are g = det(ga;), (¢*°) = (gap) ™",
and App = ¢=20,9%%¢'/?0,. The scalar product for wave-functions on the manifold reads

(f,9) = [da\/gf*(a)g(q), and the momentum operators which are hermitian with respect to
this scalar product are given by

_hf 0 r, 0l \/g
Pa = I(aqa ‘I’ 7) 9 Fa — aqa . (A3)

In terms of the momentum operators (A.3) we can rewrite H by using an ordering prescription
called product according [61], where we assume g,, = hg.he (other lattice formulations like
the important midpoint prescription (MP) which is corresponding to the Weyl ordering in the
Hamiltonian, we do not discuss). Then we obtain for the Hamiltonian (A.2)

B2 1
H=—crArp + V(q) = Wh“papbh” +AV(q)+ V(gq) , (A.4)

and for the path integral we obtain

q(t")=q
K(q",q;T) / Dq eXp { [ (@)§*¢" —V(q) - AV(Q)] dt}

a(t)=q'
ND/2 N—
= I —
NE%O (271'1677,) 1;[ /

X exp{ Z [ hee(q;) ac(qj_l)Aq;Aq]I? —V(q;) — GAV(qj)]} . (A.5)
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AVpp denotes the well-defined quantum potential
2

8M[
Here we have used the abbreviations ¢ = (' —#')/N = T/N, Aq; = q; —q;_1, §; = 5(q; +qj-1)
forq; = q(t’ +je) (t; =t +¢€j,j =0,...,N) and we interpret the limit N — oo as equivalent
to e — 0,7 fixed. The lattice representation can be obtained by exploiting the composition law
of the time-evolution operator U = exp(—iHT/h), respectively its semi-group property, and the
the discretized path integral emerges in a natural way. The classical Lagrangian is modified into
an effective Lagrangian via L.;; = Lo — AV, In cartesian coordinates ordering problems do
not appear in the Hamiltonian, and the path integral takes on the simple form (with obvious
lattice discretization)

x(t'")=x" . W
M
Kx',x;T)= / Dx(t)exp {%/ [7)(2 — V(X)] dt} . (A.7)
t/

x(t!)=x'

AVPF(C]) g F Fb —|— 2(9 F ) b —|— gabyab —|— Qhachbcyab — hacyahbcyb — hacybhbcya] . (A6)

If the metric tensor is diagonal, i.e., g, = fZ045, the quantum potential simplifies into

st =g () - e G- ) ) | e

Let us assume that g, is proportional to the unit tensor, i.e., go, = f%64,. Then AVpp simplifies

into
D—=24=D)fi+2f faa
SM f4 ’
This implies, that if the dimension of the space is D = 2, the quantum correction AVpp vanishes.
Let us consider the special case that the metric is of the form (q = (a,b, z) are some three-
dimensional coordinates)

AVPF - hz

(A.9)

ds’(q) = h™*(da” + db*) + u’d2" (A.10)
with h = h(a,b),u = u(a,b). Then the quantum potential is of the form
h* h*
AVpp = SV [QU(U aa + W) — (Uza + Uzb)] . (A.11)

A.2 Transformation Techniques.

Point Canonical Transformations.

Indispensable tools in path integral techniques are transformation rules. In order to avoid
cumbersome notation, we restrict ourselves to the one-dimensional case. For the general case
we refer to DeWitt [38], Duru and Kleinert [42], Fischer, Leschke and Miiller [47, 48], Gervais
and Jevicki [54], Refs. [68, 88, 90, 91], Inomata [107], Kleinert [130, 131], and Storchak [183],
and references therein. Implementing a transformation @ = F(q), one has to keep all terms of
O(¢) in (A.7). Expanding about midpoints, the result is

K(F(¢"), P i) = [P F()] " tim (%m)lw 1 / dgs - HF’ @)

N—oo
X exp [
j=1

= [F’(q”)F’(q’)] i

>¢| o=
=
NE

PG (A - oV (F(g) - 8%?55))] } (A12)

g(t")=q"

S5

, i M, n o
Dy(D)F eXp{g/t [7F2q2—V(F(q)) S F/Jdt} . (A13)

i

q(t)=¢'
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Space-Time Transformations.

It is obvious that the path integral representation (A.13)is not completely satisfactory. Whereas
the transformed potential V(F(¢)) may have a convenient form when expressed in the new coor-
dinate ¢, the kinetic term %F’zq'2 is in general nasty. Here the so-called “time transformation”
comes into play which leads in combination with the “space transformation” already carried out
to general “space-time transformations” in path integrals. The time transformation is imple-
mented [42, 88, 107, 131, 166, 179, 183] by introducing a new “pseudo-time” s”. In order to do
this, one first makes use of the operator identity

1 1
H—FE f"(x)f,(x)(ﬂ " E)f(z)

where H is the Hamiltonian corresponding to the path integral K (7"), and f;,(z) are functions
in ¢ and ¢, multiplying from the left or from the right, respectively, onto the operator (H — F).

filz) (A.14)

Secondly, one introduces a new pseudo-time s” and assumes that the constraint

1t

| dsnras L Pt = 7 =~ (A.15)

has for all admissible paths a unique solution s > 0 given by

y fl fr y F’ (A.16)

Here one has made the choice fi(F(q(s))) = f.(F(q(s))) = F'(¢(s))) in order that in the final
result the metric coefficient in the kinetic energy term is equal to one. A convenient way to derive
the corresponding transformation formule uses the energy dependent Green function G(E) of

the kernel K(7') defined by

Gl ) = (|

q’> = %/0 AT EHITIN (o ' T (A.17)

where a small positive imaginary part (¢ > 0) has been added to the energy E. (Very often
we shall not explicitly write the ie, but will tacitly assume that the various expressions are
regularized according to this rule). For the path integral (A.13) one obtains the following
transformation formula

dE _.
K(2",2";T) = —_e_lET/hG(q”,q';E), (A.18)
R 271
1 / i ! 1 / / 1
Gl i) = [P " [ ks (A.19)

with the transformed path integral K given by

X 1/2N 1
Ix/’ //7 /; 1 1' ( ) /d
(q",q';s") Aim (o @

xexp{i—Z[%(Aqn — e () (V(F(g)) - E) —eAV(an (A.20)

ji=1

=

(](5”):(]”

Dqg(s) exp {% /0 l%q’z - F’Z(Q)(V(F(q) - E) - AV(q)] dS} (A.21)

q(0)=¢’
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with the quantum potential AV given by

B2 Fv//2 o

Note that AV has the form of a Schwarz derivative of F. A rigorous lattice derivation is far
from being trivial and has been discussed by some authors. Recent attempts to put it on a
sound footing can be found in Castrigiano and Stark [23], Fischer et al. [47, 48] and Young and
DeWitt-Morette [195].

A.3 Separation of Variables.

Separation Formula for the Path Integral.

By the same technique also the separation of variables in path integrals can be stated, c.f.
[66]. Let us consider a D = d + d’ dimensional system, where x represents the d-dimensional
coordinate and z the d’-dimensional coordinate. For simplicity we consider the special case
where the metric tensor for the x coordinates is equal to f?(z)1l, and the metric tensor for
the z coordinates is diagonal and denoted by g = g(z) with elements g; = ¢:;(z), i = 1,...,d".
Furthermore, we incorporate a potential of the special form W (x,z) = W(z)+V(x)/f*(z) which
include all quantum potentials arising from metric terms. Then (g = [] ¢?)

z(t'")=z" x(t'")=x"

| pansiavs [ oxn

2(t)=z' x(1)=x!
X exp {%/ﬂt [%((ng 1 fZ(Z))’(Z) - (}/2(();; + W(z))]dt}

= @) [anvene [ Dy

i M E,

X exp {% /ﬂt [7(g - z)? = W(z) - fz(z)] dt} . (A.23)

Here we assume that the d-dimensional x-path integration has the special representation

X(t”):x” . tl’
M )
/ Dx(1) exp{% / lTﬁ —V(x)] dt} _ / AE\US (X)W, (x)e BT/ (A.24)
t/

x(t!)=x'

We make frequently use of (A.23).

A.4 Path Integral Identity for the Poschl-Teller Potential.

As we shall see, we encounter particularly in the case of the Higgs oscillator, the Péschl-Teller and
the modified P&schl-Teller potential in our path integral problems. The path integral solution
of the Péschl-Teller potential reads as follows (Béhm and Junker [13], Duru [40], [75, 91, 92],
Fischer et al. [47], Inomata et al. [108], Kleinert and Mustapic [132], 0 < # < 7/2)

z(t")=z"

B e N
/ Dx(t)exp{g/ﬂ [796 _m<sin2$ + Coszx) dt

z(t)=z'
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. dFE .
= 2 eI ) = | e TG i ) (A.25)
n€lNg

The bound state wave-functions and the energy spectrum are given by

(@) () = nl(a+B+n+1) 1/2
P (x) = [2(a+ﬂ+2n+1)F(a+n+1)r(ﬂ+n+1)

x (sin )* 2 (cos 2 )2 PP (cos 2z) (A.26)

hZ
Ey=5r(2nta+f+ 1) . (A.27)
The P{*?) are Jacobi polynomials. The Péschl-Teller wave-functions ¢{*#)(z) are normalized to
unity with respect to the scalar product foﬂ/z () (2))*dz = 1. The Green function Gng’ﬁ)(E)
has the form

M i _ F(ml —LE)F(LE‘|‘m1+ 1)
G(a,ﬁ) "opls Y = _ﬁ
pr (2", 2"y E) 22 SHL LT SILT L(my 4+ my + 1)(my —my + 1)
y (1 Ccos22 1 — cos 2$//)<m1—m2>/2<1 +cos2z’ 1+ cos 2x”)<m1+m2)/2
9 2 2 2

1—cos2x.
—5=)
1+ cos2z

=7

><2F1<—LE+m17LE+m1‘|‘1§m1—m2‘|‘1§

><2F1<—LE+m17LE‘|‘m1‘|‘1§m1‘|‘m2‘|‘1§ (A.28)

where my, = $(8+ @), Lg = =+ + $V2ME/h, 2Fi(a,b;c;z) is the hypergeometric function,
and z,z. denotes the larger, respectively smaller of 2/, 2".

A.5 Path Integral Identity for the Modified Poschl-Teller Potential.
The case of the modified Péschl-Teller potential is given by [13, 48, 75, 91, 92, 108, 132]

i MM e
S o [P S
r()exp{h o [QT 2M \sinh*r  cosh®r

r(t")=r"

r(t)=r’
Noax

_ Z e—iEnT/ﬁ%(f,A)*(T/Wr(ln,x)(ru)_I_/0 dpe—iEpT/ﬁ%()n,A)*(T/WZ()R,A)(T//) 7 (A.29)
n=0
dE _.
- Te—IET/ﬁc;ﬁ:;T)(r“,r';E) : (A.30)
R 471

The bound states have the form

PN () = NN (sinh )2 (cosh )"~ MY 2, Fy (=n, A — n; 1 4 w3tanh® ) | (A.31)
1 A=k —=2n—DI(n+ 14 &)I(A—n)]"?

NEA) —
" I'(l14 &) I'(A =k —n)n!
h? 5

Here denote n = 0,1,..., Nypur = [5(A—k—1)] > 0, and only a finite number of bound states can
exist depending on the strength of the attractive potential trough and the repulsive centrifugal
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term as well. Here [z] denotes the integer part of the real number . The continuous states are

Ad+k+1—ip k=—A+1—1ip
2 ’ 2

sz()“”\)(r) = N;K’A)(Cosh )P (tanh ) 2, 1y ( ;1 + &; tanh? T)

(A.33)

NN — 1 Psinh?rpr(/\—l—m+1—ip)r<m—/\—|-1—jp) ‘
' I'(1+ k) 2m? 2 9

The Green function GE:P’\T)(E) has the form

M T(my = LOU(Ly 4 my + 1)
252 F(ml + mo + 1)F(m1 — My + 1)

x(cosh 7' cosh 7" )=(m1=m2)(tanh ¢ tanh r)mtme+1/2

Goapt(r 13 E) =

1
><2F1<—L,\—|—m1,L,\—|—m1—|—1;m1—m2—|—1;7)

2
cosh” r.

X ok ( —Ly+my, Ly+mi+ Lim + ms+ 1;tanh2 7‘>) , (A.34)

where we have set m, = +(k £V—-2ME/h), Ly = (A — 1). We make extensively use of the
solutions of the Poschl-Teller and the modified P6schl-Teller potential, respectively.

A.6 Path Integral Identity for the Rosen-Morse Potential.

For completeness we cite the path integral solution of the Rosen-Morse potential according to
[132]

z(t'" ="

. ) ) . ¢! M B
%/0 dT e PT/H / Dax(t)exp [% /t’ (7902 — Atanh% + 7) dt]

2
l‘(t’):x’ COSh E
h? T(my +mg + DT (my —my + 1)
y (1 — tanh% ‘ 1— tanh%’) M1 ma (1 n tanh% | 1 —I—tanh%) mydmg

1—|—‘5:&th£RZ
X2F1<_LB+m17LB+m1+1;m1+m2+1;7)

2
1 — tanh %5
><2F1<—LB—I—ml,LB—I—ml—I—l;ml—mz—l—l;f) (A35)
N * \Il(i) )\Il(i)( //)
A.
Z:: E —E +Z/ A+h2p/2MR2 (A.36)

Here denote Ly = —1+3\/8MBR?/0> + 1, my 5 = /M/2 R(v/—A — E£\/A — E)/h. The wave
functions and the energy-spectrum are given by [5 =1+8MBR2/r2,0,...,N, < %(5 -1)-

VMIARZ2/h, ki = 3(1 4 5), kzz§[1+§(5—2n—1)—%],nomkz—g>0]:

v, = [(1 AMAR ) ((S—QkZ—Qn)n!I‘(,g_n) )]1/2

R m(s—2n—1)2)T(s+1—n—2k)T(2ks + 1

%s—kQ—n
><2n+(1—s)/2 (1 t $)
— Tanh —
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S
X (1 + tanh %) plr=2ka=n,2ka=1) (tanh %) , (A.37)

(A.38)

(R _ [hz(s —2n—1)* 2M A*R? ]

8M R? B2(s —2n — 1)?

The wave functions and the energy-spectrum of the continuous states are given by

W (r) = 1 VM sinh(7my £ mo|)/2R
P T+ my £ m) Bl sinw(my + Lp)|

(1 + tanh %) madm
X 2

my—m2

(1 — tanh %) z
2

><2F1<m1—I—LB—|—1,m1—LB;1—|—m1imz;litanh%) . (A.39)

B New Super-Integrable Potential in R?

In this subsection we discuss an additional minimally super-integrable potential in IR which we
have not mentioned in [80]. It consists of a Coulomb potential in S® as a subsystem, which
is maximally super-integrable in $(2), hence minimally super-integrable in IR*. Tt is separable
in spherical and conical coordinates which are listed in the following small table (a complete
tabulation of coordinate systems in IR® can be found in [75, 80]):

Coordinate System | Coordinates

Conical, r > 0 z=rsn(&, k) dn(é, k"
a € [-K, K] y = ren(a, k) dn(B, k)
Ge[-2K'2K"] |z=rdn(a k)sn(3, k)

Conical 11, » > 0 z=rlk'sn(&, k) dn(é, k') + kdn(a, k) sn(é, k)]
& € [-K, K] y=rcn(a, k) cn(é, k"
B e[-2K' 2K"] z=r[k' dn(a, k)sn(B3, k') — ksn(a, k) dn(5, k)]

Spherical z =rsinvcosp
r>0,9€(0,7) y = rsindsing
v €10,2m) z = rcos?

B.1 Subsystem of Higgs Oscillator on S®?).
We consider the potential

4_|_ 4_|_

72 yZ 22

Vix) =

(B.1)

M W 4y W (kf—l kS — & kg—i)
2 a2 4 y? 422 22 2M '

This potential has the proper sub-group structure to be a minimally super-integrable potential
in IR®. However, it corresponds to the first minimally super-integrable potential in [80] with
F(r) =0, and therefore gives nothing new.
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B.2 Subsystem of Coulomb potential on 5
We consider the potential

a > B2 k%_l k%_l
Vo(x) = — + i 4 4 (B.2)
vy’ + 22 VaTy? AMVRT P \VT e Vel Y-

Spherical (r > 0,9 € (0,7),¢ € (0,7)):

2 2_ 1 2_ 1
= Tiz —acotd + 8M21n 3 (lzoszg + l:ilnz g)] (B.3)
Sphem Conical II (r > 0,6& € (0, Ix) € (0,K")):
1 k' snf dnf — ksna dna h?
e I e k2 cn2a + k'* anﬁ * 2M (k? cn?a + k' anﬁ)

y (k2 + k2 — Dk + (k2 — k3K sna dna N (k2 4+ k2 — D)k + (k2 — kD)ksnf dnf3 (B.4)
CIleNé anﬁ ) )

The constants of motion for V; are

I = 5ep? + Vo(u)
1 1 (k2L k2ol
[ S

2M 7% 2M \cos> £ sin® 2 (B.5)
1 h? k3—1 k-1
Iy= —L”— acot? £ 4)
37T oM ety 8M sin? ¥ <C082 % sin? ”2’ ’
and the fourth observable is given by
k' snfBdnf — ksnadna

I, = sin 2f{Ly, L3} — cos2f L2 -

+ QM( FLis Ls} ILs) = k2 cnZa + k7 cn?f
h? (k2 4 k2 — 5)k’2 + (k2 — k?)k' sna dna B
M (k2 en?a + k' cn2f3) cn’é (B.6)

+(k§ + k2 — Dk + (k2 — k?)ksnfB dnf3
cn?j3 '
Only the case of spherical coordinates is exactly solvable. We obtain

KEWYo)(x",x';T)
/"(t//):/"// /Lg(tll):/ﬂll w(t//):w//

_ / Dr(t)r? / DO(t) sin / Do(1)

r(t)=r’ d(t)=v’ et )=y’

. 4 M )
Xexp{%/ [7(7‘2{—7‘2(192{—51112 199'92)) + f—zcotﬂ
tl
h? 1 (k35— k-3
— — 1) —=1]|dt
SMr? (sin2 9 <C082 % + sin? % )

T(t”):”‘” "
1 a)x o it M A2 A2 1
- rir! ZWE”I) (s’)\Ilgnl)(s”) / Dr(t) P [% /t/ ( 2 - 2M ; 4)dt] (Bj)
ml

r(t)=r’
WZ W) [ pdpe T ) o) L (52 0) L (BS)

ﬂ-Z

o o pdp ol 2 - . - .
\/72 Pt ) \IJ( ) ”)/0 ihp T/2M1x1|,\3|(—1p7‘”)lxi|,\3|(1pr') , (A3<0) . (B.9)
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Here are Ay = m + (1 + ky £ ky)/2,A3 = 2M E;/h* with E; = %(Z~2 - i) - Ma/QhZZZ, and
[=14+XM\+ . The \Ilg,f,)(s) are the wave-functions of the Coulomb potential on $*) [36] (in any
of the two separating coordinate systems, where however, only in spherical coordinates they are
explicitly known). Due to the property of the Coulomb spectrum on $(2) that it can be negative
as well as positive we must distinguish between the cases A > 0 and A2 < 0. The former case is
simple. We just obtain a usual repelling centrifugal potential. The latter case, however, causes
the necessity of an analytic continuation due to the strong attractive singularity at the origin.
Such terms arise in the treatment of the quantum mechanical motion in pseudo-Euclidean spaces
[113, 154], and the corresponding path integral discussions have been done in [75], and c.f. [75]
for more details and references therein.

C New Super-Integrable Potential on S©®

In this appendix we discuss two minimally super-integrable potentials in S which we have
not mentioned in [81]. They are the Higgs-oscillator and the Coulomb potential in 5® as
subsystems, which are maximally super-integrable in S(*2, hence minimally super-integrable in
S®). Both potentials are separable in spherical and sphero-conical coordinates which are listed
in the following small table (a complete tabulation of coordinate systems in IR? can be found in

75, 81]):

Coordinate System Coordinates
Sphero-Elliptic s1 = sin x sn(&, k) dn(é, k"
x € (0,7) sz = sin x en(&, k) cn(é,k’)
& € [-K, K] sz = sin xy dn(&, k) sn(é,k’)
B e[-2K' 2K"] 54 = COS 'Y

Sphero-Elliptic rotated |s; = sin x[k'sn(&, k) dn(é, k') + kdn(a, k) sn(é, k)]

x € (0,7) so = sin y en(a, k) en(G, k)

&€ [-K, K] s3 = sin [k’ dn(@, k)sn(3, k') — ksn(&, k) dn(3, )]
B e[-2K' 2K"] 4 = COS Y

Spherical s1 = sin y sin ¥ cos ¢

x € (0,7) s = sin y sin ¥ sin ¢

J € (0,m) s3 = sin y cos ¥

¢ €[0,2m) 54 = COS Y

C.1 Subsystem of Higgs Oscillator on S,

We consider the potential

Vis) =

M W2 s34 s2 h_2<kf—i+k§_l k2 -1 ki_i) o
2 s5+s3+si 53 IM\ 52 ) - :

51

It has the proper sup-group structure to be a minimally super-integrable potential on 5.
However, the explicit form in, e.g., spherical coordinates show that V' corresponds by an appro-
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priate redefinition of parameters to the generalized Higgs-oscillator on ) [81], and is therefore
maximally super-integrable.

C.2 Subsystem of Coulomb Potential on S,

We consider the potential

Vils) = ———— %
T s S VAT
K2 k21 L2 _ 1 B2 k21
+ 2 2 22 24 +/23 24 +—424 (C.2)
4M\/81 —I_ 82 \/81 —I_ 82 —I_ 81 81 ‘I‘ 82 — 81 2M 84
Spherical (x € (0,7),9 € (0,7),¢ € (0,7)):
1 h2 k%—l L2 _ 1 B2 k21
= — | — t 19 4 3 4) 4 4 ‘
Rrsin?y | T Sirsin <c082§ * sin” £ T OMR cos® x (€3)

Sphero-Elliptic rotated (x € (0,7),& € (0,K),3 € (0, K")):
1 k' snfBdnf — ksna dné
- R?sin? y k2 cn?a + k% en2f3
. h? ((kf + k2 — D)k + (k2 — k})k' sné dna
2M (k2 en?a + k'* cn?3)

cn?a

N (k2 + k2 — D)k + (k2 — k})ksnf dnf nok:-L (.4
cn?j3 2M R? cos?y '
The constants of motion for V; are
I = 2]\41R2(L2 +K?) + Vi(s)
1, 1 (k-5 k-3
IZI—Lg‘I‘—( 4‘|‘.24)7
2M 2M \cos* £ sin” £ (C.5)
1 h? B2—-L 21
Iy = —L%— acot¥ 244 - 4)
2T oM oty + 8M sin® 9 <C082 < + sin” < ’
and the fourth observable is given by
1 . k' snf dnf — ksna dna
I, = —(Lsin2f{L, L3} —cos2fL2) — a -
* QM(2 AL, L} IL5) k2 en?a + k% en?j3
h? (k3 + k2 — D)k’ + (k3 — k3)k' sné dna
+2M(k2 enZa + k% en?3) cn’é
+(k§ + R - Lk 4 (k3 — k)k sn 3 dnﬁ) ©.6)
cn?f

Only the spherical system can be solved. We have
KY)(s" 6':T)
1 =X d(t'")=0" e(ty=p"
= / Dx(t)sin® x / DI(t)sin ¥ / Dp(t)

X(t=x’ () =0 o(t")=p!
i M . a
% - _RZ -2 . 2 192 » 2 19 -2 - t19
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_ n? (ké—i kg—i)_ Bk -1
8 M R?sin” y sin? 9 \ cos? < sin? < 2M R? cos? x

= (Rsin y'sin y")™! Z \Ilg,fl)*(s’)\llg,fl)(s”)
ml

dt} (C.7)

X(t”):X” ] o
i M h? M-L k-l
D(t 1 M opaa 3 4 4 4 dt .
X ()/ X()eXp{h/ﬂ [QRX QMRz(sinzx—l—coszX (C8)
x()=x'
= (sin X' sin )7 D0 W (SHWLN(S7) Y e TR E (v R)SQERI(VR) L (C.9)
ml n=0
2

Ey= 5o (204 X5 + ks +1)2 = 1)) (C.10)

Here are \y = m~+(1+ki+ky)/2,A3 = 2M E;/h* with E; = %(iz—i)—Ma/thlNZ, [= l-l-/\rl-%,
the wave-functions \Ilg,fl)(s) for the Coulomb problem on S(®) [81] as in Section B.2, and the
Poschl-Teller wave-functions ®(*»%k+)(y; R) (A.26) endowed with the factor R=3/2. Again we
must distinguish between two cases, i.e., A2 > 0 and A < 0, respectively. For the former
case we have written down the solution. For the latter case, however, the proper analytic
continuation is not known. It corresponds to one of the 74 coordinate system solutions on the
0(2,2) hyperboloid [115]. We will not dwell on this topic any further here, and the issue will
be discussed elsewhere [85].

D List of Super-Integrable Potentials in Spaces of Constant

Curvature

We briefly list the super-integrable potentials on the spaces of constant curvature in IR, R?
(maximally and minimally super-integrable), on $® and S (maximally and minimally super-
integrable), and on A(?) according to [80]-[82], respectively. In IR” we have four super-integrable
potentials, V;(x),...,Vi(x) (x € IR?), in IR? five maximally super-integrable Vi(x),..., Vs(x),
and nine minimally super-integrable Vi(x),...,Vs(x) (x € IR?) potentials. On S there are
two superintegrable potentials Vi(s) and Vy(s) (s € @), on &) there are three maximally
super-integrable Vi(s),..., V5(s) and four minimally super-integrable potentials Vi(s), ..., Vz(s)
(s € S®). On A® there are five super-integrable potentials Vy(u),...,Vs(u) (u € A»). The
integrable potentials V3 g 10(s) on S3) are not taken into account.

For each potential we list the separating coordinate system, for the respective definitions
c.f. [80]-[82], where the coordinate systems where an explicit analytic solution can be found are
underlined. We also state all the corresponding observables.

They are now the following potentials:
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