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Abstract

Path integral formulations for the Smorodinsky-Winternitz potentials in two- and three-dimensional
Euclidean space are presented. We mention all coordinate systems which separate the Smorodinsky-
Winternitz potentials and state the corresponding path integral formulations. Whereas in many
coordinate systems an explicit path integral formulation is not possible, we list in all soluble cases the
path integral evaluations explicitly in terms of the propagators and the spectral expansions into the
wave-functions.

1. Introduction

In the study of the Kepler problem and the harmonic oscillator it turns out that they
possess properties making them of special interest, for instance, all finite classical
trajectories are closed and -all energy eigen-values are multiply degenerated. These
properties point beyond their specific shape and give rise to ask about their “hidden” or
“dynamical” group structure, namely whether it is possible to distort them in a systematic
way, and at the same time keep these properties. F urthermore, do they belong to a class
of potential problems which have similar properties?

For instance, as has been known for a long time, at the basis of the specific properties
of the hydrogen atom Hes its O(4) symmetry, or to be more precise, the dynamical group
O(4) for the discrete spectrum and the Lorentz group O(3, 1) for the continuous spectrum.
All such systems have the particular property that the energy-levels are organized in
representations of the non-invariance group which contain representations of the dynamical
subgroup realized in terms of the wave-functions of these energy-levels [43]. In the case of
the hydrogen it enabled PauLi [113] and Fock [40] to solve the quantum mechanical
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Kepler problem without explicitly solving the Schrédinger equation. Actually, the algebra
of the dynamical symmetry of the hydrogen atom turns out to be a centerless twisted
Kac-Moopy algebra [24].

SMORODINSKY, WINTERNITZ et al. started a systematic search to find and classify potential
problems in two and three dimensions which can be seen as non-central generalizations of
the Coulomb-, the harmonic oscillator and radial barrier potentials. The classification
scheme starts from the consideration in which way integrals of motion (in classical
mechanics), respectively additional operators corresponding to these integrals of motion
which commute with the Hamiltonian, are related to the separability of the potential
problem in more than one coordinate system. In two dimensions [43] it turns out that
there are four potentials of the sought type which all have three constants of motion
(including energy), i.e. there are two more operators commuting with the Hamiltonian.
SMORODINSKY, WINTERNITZ et al. extended their investigations in a classical paper [94] to
three dimensions by listing all potentials which separate in more than one coordinate
system. However, in three dimensions one must distinguish two cases, namely minimally
super-integrable systems, where four, and maximally super-integrable systems, where five
functionally independent integrals of motion exist.

In D dimensions a system is called minimally super-integrable if it has 2D—2
functionally independent integrals of motions, and it is called maximally super-integrable
if it has 2D —1 functionally independent integrals of motion [8, 65]. A discussion of the
two-dimensional case is due to e.g. WINTERNITZ etal. [130], and a detailed study of the
three-dimensional case can be found in [36, 83]. Moreover, the Smorodinsky-Winternitz
potentials allow a generalization to D dimensions and are maximally super-integrable
[37] as well.

In three-dimensional Euclidean space there are eleven coordinate systems which
separate the free Hamiltonian [75, 102, 106]. Each potential can be analysed according to
its separability in these coordinate systems. Because each potential can be rotated and
translated with respect to itself, one has to look for the equivalence classes among them.
As it turns out there are eight minimally super-integrable (including a ring-shaped
oscillator and the Hartmann potential) and five maximally super-integrable (including
harmonic oscillator and Coulomb) potentials. Evans [36] presented a list of these
potentials including the corresponding integrals of motion and (almost) all separating
coordinate systems. The group structure of the two-dimensional potentials was given in
[43], for the Hartmann potential by GERRY [47] and GRANOVSKY etal. [51], for the
ring-shaped oscillator by QUESNE [117] and ZHEDANOV [132], and the harmonic oscillator
including 1/x2-terms (a Smorodinsky-Winternitz potential, see below) was analysed by
Evans [36].

The purpose of this paper is to give a path integral discussion of all Smorodinsky-
Winternitz potentials in two- and three-dimensional Euclidean space. This includes the
statement of the propagator (the time-evolution kernel), respectively, if only available,
the corresponding Green function, and the spectral expansion into wave-functions and
energy-levels. In the discussion of the two-dimensional Smorodinsky-Winternitz poten-
tials the evaluation will be somewhat more elaborated in order to demonstrate the
techniques. Of particular importance will be the basic path integral solutions of the radial
harmonic oscillator by PEAK and INOMATA [114] (compare also DURU [30] and GOOVAERTS
[49]), and of the Poschl-Teller potential by BouM and JUNKER [6] which is based on
the SU(2) path integral (compare also DURU [29], and INOMATA and WiLsoN [73]). All
these path integral solutions are now well-known in the literature and will not be repeated
here.

One may ask, if it is possible to analyse the path integral of a potential problem in
terms of its dynamical symmetry group {71, 72]. In order to look at such a path integral
formulation we consider in a not-necessarily positive definite space with signature
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(gab)=diag(d-1,.;, +1, \+1,.;, +1) )
ptimes gtimes

the generic Lagrangian Z(i X)=4 8., %X —V(X), (X e RP*9) and its corresponding
short time kernel K(X;, X;_,; ¢) of the path integral. The short-time kernel is analysed by
harmonic analysis w1th respect to the symmetry group of the Lagrangian. This is usually
a Lie group. In order to do this one seeks for an expansion of e**-*'% in terms of
representations of the group. This may be done in generalized polar coordinates in terms
of generalized spherical harmonics. We assume that we can introduce a generalized polar
variable 7 and a set of generalized angular variables {0} such that x,=te,(0,,..., 8,,,-,)
(v=1,..., p+gq), where the ¢ are unit vectors in some suitable chosen (timelike, spacelrke
or lightlrke) set [6] with V(x)—V(t) say. To perform the harmonic analysis the scalar
product X;_ e - X; must be rewntten in terms of a group element, say a function f(g;, g

such that e”J 1'% = 2165165 Since g;1g; is a group element we set F(g)=e*/®. The
expansion then yields

F(g)=[dE,d, y Fi() Di(s), Fi=[F(g)Di*(g™")dg, @
m G

and dg is the invariant group (Haar) measure. | dE, stands for a Lebesgue-Stieltjes integral
to include discrete ({dE, — Z as well as continuous representations. The summation
index m may be a multiindex. d , denotes (in the compact case) the dimension of the
representation; otherwise we take

d; | Dn(g) D7*(8)=0(A, ) 0y 3
G

as a definition for d,. d(4, ') can denote a Kronecker delta or a & function, depending
whether the quantity A is a discrete or continuous parameter. For instance, for D-dimensional
polar coordinates the functions D§,, (I € Ny, m € Z) are called associated spherical harmonics,
and the D, (! € N,) are the zonal harmonics.

For the path integral we obtain [T =t"—t, 1;=1t(t; +t'), 6= T/H]

Rry=3"

D% exp[ f.‘Z’(x fc)dt]:j'dEldAZD,‘},(g’ e K, e T T)  (4)

R)=%
M \PNi2 7 ipM \eNi2 M-t
K 1t T)= 1 - d
an(@ 75T N <2n18h) <2nah) }15 K
N A, s N M
x [T BAx)) exp {h Y [i—s(rhr}_l)—sva,)]}. )
1=1 ji=1

We see that the FA(7) play the role of a generalized functional weight in the path integral.
The path integration over the group elements could be performed due to their orthonormality.
Choosing a particular bases in the group fixes the matrix elements of the representation
and one can expand the DA(g,; 'g,) in terms of the wave-function ¥;,({8}) corresponding
to the Casimir operator of the group. This can be e.g. done by means of the group
(composition) law

D}.(g,'g,)= ZDk.. (8,) Ditm(gs)- (6)
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m, n, k may be multiindices. The method can be extended in order to incorporate
potentials. In [6] the authors concentrated on the cases where the harmonic analysis can
be performed either with the characters of the group or the zonal spherical functions,
respectively. In the case of SO(D) the Casimir operator is the Legendre operator and the
wavefunctions are the hyperspherical harmonics S,(2) which are products of Gegenbauer
polynomials. However, the method is of course more general cf. e.g. [7, 27, 28, 97, 115].
The spherical functions are eigen-functions of the corresponding Laplace-Beltrami operator
on a, say, homogeneous space, and the entire Hilbert space is spanned by a complete set
of associated spherical functions D§,, (GELFAND etal. [44, 45] and VILENKIN [127]). In
[59] a systematic study was presented of path integrals of the free motion in two- and
three-dimensional spaces of constant curvature, i.e. on homogeneous spaces.

The Smorodinsky-Winternitz potentials can also be discussed in the context of a group
path integration, provided the dynamical “hidden” group structure behind the potential
problem is known, and the wave-functions and the energy-levels follow from the
representations of the group [71, 72]. However, things are not as simple as for the free
motion. Whereas in many coordinate system realizations we can actually evaluate the
path integral, there remain several ones, where a direct path integral evaluation is not
possible because we obtain quartic, sextic, complicated Mathieu-like path integral problems,
where no solution is known. Also a consideration along the lines of “quasi-exactly
solvable path integrals” [90] can not be applied in an obvious way. However, sometimes
the zero-energy Green’s function can be evaluated, cf. STEINER [120] and the appendix.

As we will see, the technique of separation of variables in the path integral [56] will give
us a convenient tool to exploit the actually symmetry structure in such a way that we can
systematically reduce the number of degrees of freedom by using the appropriate path
integral identities.

We therefore provide the path integral formulations of all Smorodinsky-Winternitz
potentials in two- and three-dimensional Euclidean space. Some can only be stated, others
can be explicitly solved. We find that each of the potentials can be at least solved in one
coordinate system. The identities arising from the relations between the various formulations
serve as a tool to analyse the “hidden” dynamical group structure, however, only in an
implicit way. The coordinate space representations of the group in question where a path
integral is not explicitly soluble remain still unknown. Furthermore, the explicit spectral
expansions corresponding to various coordinate systems allow to study the interbasis
expansions of the problem. An example of particular importance is the hydrogen atom
[25, 96], respectively the ring-shaped oscillator [91], and the HARTMANN potential 91, 132].

The knowledge of soluble examples and their relation with each other, in particular here
the Smorodinsky-Winternitz potentials, is of great importance in many branches of
theoretical physics. For instance, the HARTMANN system [64, 80, 82] with either an
oscillator or an Coulomb interaction term appears in the study of molecule physics
(modeling ring-shaped molecules like the benzene molecule), in the study of the
AHARONOV-BonM effect [1, 81], for path integral studies cf. e.g. (BERNIDO and INOMATA
[4], CHENG [17], CHETOUANI et al. [19], GERRY and SINGH [46], HOANG and GIANG [89],
SOKMEN [118], TANIKELLA and INOMATA [124], and WiEGEL [128]), and for a more recent
discussion of a deformed generalization [77]. Evans [36] also mentioned cases in
celestical mechanics (e.g. an artificial satellite orbiting an oblate planet, dynamics of
elliptical galaxies). The consideration of the Smorodinsky-Winternitz potentials in spaces
of constant (positive and negative) curvature models a space-time of closed, respectively
open universes, cf. the Kepler problem and the Higgs oscillator problem (GRANOVSKY et al.
[52], HiGGs [66], INFELD [68], LEeMON [88], OTcHik and RED’kov [109], POGOsYAN et al.
[116], SCHRODINGER [122], and STEVESON [121], and path integral discussion cf. BARUT et al.
[2, 3], and GroscHE [55]). Path integral discussions of Smorodinsky-Winternitz potentials
in spaces of constant positive and negative curvature will be given in forthcoming
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publications. Starting from a particular exactly soluble example one can perturb it by a
further (vector or scalar) potential which is not destroying separability in a conveniently
chosen coordinate system [94], one can expand about the exact solution of the unperturbed
one, hence giving a perturbation series in, say, either powers of the coupling parameter
(e.g. [101]), respectively in powers of 4. The latter then gives a semi-classical expansion a
la DEWITT-MORETTE [100]-[104].

Our work can be seen as a generalization and extension of the earlier work of
CARPIO-BERNIDO et al. [11]-[15]. They discussed only some of the Smorodinsky-Winternitz
potentials and they restricted themselves only to a spherical polar coordinate path integral
discussion in R3, the three-dimensional Euclidean space. Their results are, of course,
included in our discussion. They also did not discuss a classification scheme of the
potentials. In particular, all our path integral evaluations in parabolic coordinates will be
new path integral solutions, including the expansion into discrete and continuous
wave-functions (if present). The path integral solutions of the two-dimensional Smorodinsky-
Winternitz potential ¥, and three-dimensional Smorodinsky-Winternitz potential V; are
entirely new (in Refs. [11]-[15] special cases of the latter have been discussed). We
therefore give a combined presentation of henceforth solutions which have been scattered
around in the literature and we also give all admissible solutions of each potential problem.

Our paper will be organized as follows: In the next Section we will list for completeness
the coordinate systems in two- and three-dimensional flat space which separate the free
Helmholtz, respectively Schrédinger equation. Also a separation formula for path integrals
is stated.

In the third Section we discuss the Smorodinsky-Winternitz potentials in two and three
dimensions, respectively. This includes the formulation of the path integral in the various
separating coordinate systems, and if possible via the basic path integrals, its solution in
terms of the propagator, respectively the Green functions, and its spectral expansion. In
particular, we will make frequently use of the separation technique in path integrals as
developed in [56], and will not write down explicitly each step in the calculation of the
examples of the explicitly soluble Smorodinsky-Winternitz potentials. In our path integral
solutions we will state the Feynman kernels as explicitly as possible, and their spectral
expansions according to

K(3", ; T)=[ dE, ¥} A(%) W, (") e 5T ™
Y B (3) B, (X7 e T

=4 Tdp,(3) B, (") eitrma ®)
Vo(¥) ¥,(3)e 7T+ [ dp W (X') B, (R7)e TN,
n p p

whether the spectrum is purely discrete, purely continuous, or discrete and continuous. In
these cases, where only the (energy-dependent) Green function is available, the spectral
expansions will be presented similarly.

The fourth Section is devoted to a summary and a discussion of our results.
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2. Coordinate Systems in Euclidean Space and the Path Integral
2.1. Coordinate Systems in Euclidean Space

2.1.1. Coordinate Systems in D Dimensions. In D-dimensional Euclidean space we have
the coordinate system corresponding to the elliptic coordinates

D
n (e:—¢)
i=1

x} =5 , (j=1,...,D)
H(ei_‘ej)
i*j
e,<0,<e,<...<ep<gp. _ 9)

This is the most general coordinate system possible, and all other coordinate Systems
are included as degenerations. In the following we will explicitly state the coordinate
systems in two- and three-dimensional flat space R? and R3 which separate the Helm-
holtz, respectively the Schrodinger equation. We rewrite the Hamiltonian, respectively
the Laplacian 4, =g 1/29,g°*¢"/?d, in terms of the corresponding momentum opera-

tors p,= —ihg Y4 3,g'* = —ih(0,+T,/2) (I,=20, an, g det(g,,)), where we choose a
specific ordering prescription called product ordering [53]. Here it is assumed that

8. =hachey, 8°°=h*h, the h,, being vielbeins, such that we can write H= -4,

=355 h*°p,p, h°® + AV, with the quantum potential 4V, given by

hz
AVpgp =M [gabrarb+2(gabrb),b+gab,ab]

hz
+ S_M (2 hachbc,ab_ hac,a hbc,b— hac,bhbc,a)- (10)

The potentials which may be added without spoiling the separability were derived by
E1sENHARDT [33] and SMORODINSKY and WINTERNITZ et al. [43, 94].

2.1.2.  Coordinate Systems in Two Dimensions

Cartesian Coordinates. We consider the usual cartesian coordinates (x, y)=X € RZ=E?.
The metric is given by (g,,)=1, and for the momentum operators we have p, = —ihd,,
p,= —ihd,. Therefore:

n R 2\ 1
———Aeiy=—— | ——+— |=—p2. 11
M E 2M(ax2+ay2> oM (an

The most general potential separable in cartesian coordinates has the form
V(X)=u(x)+v(y). (12)
Polar Coordinates. Next, we consider two-dimensional polar coordinates

x=gpcos¢p, ¢>0,
y=gsing, O0=Z¢d<2n. (13)
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The metric is given by (g,,) = diag(l, ¢?), and the momentum operators have the form

hfo 1 h o
= (—+— = 14

This gives for the Hamiltonian

K? (o2 18 1 8 1 1 h?
ZMAE(z) 2M<a—02+5—‘+‘— “_>=—<P:+_2P$)“—z- (15)

A separable potential has the form
V(x)= u(Q)+ 3 0(). (16)

Elliptic Coordinates. Third, we consider the coordinate system

x=dcosh&cosy, &>0,
y=dsinh{ sinn, —a<nsm, (17)

and d = R/2, where R is the interfocus distance. The metric is (g,,) = d?(sinh? & + sin’n) 1,,
and we obtain for the momentum operators

_h 6+sinh¢coshé _h i+ sinn cosn (18)
Pe=7\3Z "sinh?z +sin?y)’ P 1 \on  sinb?&+sin’y)’

Consequently we have for the Hamiltonian

L h? 0? N &
T2M “F”T T 2Md? (sinh?E +sin?m) \O&2 * on?

1
= SUE —— (sinh? ¢ +sin?n) "2 (p} + p?) (sinh? ¢ + sin? )~ 1/2, (19)

Replacing x + x =d(cosh£ cosn+1) yields a coordinate system which we call in the
following elliptic II coordinates [96]. The elliptic coordinate system is useful in the study
of two center systems. Furthermore, an additional parameter is introduced, the interfocus
distance R. This distinguishes it from the other two-dimensional coordinate systems which
can be obtained from the elliptic one by considering specific limits. In particular R — 0
reproduces polar coordinates, and R — co cartesian coordinates. In the case of the elliptic
I systems, R — oo reproduces parabolic coordinates (see below).

Note AVpp=0 which is a peculiarity of two dimensions with metric oc1, cf. (10). A
potential separable in elliptic coordinates reads

~, u(cosh&)+v(cosn)
V(x)= 20
(%) sinh? & + sin?y (20)
Parabolic Coordinates. Finally, we consider the coordinate system
x=3(*-&), y=¢n, (eR, >0 @n
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(alternatively £>0, ne R [98]). We have (g,,)=((?+1°)1,, and consequently for the
momentum operators

k(o & _h(o n
”é'i<a¢+¢2+n2)’ ”""i(aq+§2+n2>‘ @2)

This gives for the Hamiltonian
h? h? 52 52
—5 dp = — S IFET 3 —2.|._7
M IME+n2)\o&2 " an
1
=37 &+ W+ p) () 23)

These coordinates have been used in the literature to discuss the two-dimensional
“Coulomb-problem”, cf. [32, 43, 58, 69]. The transformation (x, y} +> (¢, 7) is the two-
dimensional realization of the Levi-Civita transformation. A separable potential has the form

u(®)+o(n) ”

VO="aip

2.1.3. Coordinate Systems in Three Dimensions
Cartesian Coordinates. Again, we start with the simplest case, cartesian coordinates
(x, y, 2)=% € R =E®. Then (g,,)=1;, and p= —i#hV. This gives for the Hamiltonian

By Lo 25)
M= "o Tam P

The most general potential separable in cartesian coordinates has the form
V(X)=u(x)+v(y) + w(2). (26)

Circular Polar Coordinates. Next, we consider circular cylinder coordinates which are
very similar to the two-dimensional polar coordinates

x=gcos¢p, ¢>0,
y=gsing, 0=¢<2m, 27
z=1z, zeR.

The metric reads (g,,) = diag(1, ¢% 1), and the momentum operators are given by (14) and
p,= —ihd,. This gives for the Hamiltonian

n? hz(az 1o 1 8 62)

LN I W
2M “E? 2M 6gz+g (3Q+Q2 5¢1+622

1 2 1 2 2 2
- = 2 2
2M<p"+92”"’+” 8Mg? 28)
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A separable potential has the form
- 1
V(X)=u(9)+? v(@)+w(z). (29)

Circular Elliptic Coordinates. We consider the coordinate system

x=dcoshécosn, ¢&>0,
y =d sinh £ sinz, —n<nsm, (30)
z=2z, zeR

(alternatively £e R, O<n<=n [98]). The metric is (g,,) = diag [d*(sinh? & + sin?7),

d*(sinh? £ +sin?n), 1], and we obtain for the momentum operators (18), and p, = —ihd,.
Consequently for the Hamiltonian

hz A p— hz 1 _a.f_+_?_2_ +a_2
2M “E? T T 2M| d(sinh? & +sin?p) \0&*  on*)  oz?

1 1
=53 [d—z (sinh2 & + sin?n)~Y/2 (p} + p?) (sinh? & +sin?n) /2 + pf:l .3

Similarly as in the two-dimensional case, circular elliptic II coordinates are described by
the replacement x - x = dcosh £ cosn + 1). A potential separable in elliptic coordinates reads

u(cosh &) + v(cosn)

V(%)=
(%) sinh?¢ + sin?n

w(2). (32)

Circular Parabolic Coordinates. The last example for cylinder coordinates in three dimensions
are the parabolic cylinder coordinates

x=%?-¢&), y=¢tn,  EeR, >0,
z=z, zeR, (33)

which is fthe obvious generalization of the two-dimensional case. We have
(g,,) = diag (£ + 12, 2 + 12 1), hence for the momentum operators (22) and p, = —ih0,.
This gives for the Hamiltonian

Ll U T I W
aMTEPT oM | e 42 \oE2  an?) 0zt
1
=g L&+ (0 +90) (7 + )72 402 ] (34

A separable potential has the form

_u(d)+o(m)

V(@)= St w(z). (35)

Sphero-Conical Coordinates. We consider the coordinate system in terms of Jacobi
functions [112]
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x=rsn(y, k)dn(v, k'), r>0, k*+k?=1,
y="cn(ﬂa k) Cn(v’ k')a _KéﬂéK (36)
z=rdn(y, k)sn(v, k'), —-2K'Sv=2K".

The metric tensor g,, in these coordinates has the form
(g,,) =diag[1, r*(k? cn?p+ k'2 cn?v), r?(k* cn?p+ k'* cn? ], (37
the momentum operators are p,= —ih(6/dr +1/r), and

_h(o k*snpcnpdny _h(d K*snvcnvdny (38)
Pu=13 ou KenPp+kZen?v)’ T i\dv kKren*p+kien’v)’

The Hamiltonian has the form

w ., B[220 1 1 oL
IMEYT TaM|arr v or r* K2en’u+k2en?v\opt  9v?

39
- (p’+l L (P2 +p?) . ) e
2M\" P Yk en® p+k'* cn’v o Vk* cn? p+ k% cn?v §Mr*’
Here a separable potential must have the form
- 1 v(cna)+w(cnp)
V(X)= — . 40
(%) u(r)+r2 k*cn?a+k'2cn?p (40)
The algebraic representation of these coordinates has the form
x2=p? (e, —a;)(@2—a)) r>0 h
(as_ax)(az—al)’ ’
2 (01 —4ay) (0, —a3)
Pop2 2l 222 2 ,<0,<a,<0,<4;3, 41
(@s— ;) (a; — a) 101 <8;<0;<4a3 > (1)
(a; —ay) (a;—a3) <

Here we have [P(g) =(e—a,) (¢ —a;) (¢ —a5)]

. rre—e -0
=d 1,— , .
(&) ‘ag< 7 Pl@)’ 4 P@) “2)

The momentum operators are

h(o 1 1 1 P’(Q,)) h ( 5 1 1 1 P'(Qz))
P == |2+ - , Pp=—|—+z - . @3
¢ !(391 20,—0; 4 Ple) P:"T\be, 2 02—01 4 Pl2) “3)

Together with the zweibeins
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e L ]/ P@xg ‘/ P (‘-’ze (44)
1 2

we obtain for the Hamiltonian

o w az+2a+1A
T 2M\or? ' r or LB

1 1 2 Qi Qi@ hz
=M p? _22 h%% pl h%% + AVpr(0) M2 45)

0
[VP(el —V/Pley) —+1/ Ple)) 5~ V—P(ez)a—ez], (46)

where the 4V, (o) are determined by (10). The relation between the coordinates (g,, @,)
and (p, v) is established via

(@, —e,)=(a, —a,) sn*(u, k), (a,—g;)=(a;—a,) en? (v, k). 47
Spherical Coordinates. We consider the spherical coordinates

x=rsinfcos¢, r>0,
y=rsinfsing, 0=£0=m, (48)
z=rcosb, 0Z¢<L2m.

These are the usual three-dimensional polar coordinates. The metric tensor is
(g,,)=diag(1, r% r*sin?6), and the momentum operators have the form

hio 1 hio 1 h oo
LY S B o 49
P i(6r+r>’ Pe 1(ao+2°°w)’ Po=7 39 49)

For the Hamiltonian we obtain
. th _ h? 62+26+1 az+cot06 1 02
2ME?T aMlart T r or FIE 30)  Fsin?6 997

1, 1 1 " 1
=—/\p; 1+ . 50
2M<p 2po+ r’s 26p¢) 8Mr2( +s1n20> 0

A potential which is separable in spherical coordinates reads

1
V(x) u(r)+ v(0)+ 5——= - l w(¢) (51)

Parabolic Coordinates. We consider the coordinate system

x=¢ncosg, y=~Ensing, £, n>0, }

2
z=3E—-n?), 0<¢p<2n. (52)
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This gives for the metric tensor (g,,) =diag(* + 17, E2 +n?, £*n?), and for the momentum
operators we get

Y CINR S A YLY G Tt )
=i\t aa T 2e) T i\en &4 2n)°

together with p,= —ihd,. For the Hamiltonian we obtain

th _ 1 iz_+a+al+i+l a
M = T 50 52+"2 08 B¢ 6r,2 on 52’72 a¢2

1 1 2 2 1 1, h?
= = — . 54
m[m ""*”"’m%w”*] sep Y
In parabolic coordinates a potential is separable if it has the form
vy Qv @) 59

Vxt+y + 22 x*+y?

Prolate Spheroidal Coordinates. We consider the coordinate system

x=21/(E*-1) (1—9*) cos¢ =d sinhpsinv cos p, u>0, O<v<m,
y="% |/(€z——1) (1—-n*)sing =dsinhpsinvsing, £>1, Inl<1, (56)
z=8¢np=dcoshucosv, 0<¢<2m.

For convenience we have also introduced the alternative representation of the coordinates
in terms of trigonometric and hyperbolic functions via £ = coshpy, n=cosv. R=2d is the
interfocus distance. This yields (g,,) = d> diag(sinh? u+sin’v, sinh? yt + sin?v, sinh? u sin?v),
and for the momentum operators we obtain

_h 0 + sinh p cosh + 1 coth _ k(0o + sinv cosv 4 1 cotv (57)
Pu=7 du sinh?p+sin?y 2 B> Pv=T\ov" sinhZp+siniv 2 ’
and p,=—ihd,. The Hamiltonian has the form

hz

—— A

2M

= i 1 : + coth 9 +22-+cotv 9 +——1-— i
= T2Md? | sinh? p + sin?v \ 9y’ au" av? av) " sinh?psinv 3%

1 1 o 1 1 \
“IMa [Vm Bt ) Tt snty * Smiasin’y ”'*]
hz
" 8Md?sinh?usin®v’

(58)

A separable potential must have the form
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__ u(cosh p) + v{cosv) w(¢)

V(X)= . 59
(%) sinh?p +sin?v  sinh?psin®v (59)

Replacing z — z=d(cosh p cos v + 1) gives the prolate spheroidal 11 coordinate system [23,
76, 84, 95, 1297, which is one of the four coordinate systems which separate the Coulomb
potential problem, cf. the potential V;(X) in 3.2.3. Note that there is no mathematical
difference between the prolate spheroidal and the prolate spheroidal II coordinate systems.
The later has a shifted origin such that the left focus is located at the coordinate origin. As
in the elliptic coordinate system in two dimensions the prolate (and oblate) spheroidal
coordinate system in a one parameter coordinate system. The prolate spheroidal coordinate
has the property of separating the two-center Coulomb problem (CouLsoN and ROBINSON
[23], Morse [105] and TELLER [125]).

Oblate Spheroidal Coordinates. We consider the coordinate system

%]/(E’+1) (1—7%)cos¢ =dcoshjisinvcos¢, A>0, 0<v<m,

X =
y=8Y/(@+ 1) (1) sinp=dcoshisinvsing, &>0, |fl<1, (60)
z =R E=dsinhjicos?, 0<¢<2n

(alternatively g e R, 0<v<m/2 [98]). We again use also the alternative representation
E=sinhji, f=cosy. R=2d is the interfocus distance. This yields (g,,)=
d? diag(cosh? i — sin?¥, cosh? ji —sin?¥, cosh? jisin®¥), and for the momentum operators
we obtain

_h 6+sinhﬁcoshﬂ +ltanh' _h 6+ sinV cos ¥ +lcot9 ©1)
Pi=7\oa cosn?i—sin?y 2 H) BTGV cosh?a—sin?v 2 ’

and p, = —ihd,. The Hamiltonian has the form

hz
- m A E)
w ! & +tanh ji 0 +az +cot¥v 9 + ! il
= — ar— — e vV— ————— it
2Ma2 | cosh? i—sin?v \O@? AP FRIFTT 3v) " cosh?asin’v 92
1 1 1 1
= (P2 +p?) + — pz]
2Mma [ cosh?fi—sinZv }/cosh? i —sin?¥ cosh? i sin’v " *
h2
- . 62
8 M d? cosh? jisin?¥ (62)
Here a separa.ble potential must have the form
V(E)= u(sinh f7) 4+ v(cos V) w(e) (63)

cosh?ji—sin?y  cosh?jisin’¥’

Paraboloidal Coordinates. The last two coordinate systems are the most complicated ones
and are similar in some of their features, cf. (80, 81) and [59, 106, 107] for further
information. First we consider the coordinate system
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T e L B

a—-b

2 ('ll‘b) (n,—b) ('ls“b)
y b—a

1 .
=5("1+’12+'73_a_b)-

The metric tensor is given by [P(n)=(n—a) (n—b)]

b

(gab)=%d' ((m—m(""_"a) (12— 1) (12— 113) (13—

P(n,) ’ P(n,)

The momentum operators are

hf{o 1 1 1 1 1 P(g )
p=7l+3 += !
moi\dn, 2my—ny 2m -, T4 P(n,)

h(ad 1 1 1 1 1P(11)
P="\7-%5 +> 2
i\dn, 2mp—n 2M—Ms T4 P('lz)

p_h<a+1 1 +1 1 1P’(r]3))
oi\ony 2m3—my 231, 4 P(n3) ’ J

Together with the dreibeins

s L / P(n,) )
(n,— 1) (1, —13)°
1 P(ﬂz)
h'lz’l2=_ -
/(7’72""1)('12"'13) >

2 (3—ny) (13—12) /

we obtain for the Hamiltonian

N

[\

2M 1) (s —n3) on,

I/P('Iz) _6_ P1,) —

(n2—n3) (M2 —ny) Ony

d
/P (ns) m

(my—m) (s —1n3) a'ls

1 3
=oyr T (0T g AV ).
i=1

_ h? AE(”__z_'_'j[(_”______._ W_a_l/p(m)_a_
1

on,

(64)

“’lz)) ) (65)

(66)

(67)

(68)

(69)

o o e AR AN
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The AV, (n;) are determined by (10). A potential separable in paraboloidal coordinates

must have the form

V(i)=(’lz —n3) u(ny) + (1, —13) (13) + (11 —12) wns)
(1, —n2) (1, —13) (12— 113)
Ellipsoidal Coordinates. As the last coordinate system we consider

2 =(01 —a3) (0, —a;) (@3 — a3)
(as—ay)(a,—ay)

, 0<a,<p,<a,<0;<a;3;<g;,

yz =(Ql —a,) (e, —a;) (03 —a3)
(a3 —a,) (@, —a;)

s

72 ___(Ql —a,)(e;—a,) (@3 — @)
(a, —asy) (a;—a3) )

For the metric tensor we have [P(g) = (¢ —4a,) (¢ —a,) (@ —a3)]

—0)) (01 —@3) (e2—e3)(e2—e1) (e3—@1) (es—@2) .

\

1., (21
=—d s ’
(€)= ‘ag( P, P(ey) Pley)

The momentum operators are

,,=ﬁ(_a_+1 t L1 1 _LP'wo) )
@ i\de, 2@e1—¢ 200 4 P(g,) ’

hfo 1 1 B | 1P’(Qz))
P += — ,
. i (an 20,-0 20,-0¢; 4 P(g,) >

) _ﬁ(i+1 1 11 lP'(as))
e i\des 203—0 2002 4 P(e;) ‘

Together with the dreibeins

hcxﬂx =_1. ___Piie_l)__.— s \
2V (er—e) e —@s)

h0202'=1 ___P_(EZ_)___ , >
2 (e2—ey)(e:—a3)

hoses =,1_ Ples)

2V (es—e)(es—e))’

we obtain for the Hamiltonian

(70)

(M)

(72)

(73)

(74)
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h_zA __&i[ ‘LP(Ql) _a- p(a)_a_
B> M [ (e, —e;) (o1 —@s) 90, ! de,

d
st Dm0

(22— 05) (02— 1) 92, d0,

s VPe) 9 P(a,)—{’—], - 79)

(es—ey) (@5 —0,) 52’;
1 3
=5 T (e en s 4V ). (76
2M i=1 ¢

The AVpr(g;) are determined by (10). A potential separable in ellipsoidal coordinates has
the form of (70) with #; replaced by g;.

The ellipsoidal coordinate system is a two parameter coordinate system. Denoting
R}=a,—a,, R}=a,—a, and R3=a;—a,, the R, must fulfill the constraint R? + R = R2.
The R; describe the foci distance from the coordinate origin. By considering the limits
R, , — 0, respectively R, , — co we can generate the seven coordinate systems described
in table 1 (note g, = g; —a,).

Table 1
The degenerations of the ellipsoidal coordinate system
prolate x =R/ YE~1)(1-n*) cos¢ R;—0 ¢, — Ri(n*-1)
spheroidal y=R/DVYE*-D(1-n*sing | R?—R*4 | §,— RZsin?¢
system z=(R/2){n 03— Ri(E*-1)
oblate x=(R*/2) &7 RZ—0 g, — —R?*sin%¢
spheroidal y=RRYE-n)(1-7)sing | Ri—>R4 | §,— R4 (1-7)
system z=(R)YE-1)(1-7*)cos @ — (R¥/4) (1+7%)
Spherical x=rsinf cos ¢ R1-0 8, — —R?sin?0
system y=rsinfsin¢g R0 @, — R%sin?6sin’¢
—1 z=rcosf RIR} >0 g, — 1t

Sphero-conical | x=rsn(y, k) dn(v, k') RZ—0 8, — —k*R%cn%(v, k')
system y=rcn(y, k)cn(v, k') R2 0 @, — k'*R3 cn?(u, k)

z=rdn(u, k) sn(v, k) RIRI =K | g,—> 1
Circular x=(R/2) sinhpusinv RI— ¢, —z*—R?
elliptic y=(R/2) cosh u cosv RZ=R?%/4 2, — (R%*/4) cos*v
system | z=2 ; 83 — (R*/4) cosh?y
Circular x=gsin¢g R} 50 ¢, > z*—R?
polar y=gcos¢ R:>0 &, — R*cos?¢
system z=2' d;— 0
Cartesian x=x' Ri— é,—z*—R}
system y=y R: ¢, > x>+ R?

z=2 RIR?1—0 | g,—y?
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We must obtain the remaming three coordinate systems which are not listed in table 1.
The paraboloidal system is obtained by the focus translation z'— z—R; from the
ellipsoidal coordinate system by R? , — oo together with R3/R, —a—b Wthh gives three
more coordinate systems: The parabolic system then follows from the paraboloidal system
in the limit a — b (the parabolic system can also be obtained from the prolate spheroidal
11 system). The circular parabolic system is obtained from the degeneration of the elliptic
II system, cf. 2.1.2.

2.2 Separation of Coordinates in the Path Integral

We want to look for the coordinate systems which separate the relevant partial differential
equations, i.e. the Hamiltonian, and, more important from our point of view, the path
integral. In order to develop such a theory we consider according to [106] the Lagrangian
LB YP  hix} and the Laplacian 4, respectively, in the following way (where only
orthogonal coordmate systems are taken into account)

D 1 o (T, m({&}) o
.ZIH,“{é})aé( n({g}) ﬁ>
D 1

.Zl ({:})ac(

where {£} denotes the set of variables (¢, ..., &p), and the existence of the functions f;, g;
is necessary for the separation {75, 106]. We introduce the Stickel-determinant [75, 102, 106]

WD o s B Ep) = e = SUE))

gi(ép""‘fi‘l’ ¢i+b“" )f(é)a§> (77)

S({}) =det(2y) H (78)

i &) ae,  H((E)’
and abbreviate I'; =f;/f;. Then
D
gi(él’ tre éi—la £i+1""9 £D)=Mi(éla Tees éi—l’ £i+1’ st él)) H f;(c,)r (79)
. j=1

i+j
which fixes the functions g;. Introducing the (new) momentum operators Py, = Lo +3111)
we obtain according to the general theory the following identity in the path 1ntegra1 [59]

by means of the space-time transformation technique (DURU [29], FiscHERr etal. [41],
Refs. [60, 62], KLEINERT [86], and PAK and SOKMEN [111] note E = h?k}/2 M)

D &un=g; i t” M .

H j h; D &,(t) exp {“ j I:_ h} 6i2_AVPF(§i)j|dt}

=1 &)=§ hol2 o

D &i=¢&; S M 62
=£Il m‘{ . M@é(t)cxp{h _fl:z SH—AV,,F(f)]dt}

j ]‘ D ¢(s“2 &7 5
_(S S")J}(l D/2) —:ET/h ds” l'I i—l/ @6;(3)
2 h o i=1 &(0)=¢;
is" M 6'2 —;i N 5 ] }
xexp{h {[7E+2M Y k(&) - » M(F +2r)) (80)
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Here we have adopted the following lattice formulation of the path integral (cf. DEWITT

[26], FEynmMaN [38], Gervals and Jevickl [48], Refs. [60, 62], MCLAUGHLIN and

SCHULMAN [93], MizraHI [99], and OMoTE [108] for alternative lattice definitions)
K(q",q;T)

qen=g~

; M . . . .
= j l/é%ﬂl(r) €xp {% I [7 h..(q) hcb(q)qaqb—V(q)—AVPF(q):Idt}

=7 ¢

( M >ND/2 N-II
= lim - IT fdd.)V/2(@)
2nich k=1 * *

i XM, - " -
X eXp {;{ Z [—28 hbc(qj) hac(qj—l)Aququ_EV(qj)_EAVPF(qj)]}' (81)
j=1 '

This path integral formulation will be used in the sequel.

3. Path Integral Formulation of Smorodinsky-Winternitz Potentials
3.1 Two-Dimensional Smorodinsky-Winternitz Potentials

In this subsection we discuss the four two-dimensional SMORODINSKY-WINTERNITZ potentials
in R? [43]. They are characterized by having three functionally independent integrals of
motion, i.e. there are two more operators related to these integrals of motion which
commute with the Hamiltonian.

We will state if ever possible both the propagator and its spectral expansion into the
wave-functions and energy-levels. X denotes a two-dimensional variable: X =(x, y)=(x,, x,),
and without loss of generality it will be assumed that X € R2.

Table 2
The two-dimensional maximally super-integrable potentials
Potential V(x, y) Coordinate
System
M A (k-1 k-1
Vl=?w2(x2+y2)+m-< lxz <1 zyz 4 Cartesian
Polar
Elliptic
M A .
Vy=— 0 (@x? + y})+k, X+ — 3_2_4 Cartesian
2 2M y .
Parabolic
K 1 k-3 k-1
Vy=— : 2+m 2 2( 2l 2‘ + 22 ; Polar
Vx*+ x“+ x*+y +x x4y —x
Vx"+y Vi 4yt \Yxt 4y Vai+y Elliptic 11
Parabolic
2
V,=— 2 l/: (ﬂ, cos ¢ + 8, sin iﬁ) Mutually
I’} I’} 2 2 ————

Parabolic
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In table 2 we list the two-dimensional maximally super-integrable Smorodinsky-Winternitz
potentials together with the separating coordinate systems [43]. The cases where an
explicit path integration is possible are underlined.

3.1.1. We consider the potential (k, , > 0)

M B2 (k-1 k2L
V(x)=—-w2(x1+x2)+2M< 2‘+ 2 4). (82)

2
Xt x3

This potential is separable in three coordinate systems. We obtain the path integral
formulations, cf. (81) for their lattice definitions

K(Vl)(-’// 20, T)

Cartesian Coordinates:

@)=x" "
2

M., . K—i k-1
= Qx(t)exp{h I[E(x —w? 2)'§ﬁ< xf4+ zxz ):ldt} (83)

x(t) * t

Polar Coordinates:

e(t)=e” e@)=9¢"
= [ e2¢00 [ 240
et’)=¢’ dt)=¢'

itM 52 2 j2 2,2 h? k%_% kg_'l‘ 1
Ly i —w?e?)— dts (84
xexp{h ![2 @ +o"¢"— ) 2Mg? cos2¢+sm2¢ 4 (84)

Elliptic Coordinates:

tun=¢ ) =n"
= [ 91 | 2n()d*(sinh*E+sin’y)
tey=¢ ney=n
.

o {% J [%24' & (isinh? £ + sin’n) (&% +47)

¢

— w?(cosh? ¢ cos?n + sinh? ¢ sin 7))

wo(K-d . kad
_ . dt 85
2Md? (coshzé cos?y + sinh? £ sin? '1)] } ®
dE _. ® Esmy=¢ (s =n"
=f ne—.zr/n fds" [ 2&s | 210
r<?m 0 £O)=¢ nO)=n'

X eXp {—;'- § [%I- (€% + #*)— w*(cosh? & sinh? £ + sin® 1 cos® 1))
0

+ Ed?(sinh? ¢ + sin®7)

h? 1
2M (ki ~2) cos?ny cosh?&

1 1 .
+ (k% - %) (Sl_n-z_r—l + m))] ds} . (86)
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Note that in the last line a pure time-transformation [85] has been performed.

We are going to discuss the path integral (84) in some detail in order to demonstrate the
relevant technique. All subsequent path integral evaluations are done similarly and our
method remains the same whether polar, parabolic, or other coordinate systems are used.

The path integral solution in cartesian coordinates is straightforward by applying the
path integral solution for the radial harmonic oscillator for the coordinates x, , respectively,
cf. (92, 93). In the case of polar coordinates one first separates the ¢-path integration by
means of the path integral identity of the Poschl-Teller potential (0< ¢ <=/2) [6, 29, 73]

sun=¢" i v , W o(g?-t g2l ,
¢(r';‘.=¢’ 9¢(t)exp{h‘j[ ¢ 2M<Sm2¢ C052¢):| t}

e iEnT/h ¢’('a,ﬂ)(¢') ¢;a,ﬁ)(¢"), . (87)

iMs

and the ¢*#(¢) denote the Poschl-Teller wave-functions

<D,‘,“"”(¢)=|:2(a+ﬁ+2n+l) nla+p+n+l) ]1/2

Fe+n+1))Ir(f+n+1)
x (sin #)** V2 (cos )P *1/2 PP (cos 2 $), (88)

which are normalized to unity, i.e. [** |<P‘“ B($)|*d¢p =1. The P*F(x) are Jacobi poly-
nomials ([50], p. 1035). Note that the genuine Pdschl-Teller potentials requires o, B>3.
Otherwise one can call it an attractive Poschl-Teller-like potential. The rule of separation
of variables in the path integral consists of the following path integral identity [56]

(é=ﬂ gl {g:}i=8=£(2))

2(t")=2" /{Q") =3

[ '@ s@®2i0 [ 9230

Z@w)=%" X@)=%"

P

xexp{%![%((§-3)2+f2('z')'§2) (;(("))+W( )+AW(z)>] }

) =2"

_UGE) G [dEerE) &, | | e @30

20y =3"

:

X €Xp {% f [% G-3)7— W(E)—AW(E)—fZ(‘ )dt} (89)

where the x-path integration is given by

x(l')-‘-;" -
{ @i(t)exp{% j[%ihwi)]dz} [ dE, OF (¥') @,(Z")e BT (90)

¢

The remaining g-path integration (97) is again of the radial harmonic oscillator type. The
radial 1/p%-dependence must be incorporated into the path integral in terms of a
functional weight u,[0?] (98) in order to guarantee a proper definition of the corresponding
lattice formulation of the radial path integral [60, 120]. As it turns out, this Besselian path

e e e oAt s
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integral formulation [71] with the functional weight u,[¢*] for radial path integrals can
be interpreted as an additional potential term, and vice versa [41, 87]. We want to point
out that a similar reasoning must be done in the case of the Poschl-Teller and modified
Poschl-Teller potential, respectively [42, 54]. Hence we apply the radial harmonic oscillator
the path integral solution and its expansion into wave-functions according to (4 an
arbitrary parameter [49, 30, 114, 120])

rig”)=r" < 2 1
M M- M
I @r(t)exp[h _{(37‘2—’122 r;——2—w2r2>dt:|

r(t’)y=r' t

r(t")y=r"

= [ wlr*12r@ exp[ _f(r -—wzrz)dt] (1)
rit’)y=r'
Molr'r” Mo, , 2 Mor'r”

—__ "V _ ’ " IS 2
ihsinoT exp[ 2ih =+ )cota)T] I‘(lh sian) 62

2M(D 1" —ioT(2rn+i+1) ‘ M(D ’ L *
vrr Ze Tn+i+D\

X exp (_ﬁ;___ (r,z + 112)) L().) (lwhw :2) L(A) (A'[hw uZ) . (93)

The expansion into the wave-functions has been obtained by means of the Hille-Hardy
formula ([50], p. 1038)

¢ 1 1+t
—exp| —5 (x+y) —

The L, (x) are Laguerre polynomials ([50], p. 1037). Therefore we obtain

2)/xyt\ _ < t"nle 1ty o2
I’( 1—t )_ = Tn+a+1) (xy)"*L,(x) L,(y). (94

K", %3 T)

Cartesian Coordinates [30, 49, 114, 120]:

Mwxix{
l/ L _ = n2 toT (i 95
(1hsmwT) [T Vxixi exp[ (x i) cote ]I“'( hsma)T) 03

i=1
©

- = Z c_lENT/ﬁ 4 (xlh x’2) W (xla x2 (96)

Ry, R
ny,n=0

Polar Coordinates :

=(n' 0"V 1/2 (thy, Tke)( 4t (tka, 2ki)( 47
(@'¢") Z @, (¢') Pn (")

n=0

e(t")=¢"” st 12_
x Qg(t)exp{h _[[%(éz 20— W2 —= IMg’ dt} 97

e()=¢’ v
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=(Ql u)-l/Z z ¢(ik2 :tk,)(¢l) ¢'('ik2,:tln)(¢//)

n=0
et’)=e"
x | mle*12e) CXP[—I (@ —wzez)dt} (98)
e)y=e .
Mo
—— ¢(ik1 +ky) ¢(ikz k) (4"
1hsmwT Z @) @)
Mo , 2 Mwg'o”
— 7 ” T — =
xexp[ %in (¢*+e"*)cotw ]I‘(ihsian 99)
= ) e TRy (¢, 0) ¥pald" 0", - (100)
m,n=0
where A=2n+k, + k, + 1. The wave-functions and the energy-spectra are given by
Cartesian Coordinates:
2Mo 2 (Mo\*/?
n, n (X ’XZ)—— H <—)
2 R .\ h
n;! Y24k Mw Mo
_— i LER 2], (10
Tmtk+n " “P\7 72 " ). 40
Ey=ho@Nzxk,+k,4+2), N=n +n,, (102)
Polar Coordinates:
2M A2
a0, $) = BLER 210 (g) “’(TQZ)
m! Mo , Mo
—_— - LIl — %), 10
r(m+1+1)e"p< 2h Q) ( B 9) (103)
Ey=ho(2Nxtk +k,+2), N=m+n, (104)

and the &P (¢) of (88) with a=+k,, f=+k,. Let us remark that the wave-functions
have been normallzed in the domain [0, c0). The positive sign at the k; has to be taken
whenever k; =1, i.e. the radial potential term is repulswe at the origin, and the motion
takes only placc in the domain x,>0. If 0<|k;]<3, i.e. the radial potential term is
attractive at the orlgm, both the posmve and the negatlve sign must be taken into account
in the solution. This is indicated by the notion *k; in the formulz. It has also the
consequence that for each k; the motion can take place on the entire real line. In the
present case this means that in cartesian coordinates we must distinguish four cases:

i) x,, x,>0,

i) x;, >0, x, R,

iif) x, € R, x,>0 and

iv) (x,, x,) € R%.
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In polar coordinates the same feature is recovered by the observation that the Péschl-Teller
barriers are absent for }k;| <3. We will keep this notion in the sequel for all following
Smorodinsky-Winternitz potentials.

3.1.2. We consider the potential (k; , >0)

- M n? k21
Vz(x)=-2—w2(4x2+y2)+k1x+m Ly,—‘ (105)

which is separable in two coordinate systems. For k, =0 this potential is also called
HoLT-potential [67]. We have

K¥9(%", 53 T)

Cartesian Coordinates:

T asmendt [ [M 2 —araxt 1) -kx— e Bt ard o9
-1, Pzl YO=5hr oMy

¢

Parabolic Coordinates:

n@")y=n" &@e)=¢”
= [ 990 [ 2¢O +n?)
n(t’)y=n' s()=¢

xexp {i f [% (& +7) @ +iD) - (€ =P = E17)

h,
k k3—3
—5 & =)=k Eﬁ??]dt} (107)
dE . © nis")=n" $s)=¢"
= mc""’" fds" § 2ne) [ 2E6)
R [ n{0)=vn §(0=¢

ey
, ><cxp{l § [—2~ (2 + 4% —@*(E¢ +1°)

hO
PP Sl Ltk L.
2(5 n*)+E(*+1%) M\ + Z dsy. (108)

In the x-path integration one makes use of the shifted harmonic oscillator path integral
solution [38, 39], and in the y-path integration one makes use of the radial harmonic
oscillator path integral. The expansion into the wave-functions in x is obtained by means
of the Mehler formula ([34], p.272)

4xyz—(x2+y?) (1+zz)] (109)

—(x24y? - 17 _2 ; = !
e- G212 Eo = (5> H,(x) H,(y)= l/l—__? CXP[ 2(1-12%
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The H,(x) are Hermite polynomials ([50], p. 1033). We have for the harmonic oscillator

path integral the kernel and its expansion into wave-functions according to (we omit the
Maslow indices)

x(e") =% MY
[ 2x@ exp[——— § (xl—waZ)dt]
x@t')=x' 2h t

Mo 2 Mol . . x'x"
- - ' ” t T—2 110
<21tih sian) exp{ 2ih [(x +x7) cotew sinoT (110)
@© e—in(n+l/2) Mo 1/2
zn‘;o 2! (F)

x H, (I/ Mh_(f’_ x’) H, (l/ ? x"> exp (—% (x*+ x”z)) . (111)

The &4, #*, &6, nS-terms make the path integral in parabolic coordinates intractable. For
k, =0 the anharmonic sextic potential problems in ¢ and n can only be treated for a zero
separation constant, cf. the appendix. The result in cartesian coordinates has the form
(X=x+k,/4Mw?)

KY(&", 35 T)
Mo 1/2 iMw 5 )
= - e ¥ i T__2~I o
<2nihsian> exP{Zhsian %2+ 37%) coswT—28%]

Mo Mo, , 2 Moy'y”
— e R ’ ” T I - v
xzihsinwr“p[ 21 O Y cos ] "’(ihsian (112)

= z; e iBnyny TiR Py n, (X Y") Py n, (X5 ¥'), (113)
m,n=0

with the wave-functions and the energy-spectrum given by

M Tky/2 !
¥, . (5 y)= 2—“’(M “’) i

n \h Tn,+k,+1)

h
Mo Mo
X y1/2 tk; exp (_.ﬁ y2> L(nfh) (T y2>

III/ZMw 1 Mo _, I/ZMw~
X s mexp(——;;—x)H,,‘( h x), (114)

2

k
hw(n1+2n2-l_-k2+%)+8M1w2. (115)

E

Ryny

Note the cases whether k, =1, respectively 0<k, <3.
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3.1.3. We consider the potential (k, , > 0)

Va(X)=— (116)

o h? 1 ( k-1 k-1 )
+— + .
Vx*+y aM [/xz+y2 [/x’+y1+x Vx2+y*—x

This potential is separable in polar, parabolic and elliptic Il coordinates. A path integral
discussion for the pure Coulomb case is due to INOMATA [69] and DURU and KLEINERT
[32]. We have

K", 55 T)

Polar Coordinates:

et =" by =¢"
= [ e2e) | 240
etry=¢' bu)=¢'
A D S i o et
—V]1—=( - —1]|dt 117
xexp{h'j,[z(g +Q¢)+g 8 M g? cos2%+sin“§ (17

Elliptic II Coordinates [96]:

g =g n(e"y=n"
= | D0 |  Dn(t)d*(sinh?E+sin’n)
s@)=¢ nw)=no
LETM 2, a2y a2 “« h?
xexp{h ![2 d*(sinh®¢™ +sin’n) (741 )+d(cosh£+cosn) 4 M d?(cosh? & — cos?n)
9 (kf+k§—%)'+2(k§—k})cosn+(k§+k§—%)ﬁ-(l;%—kf)coshé it (118)
sin“n sinh* ¢

Parabolic Coordinates [22]:

n(t)=n" §e)=¢"

= | 90 | DEOE+nY)
ne)y=n' Ee)=¢
i 138 M i . 2a h2 kf—% k%—% }
XCXP{Z£{7(¢Z+"Z)(6 +r,2)+€2+"2—2M(£2+”2)( Iz + " dep. (119)

If the domain of the angular variable is ¢ € (0, 2n) there are two separated domains
(half-planes) in the case of k, >3. A rotation of the axis about n/2 interchanges the roles
of k, and k,. In order to evaluate the two path integrals in polar and parabolic
coordinates a space-time transformation must be performed. The result in polar coordinates
has the form [k=a V/—M/2E/h, A=m+(1tk, +ky)/2, only the radial Green function
can be explicitly evaluated]
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G(Vs)("ll 2. E)— i 0“9 lTE/hK(V3)("II 2. T)
0

; ¢ ¢
/ II 1/2 ¢(ik1 tky) ¢(j’:k1, k)| ¥

=0

s |

NI»—-

i® . elt")=e” iv /M o 12_1
_ dT iTEh Dolt a2 __hZ 4 dt
xhg e ")Io a()exp[h£(29+g ZMQz)

1 -1/2 (tkz, ki) ¢ ¢”
= 1(p' 0" 2. kg @itk Th) [ T
5 (@'e") s > ) 5

n=0 3
1 M I‘( +1—k) 2>
x—f;l/ E_I"Z(Z_).+—1)W (]/-—8ME7>M (1/ SME )(120)

@ @ Wn*’m ” ’ an !I’ "
=Z{Z (Qf;)—fz(g ¢")

o[ ap Tt ) 000" ¢")}' 21

#=0 Lm=0 thz/ZM—E

In the ¢-path integration the path integral solution of the Poschl-Teller potential has been
used. In the radial path integration the path integral solution for the radial Coulomb
potential was used (CHETOUANI and HaMMANN [20], DUuru and KLEINERT (31, 32], and
Refs. [57,119]), and the Green function is expanded according to (Kratzer potential,

k=a}/—~M/2E/h)

;™ x(")=x" iv /M o B2 2L
ITE/h 9 t 2 L 4 dt
Jarere | axoen| (S0 gogg Sl

x(t')=x' t

_ M F( +A— K) Xy X<
_;]/ 2F T@iTT) WM(]/—SMET)MMO/—SMET) (122)

_ v F(x) %G fd ¥y (x) ¥, (x")
E,—E P™E"E -

B

(123)

n=0
X. - denotes the smaller/large of x’, x”. The W, ,(x) and M, ,(x) are Whittaker functions

([50] p.1059). The bound state wave- functlons and the energy-spectrum of the Kratzer
potential are given by (a=h%/Ma)

1 n! 1/2 2X . A+1/2
W =
") n+1+§|:ar(n+22.+l)] X(“("‘F’H%))

X 2x
X €xp ['a(n+1)] Le® (a(n+l)>’ (124)

_ Mao?
" 2R (n+A+3)?°

E (125)

and for the continuous spectrum with E, = p? #2/2M one has
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_rg+i-ijap)
V2 F2A+1)

Therefore the polar coordinate wave-functions and the energy-spectrum of our potential
problem are given by (a= M/ah?):

¥ (x) p(%) My 1(—=2ipx). (126)

L4 912 gl tkz, tky) ¢ 2m! 1/2
n.m(Q& ¢)_° n (5) [aZ(m+l+%)3 r(m+2}'+ 1)]
20 ’ e (24 20
a(m+i+3) Talm+A+Y) —— 7 127
x(a(m+1+%>) o o) (arien) (27
2
R &5 (128)

" TR (m+ A+ YR

_ rt+i—ifa T )
v, (0, §) =22 @R 28 (9?) _1/5(—279_5(“271/:1,1)—) exp <§a—p> M, o, 2(—2ip0). (129)

2
The @{t* +*1(4H/2) are the Poschl-Teller wave-functions (88).

In parabolic coordinates we obtain by performing a time transformation and applying
the path integral solution of the radial harmonic oscillator (92) in the ¢ and # variable,

respectively (0 =]/—2E/M)

17 . oy -

— [ dTe'TERKY(X", X', T)

h o
) . n(s")y=n" s =¢"

— I dsnez:as Th 5 @’7(3) j‘ 96(5)
0 n(0)=n" §(0)=¢"

is[M B2 (k2L R2_1
X exp {g f [7 (€2+ﬁ2)+E(€2+n’)—m< R ‘)]dt},
]

M\ ———— 2 @?ds" .
= - B NN as”(h
(ih) S ('E snlws”
Mo, 2 2 2 Mo&' " Mon'n”
— ’ ” ’ ” " I
xe"p[ 2 & Ay eotes” | L G o) Y\ insinas”
o &) ¥ W) T Yol n) ¥, (", 1)
=y Tmm +fdpfdr="> 2 , (130
ny,ny=0 E"h"z—E 0 R EP—E
where are (N=n, +n,+1(+k, +k,)+1, a=h*/Ma)
2 n,!'n,! 12
'Pn,,nz(f9 'l)= 2 nr3 2
a*N® I(n,tk,+1)I(ny 2k, +1)

£ \ti2 (g \thai2 E 41\ ey &\ ren n’
_ +ky 2 L 131
><(aN v s ) e e Y
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Ma?
nyny— —hTN*i » (132)
¥ (En)= F[5%+il/a+02p) T[S +i(1/a=0)2p] .,
e V2r2pEn F(1+k;) F(1 +k,)
X M—iu/a+;)/2p, ﬂ,/z(—ipfz) M—i(x/a—;)/zp. ﬂ,/z(—ipnz), (133)
2 . .
E,=—p" (134)

In order to extract the discrete spectrum one applies (cf. [21, 57, 59]) the Mehler formula
[34]. For the continuous spectrum one applies the following dispersion relation (cf. [9],
p. 158, [35], p. 144, [50], p.884) ’

(%)

1
—exp[—(x+y)cota] I,,

sina sina

1 FGE+Hu+ip TGHE—ID) _,uinp : .
= eptrppf  (=2ix) M_;, (+2iy)dp, (135
21[ xy _F[ F2(1+2ﬂ) € + p,u( lx) p,u( ly) p ( )

and performs the variable substitution (v, v;) = (p;, p,) — [(1/a+{)/2p, (1/a—{)/2p]. ¢
is the parabolic separation constant. In elliptic II coordinates K" is not explicitly soluble
and we obtain only the path integral representation

K", 55 T)

dE . © )= nis") =n"
=I—-——e_IET/h j ds” I @é(s) I @rl(s)
2nh
° goy=¢ 70 =n'

M
xexp{% f [3 (&2 +142)+ Ed*(cosh? £ — cos?n) + ad(cosh & + cosn)
V]

_f_((ki—% (1—cosn) + (k3 —2) (1 +cosn)

2M sinzr]
o —coh) (34 awoshﬂﬂds}. (136
sinh? ¢

No further evaluation is possible.

3.1.4. We consider the potential (8, , € R)

1/4(;c)=—-;‘-+ﬁ<ﬁ1 cos§+/32 sin§>. (137)

This potential is only separable in mutually orthogonal parabolic coordinates and again a

time transformation must be performed. We obtain [w= |/ —=2E/M, only the Green
function can be explicitly evaluated, (£, 7)=(¢ — B,/E, n— B,/E)]
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-

;o 2(y=%"
Lidre™® [ 2i()
h 0 X@Y=3%
it M . . o 2 ¢ . ¢
X eXp {Z ;[ [—2— (5 +92¢2)+E+‘/% ([31 cosE+[32 s1n5>:|dt}
i® . n(")=n" s@)y=¢"
=7 { dTe'TER | D) | 2:0E+n?)
0 n@)=n' Ee)=¢
iv M , o— +
X eXp {—f; ] [7 (E2+1%) (E2+14%)+2 —%’%’Tﬂ—zi)]dt} (138)
v
@ ) n(s")=n" s =¢"
___I dsne21as"/h j @"(s) 5 @ﬁ(s)
0 n(0)=n’ O)=¢'
isIM
xexp{; § [7 (62+ﬁ’)+E(62+n’)—2(ﬂ1£+ﬂzn)]dt} (139)
0
@® M M Er En o~y
=[ds" ———— — - cosh(-————————w,(é { +’,1, 1 ))
o nihsinws ithsinws
2- n - 2 2 -M - -
xexp[ l:S _% ﬂl ;BZ sn+12hw (C!Z+€n2+ﬁ12+ﬁ1/2)c0tws”] (140)
2 Wy n (&) Va7 17 pi* (', n') P (€ n")
= 172 12 ¢l d . . , 141
n,,§=o Enl,nz—E +§) £ C{ P thz/ZM—E ( )

and Ze . denotes the summation over even and odd states, respectively; the bound state
energy-ievels are determined by (N=n, +n,+ 1, n, =Ny, o=}/ —2Ey/M)

20, . Bi+H3
LI S =0. 1
T2 O (142)

oy

For a>0 the discriminant of this cubic equation shows that there is one real root wy for
- each N such that the bound state energy-levels Ey are given by

M 2a
E~=Enl.nz="7wlzv’ wN=yN+’3_h'ﬁ9 Yn=1uy tus, (143)

3
NN R AT LT EAY
= PitPaf 22 144
“1.2 l/(3hN>+MNh+ MmNk ) T2 M RN (144)

The corresponding bound-state wave-functions have the form
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¥, (¢ nn)=|/£-—-L-<um "%“”Z’J'E)M‘i’;/fv)m
SR (T NN P L Vo R S PO Y 7
Mw, - Moy ~ Mo
xexp[——z,,"(mﬁ’)]m,(]/T”c>H,Z<|/ ; ﬁ). (145)

N=n, +n, must be chosen in such a way that N=n, + n, is an even number [131]. The
continuous functions ¥;%”(, 1) are given by [a=h*/M(«—m(B2 + p2)/h*p?)]

ov/2ap (r[%+%,,(1/a+o] EC i . (e‘i*/‘l/zpa)

~3+PE+D
2 i ~ —in, ’ r4

V24n FE+50/a+0]EY ()28
IHEWE+D

( I[+51/a+ 0] E® (e ""*1/2pn) >
X .

P ) =

~d+laz+n

FL+a50a+ O] EY o €Y 2pi)

2

(146)

For the determination of the continuous spectrum one uses the dispersion relation ([50],
p. 896)

c+iw t—v—ldv

J I Dyt 69)+ D= 3) Dy )] o

2z 1—t2 x*+y* itxy
=2i . , 147
ll/ 1+t2exP<l+t2 2 T15e (147

and performs the variable substitution (v, v,) — (p;, p,) = [(1/a+)/2p, (1/a—0)/2p]). ¢
is the parabolic separation constant. The D,(z) are parabolic cylinder functions, and the
E{”(z) and E{"(z) are even and odd parabolic cylinder functions [9], respectively.

Note that in the evaluation of the path integral one has to take into account that by using
the linearly shifted harmonic oscillator solution for the ¢- and #-variable, respectively, one
actually uses a double covering of the original (x, y) € R2-plane, i.e. #=(E f)e R
Furthermore we have taken into account that our mapping is of the “square-root” type which
gives rise to a sign ambiguity. “Thus, if one considers all paths in the complex z=x +1i y-plane
from 2’ to z”, they will be mapped into two different classes of paths in the #-plane: Those
which go from #’ to #” and those going from %’ to —#". In the cut complex z-plane for the

function || = [/I—z—l these are the paths passing an even or odd number of times through the
square root from {z| =0 and | z| = — 0c0. We may choose the i’ corresponding to the initial z’
to lie on the first sheet i.e. in the right half #-plane). The final #” can be in the right as well as
the left half-plane and all paths on the z-plane go over into paths from #’ to %#” and those from

-

i’ to —u"” [32]. Thus the two contributions arise in (140).

c—io0

3.2 Three-Dimensional Maximally Super-Integrable Smorodinsky-Winternitz
Potentials

We discuss in this subsection the five three-dimensional maximally super-integrable
potentials. They are characterized by having five functionally independent integrals of
motion. In the sequel X denotes a three-dimensional coordinate: X = (x, y, z) =(x,, X5, X3).
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Table 3

The three-dimensional maximally super-integrable potentials

483

Potential V(x, y, 2)

Coordinate System

N N e
) 2M\ x? y? z2

Cartesian

Spherical

Circular Polar
Circular Elliptic
Conical

Oblate Spheroidal
Prolate Spheroidal
Ellipsoidal

w=0, K-1/4=0

w=0, K-1/4=0

Paraboloidal
Parabolic
Circular Parabolic

u ENE
V2=7w2(x2+y2+4z2)+2—M< &t "

Cartesian

Parabolic
Circular_Polar
Circular Elliptic

|2 =—___.L__..+L2- .kit_i.,.k;‘%
3 x2+y2+21 2M x2 yz

Conical

Spherical
Parabolic
Prolate Spheroidal II

" hz(z dx_ B 8o
y

= +
M\ y2 |/x2 4y y? z?

pi-d

Bi=5(k3+Kk+3), Bi=3(E—ki+d)

ﬁf_[ 1 ( POt )J%—%]
M l/xz+y2 [/x2+y2+x [/;2+y2—x z?

Spherical

Circular Elliptic 11

Circular Parabolic
Circular Polar

K2-%
+ 2 ‘)-——k:,z

- n? ( kix
*2M P+ y?

S =
AMYx2+y? Ve +y +x

Bi=103+ki+3), Bi=3(i-ki+2)

p-i

+ )—kaz
Vxr+y—x

Circular Polar

Circular Elliptic I1

Circular Parabolic
Parabolic
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In table 3 we list the three-dimensional maximally super-integrable Smorodinsky-
Winternitz potentials together with the scparatmg coordinate systems (where the iralized
coordinates systems were not mentioned in [36]). The cases where an explicit path
integration is possible are underlined.

3.2.1. We consider the three-dimensional potential (k, , 5 >0)

oM L B (K-t k-5 k-
Vl(x)=7 2+2M( x,‘+ ’y2‘+ ’zz 4). (148)

Note that the pure three-dimensional harmonic oscillator [74] has the same separating
coordinate systems as V,(X) and therefore the additional centrifugal terms do not spoil
this property.

We formulate the corresponding path integral in the coordinate systems which separate
the path integral for this potential problem. We have

K", %5 T)

Cartesian Coordinates:

-,

y=3 - -
j Qx(t)exp{h j[—lg(%z-wziz ——"M—i zx; “] } (149)

t i=1

kl

Spherical Coordinates:

re=r" 04y =0" du=¢"
= [ r?9r@®) | sinf2600) [ 2¢0)
ra)=r 0w)=0' $w)y=¢'

<

M . .
X eXp {% ] [7 (P> +r26? +r?sin%0¢> — w?r?)

)
W1 (K-} KE-: 1\ KB-1 1

- — “Y et aso

M (sinzﬂ(cosz¢+sin2¢ 1) oot a) | 130

Circular Polar Coordinates:

2(M)=2" o) =¢" s =¢"
= [ 220 | e2et) [ 2¢0)
z(t')=2’ e(t)=¢’ o(t')=¢’

Iy

1 M .
X exp {‘h‘ § [7 (@* +0* 9> —0?0?)

v
AL L R e

o\ et g T ) |4 (151)
2M \p*cos’¢ p*’sin’¢ z 49
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Circular Elliptic Coordinates:

2(t")=z" aen=¢ ney=n"

= | 2200 [ &0 | Dn() d*sinh*E +sin?y)
z(t')=z" s@)=¢" n(’)=n"

X exp {% ‘_[ [%4— (d?((sinh2 & + sin®n) (% + 7%) + 2?)

¢

M
-5 w?(d*(cosh? & + cos?n + sinh? £ sin7) + z%)

n? k-1 k-3 k-3
_ dt 152
2M <d2 cosh? & cos?n + d?sinh? £ sin*y + z? )] } (152

Conical Coordinates:

) =r" alt)=a” B =8"

= | rar@®) [ 2«0 [ 2B (kK*cn*a+k?cn?p)
r)=r at)=a’ puy=p

-
X eXp {—;; | [—1‘21 (P> + r2(k® cn?a + k% cn? ) (@* + B*) — w?r?)

¢

B KB-4 | B-i K-
_ dt 153
2Mr? (snza dn2ﬂ+cn2a cn’ﬁ+dn2a Sﬂzﬂ)] } (459

Oblate Spheroidal Coordinates (A, =2n+tk; +k,+1):

®l
-

)=g" )= bu)=¢"
= D(t) 2%(t) d>(cosh? i—sin*¥) coshasiny [  2¢(1)
) =§ J@)=v’ P(t)=¢’

i M . . .
X eXp {% { [—2— d?((cosh? i —sin?¥) (12 + v?) + cosh? g sin? v ¢2
v
— w?(cosh? ji sin? ¥ + sinh? ji cos? v)) (154)
w4 (et om—b 1), Kb Y],
2Md? \cosh?jisin?*v \cos®’¢ sin?¢ 4/ sinh?jicos?¥

®
=(J2 COShﬂ’COShﬁ” Sin V, sin{,ﬂ)—-lll Z ¢,(lik2, ik|)(¢1) ¢'S:I:kz. ik.)(¢u)

n=0
’ dE ® B =F" V)=5"
x[—— ¢ ETh [ ds" [ @aE) [ 2
r 2mh 0 Oy =7 ¥(0)=7'

X €Xp {% ] [7 ((is® + v?) — w?(cosh? ji sin? i + sin® ¥ cos? )
0
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+ Ed?(cosh? ji —sin?V) (155)

h? 1 1 1 1
- R —— K_H — _ —
2M (( i—3) (cos2 v sinh? /1) +ls—3) (sin2 v cosh? ﬁ))] ds}

Prolate Spheroidal Coordinates:

wy=p" vy =v Sy ="
= [ u@) | 2v@)dsinh’p+sin’v)sinhpsiny | Do)
u(t)y=p" v )y=v’ ¢@')=¢"

M o
X eXp {% ] [—2— d?((sinh? u + sin?v) (4% + v2) + sinh? u sin® v $*
v

— w?(sinh? u sin?v + cosh? y cos? v)) (156)

w1 (8=t @i 1y Bob Y]
2Md? \sinh?usin®v\cos®’¢ sin?¢ 4/ cosh?ycos?v

Ellipsoidal Coordinates:

e, (") =0} ex(t")=03 es(t”)=¢} ( -0 )(Q -0 )(Q —0 )
= I Do, (1) I D0,(t) ." Dos(t) A S A
0 )=e} )=} e 8)/—P(a,) P(e;) Ples)

i 3
XCXP{g z I[ 80,07 (157)

i=1
1 M h?
—n (Q--—Q-)( 2(1) P(Q;)'*‘ A(Q:))—AVPF(Qi)]dt}-

In this example we have explicitly written down the separated (&, #)-path integrations in
the case of the oblate spheroidal coordinates. The case of the prolate spheroidal
coordinates is, of course, similar. For the separation in the ellipsoidal coordinates A(p)
denotes (a;,;, =a;,—a,)

L SOt
A(g)=ay,a;, o—a, +a12a32 Q_:+a13a23 QTa; . (158)

The separation of variables is then performed by means of (80). In the case of the conical
coordinates the separation of variables in the path integral becomes obvious if we consider
for fixed R the identity

at’y=a" B =p"
[ 200 [ 2B@)(K*cn’a+kcn’p)
at)=a’ B)=p’

P

X exp {% § [% R2(k* cn?o+ k'? cn? B) (@ + B?)

v
N = R S AN
2MR?*\sn*adn?p ' cn’acn?f  dn’asn’p
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JE e s e
o i o AL CO IO
27h
i 0 «(0)=e’ B(O)=§'

i 5 [M : h? 1 k?
xexp{% { [? R%*(@? +ﬂ2)_2MR2 <(k{-—{) (sn e ﬂ)

ko k2 1 k'2
T e B )| (O

We find that the path integral for this potential can be explicitly evaluated in the
cartesian, circular polar and spherical coordinate system [11]. The others cannot be
explicitly evaluated, but are however connected through the above path integral identities.
We obtain (cf. for path integral discussions for special cases of k; , ; €.g. CARPIO-BERNIDO
and BErNIDO [11, 13])

K", %5 T)

Cartesian Coordinates :

wa’ ”
I o ”2 1
<1h smwT) ,U )/ xixi exp[ 2 (P +x; )coth] I, <1h sma)T) (160)

= T TR, (5 X XE) ¥ (X X5, X5) (161)

ny.ny, 03
nyny,n3=0

Circular Polar Coordinates (A, =2ntk, +k,+1):

Mo \? Mo ., Mwz'z"
= " _ ’ ” t T I
(ihsian) 7z e"p[ 2 @ T et | L\ 5T

- M
X Z ¢’(':I:kz. ih)(¢/) ¢;ik;, ik.)(d)n) exp[:"'z—’.“(:‘(Q’z +an) coth:l
MwQIQI/
L { —— 162
4 (ih sina)T) (162)
= Y eTETAY ($,0,2) Vo, (¢7, 0" 2) (163)
nmn, =0

Spherical Coordinates (A, =2m+ A, + k;+1):

( ,on Sm@' SInon)—Uz z ¢(ik1 j:k,)(¢ll) dj(ikz ikl)(¢) Z ¢(l| ik;)(oll) d;(l, +k3)(0)

n=0 m=0
Mo Mo 2 Mr'r”
2 exp|l === (24 T 164
*ih sianexP[ 2ih = r )COth:] I"(xhsmwT) (164)
— Z c—iENT/h q/l’"‘m(ol, ¢I’ rl) Wl‘",m(on’ II’ r” , (165)
Lne,m=0

with the wave-functions and the energy-spectra given by (N is the principal quantum number)

33+
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Cartesian Coordinates:

2M(l) 3/2 3 Mw +kif2
By inons (X1 X2 x3)=(T> Il (T)

i=1

n! 12tk Mo ,\ @ik Mo , )
|yt (-2 ) oo (M2 ), 166
X F(ni ikl"" 1) xl exp 2h xl i h X ( )

3
EN=hw(2N+ Y (liki)>, N=n,+n,+n;, (167)

i=1

Circular Polar Coordinates (A, =2n+k, +k,+1):

Mo (Mot
'Iln,m,n,(¢’ o, Z) = (p,('ikz. Tk (d)) Tw (Ta)>

I/ n,! 121k Mo )\ k(MO .
x I"(n,ik3+1)z expl — T z* ) Ly 5 z (168)
2Mo (Mo ,\'? m! Mo , Mo
- == e e — L(mll) 52 ,
xl/ h ( h ") Tm+4,+0) P\"2r ¢ n °

3
EN=hw(2N+z (liki)>, N=m+n+n,, (169)

i=1

Spherical Coordinates (A, =2m+ A, +ky+1):

W, m(0, &, 1) =(r sin )12 PiE*> Er1)(g) Pt Th)() (170)
2Mo (Mo ,\*? i Mo ,\ .. (Mo ,
Xl/ P (T') rann S\ ) )
3
EN=hw<2N+Z(1-_I—ki)>, N=n+m+l, (171)
i=1

and P{T*> tk)(g) and B *9(6) denote the wave-functions (88), cf. CALOGERO [10] and
Evans [36, 37] for the Schrodinger approach. Note that our solution in circular polar
coordinates is new. The D-dimensional generalization of this potential is also maximally
super-integrable [37], and it is immediately obvious that it is at least separable (and
exactly soluble) in cartesian and spherical coordinates (and any combination of circular
spherical subsystems).

Let us furthermore consider the two following special cases of the potential V, (X) where
@ =0. Here we have a continuous spectrum instead of a discrete one.

(i) k3—1=0: We have (A=2ntk, +k,+1)

K(Vl)(.-x'ﬂ’ ‘—x'i; T)
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Paraboloidal Coordinates:

") =n7 n,@")=n; n3(t")=n3 (

—ny) (3 —n3) (13— 11)

= I Dn,(t) I D, () S 9’13( )
n, () =n} n(t)=n n3()=n3 81[ P(n,) P(n,) P(n3)
i 3 v 5 hz B(ﬂ )
X exp<— g, o HE — ———'———AV (n,) |dt (172)
p{h i; ;“ [ nini 2M Hl*J ’11) PF
Parabolic Coordinates:
n@)=n" Eay=¢” o) =¢"
= | o | 2t0E+n)en | 240
n@y=n’ e =¢ () =¢'

iv“IM . .
xeXp{% § [7 (E2+m) E2+aD)+ 07 ¢)

¢

woo(kB-1 KB-i 1
T2MEg? (cos ¢+sm2¢ 4)]‘“} (173)
=(ér¢"n' ")—1/2 Z ¢(:tkz ik,)(¢)¢(tk; :tk.)(¢n)
n=0
dE © n(s")y=n" sy =¢"
XI——e_iET”'j‘ds" f D n(s) j' DE(s)
r 2mh 0 n(©)=n Hoy=¢
isn M £2 4 2 2 2y 2}‘2"% _1_ _1-
xexp{h {[2 (E*+7)+EE*+n*)—h M 52+'12 ds (174)
_ Z .“dc I dpe—lﬁPZT/ZMle* p(¢ c ’1) ;p(¢n 6" 11//) (175)
n=0 R 0

In paraboioidal coordinates AVpz(y;) are determined by (10) and the B(x;) are given by
(i=123,a,,=a,—a,a,=b,a,=0)

-y, K-l
B(n;)=ay m_a"'au m—b"

{176)

The wave-functions in parabolic coordinates are given by ( is the parabolic separation
constant)

Ir[52+ig2p]? oH/2ap
2n)/p r*(1+2)
XM—ic/zp.z/z(—lpf )M—iL/Zp,)./Z('_ipnz)' 177

W".{.p(¢, &, n)= [ A ik,)(¢)
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(ii) k2 —%=0: We have in circular parabolic coordinates

KOG, 25 T). -

n@)=n" gl ) =z"
= [ 9n0) [ 2¢0E+n) [ 20

nt)y=n’ E@)=¢ z()=z'
.o

. hz kz_; k2
xexp{;’i—f [%((CZMZ)(€’+ﬁ2)+22)—m<—£—2”—?+ ; )]dt} (178)

t z

M iM ., L, Mzz"
~IhT e"p[zh (=42 )] (ihT)

dE © n(s")y=n" EGM=¢"

s e TR f ds” D1(s) DE(s)
X£ 2mh { ’ n(03[=n' ”(s €(0§=€' ’
g N
XCXP{H[M(E’M’HE@-’M) hzk‘ (12 I)st} (179)
hyl 2 ¢

_1ET/I| le* o p(z f ’1 ) ‘I[ s p(zn é” nn) (180)

It
o‘——-&

i

O'—.S

with the wave-functions given by ({ is the parabolic separation constant)

L[ +i020) .
¥, o &) =)/P.2 J 14, (p.2) 1/2_[—EE§F’(1ik,)e /2
XM—i;/:p,ik,/z(—inz)M—i;/zp.ik./z(—ipﬂz)a (181)
hz 2 2
=m—(1’z +p%). (182)

3.2.2. We consider the potential (x;=z€ R, k, ,>0)

“ M k2 -1 k2%
Vz(x)=— (x1+x2+4x3)+2M( x14+ 2x%4). (183)

We write down the corresponding path integral formulations
K(Vz)()—en, k’l; T)

Cartesian Coordinates:

O i%[M . 20,2 2 h? k%_‘% ki i
2 2
= Qx(t)exp{h j‘[;(x - (xl+x2+4x3))—m( Tt )]dt} (184)

y=3 Xy 2
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Parabolic Coordinates (A=2n+k, +k,+1)

ne=n" =g s =¢"

= [ on0 [ 2EOE+n)en | 2¢0)

n@t)=n’ se)=¢' =9’

. ' |
e {% 5 [7 (E 4+ (€ + 1)+ 207 62 — (€0 + (2 =)
W (k-i kg-i 1
C2MEy? <cos’¢+sin2¢_z ]dt} (185)

=(éréur’rr’u)-l/2 i @p,sikz'ih)(d)') (p'(likz.tkl)(d)")

n=0

dE ... ® = s =¢"
x{m —iETR [ ds" ([ Dn(s) | 20

0 no=n £0)y=¢"

;g 2_1
xexp{% J [% (€ 47— R 49+ E(E 4= STk (i%)]ds} (186)
o

Circular Polar Coordinates:

e=e" Sy =¢" @) =1"

= [ 0@et) [ 240 [ 9:0

e(t)y=¢e’ Pt)=¢’ z(t)=2"

AT T TP S £t SN ot .
(= - 42%) — —=Vaed as7
xexp{h ,5[2 (6® + @2 ¢* + 22 — w?(¢* +42%) M osié snTo (187)

Circular Elliptic Coordinates:

g =¢" n{t"y=n"

z(t")=z"
= [ 98 [ 9n@dEink*E+sin’n) [ 2z()
s)=¢" n()=n' z(t')=z'

M '
X €Xp {% § l:—2~ (d*((sinh® & + sin ) (E2 +7%) — w?(cosh? & cos?n + sinh? £ sin® )) + 47?)
t .

" -4 K—3
2Md? (cosh2 Ecos?y + sinh? ¢ sin? 'I)] } s

and the ®*® denote the wave-functions (88). K“?(T) is explicitly soluble in cartesian
and circular polar coordinates b

y means of the harmonic oscillator in z, and the radial
harmonic oscillator in x,, x,, respectively (note the similarity with the Holt potential)~ *~

K¥(%", %5 T)
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Cartesian Coordinates:

Mw Mo 2 2
’ ”n 2 2 rn
_-l/ihsi exp{ s [z +2"%)cos2wT—22'z ]}

waV ”"
Vxixi ——— xP+x{}) cotwT | L, | 189
(xhsmwT) [T V/xixi CXPI: (x +xi7) cote ] "‘(lhsmwT) (189)

i=1

o0
= Y Y (X X5) Yy (2 X X (190)

ng,ny,ny;=0

Circular Polar Coordinates (A=2n+k, +k,+1):

Mo Mo s
=V HendmT - {Z’ " 20T—22"2"
ihsinsze"p{ TenzaT 2 T2 cos20T-22'z ]}

@

T Qi) 0L )

1hsmwT oo
Mo 2 Mawo'o"
—— (¢’ ” toT | L| ——— 191
xe"p[ 2in @ o) cote ] *(ihsinmr 19
= ), eIy @, ¢, 0) ¥ nm(@ 8" 0"), (192)

ne,n,m=0

where the wave-functions and the energy-levels are given by (N is the principal quantum
number)

Cartesian Coordinates :

2Mo 2 (Mop\T*/? n,!
w =21 (B2 M
e (10 X2 2) ho ( h > Fn;+k;+1)

Exy=ho(N+k +tk,+3), N=2(n,+n)+n, (194)

Circular Polar Coordinates (A=2n+k,+k,+1):

2M M 2M
'Pnpn,m(z’ ¢7 Q) = Q:ikz, tk;)(¢) ﬂhw E.T"l_; €xp ('—'———Eo- zl) Hn, < 2 Z)

5 2Mo (Mo ,\M? m! exp Mo 1 Mo , (195
R \n ¢ rm+i+l) O )\ )
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Ey=ho(N+k, tk,+3), N=2n+m+n, (196)
and the @{**> £k)(¢) denote the wave-functions (88).

3.2.3. We consider the three-dimensional potential (k, , > 0)

hz kz_l kz__l_
V3(i)=———°‘———+-—< 4t ’24). (197)
x2+y2+22 2M X y

This potential can be interpreted as a maximally super-integrable generalization of the
Coulomb potential. Note furthermore that the pure Coulomb potential has the same
separating coordinate systems as V3(X) and therefore the additional centrifugal terms do
not spoil this property. The pure Coulomb path integral was discussed by many authors,
e.g. CasTRIGIANO and STARK [16], CHETOUANI and HamMMANN [20,21], DURU and
KLEINERT [31, 32], GroscHE [57], INoMaTA [70], KLEINERT[85], PaKk and SOKMEN [110],
STEINER [119], and STorRCHAK [123]. We formulate the path integrals in which this
potential is separable

K(V’)(Sc'", il; T)

X(e)=%" s 2 2 p2_1
i M . o h k241

= DXt —[=%*+-—=— L4 gt 198
2()=X X()cxp{h;"[z * +r 2M i=1 xiz :| } ( )
Conical Coordinates:

r)=r" a@")=a” B()=p"
= [ P2r | 2a0) | 280K cn?a+k'* cn? B)

r)=r a(r')=a’ BU)=p

iMoo 2oz a2 o f2n e
- xexp ﬁj ?(r +ri(k*cn?a+k?cn?f) (@ + B ))+-r-
;

R K-t Bl
- dt 199
2M (sn2 adn?p t o’ ﬂ)] } (199)

Spherical Coordinates:

rey=r 8" =0" #")=9¢"
= [ rPore) | sinb200) | 2¢0)

r@)=r o) =’ dy=¢'

iv[M . .
X eXp {i [} [—2— (F2 41202 +r¥sin’0¢?)

R
« K (k-1 k-1 1
-— ——|dt 200
+ 2Mrzsin29(cg_sz¢+sin2¢ 4 (200)
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Parabolic Coordinates:

ny=n gay=¢ sa=¢"
= [ 290 | 2¢0E&+nén | 290
ney=w =g $)=¢'

x exp{ ] [ (E2+ 1) (E2 +72) + E2n* )

24 Woo(KB-i ol
+{2+112_2M62172<cos2¢+sm¢ 4 at (200)

Prolate Spheroidal 11 Coordinates (4, =2n+k, +k, +1):

p("y=p" v{e)y=v"

PU)=¢"
f 2u@® | 2Pv@)d’sinh?p+sin?v)sinvsinhpy | 24()
BEY=w viey=v' buy=¢’
it”Mz-z in2 22 4 52 inh2 g cin? v oh2
X exp ZI —i-d ((sinh? p + sin®v) (112 + ¥?) + sinh? p sin? v ¢?) (202)
v

. n? k’——%+k2 i1,
d(coshu+cosv) " 2Md? sinh? ytsin?v \ cos? ¢ sm2¢ 4

=(d?sinh p’ sinh u” sinv’ sinv”)"2 Y

n=0

dE

x ¢(:I:k1. :tk;)(d)”) ¢(ik2, ih)(¢ ) J‘
n n 2 h

‘-IET/I! I d ”

us)=p v(s")=v" s st M
x | 9ues | Qv(s)cxp{h _f[7(;12+02)+Ed2(cosh2/4——coszv)

#(0)=u v(0)=v' 0

12_1 12_1
+ ad(cosh . — cos v) —- Wi (Ehii + ﬁ)]d s}. (203)

We now obtain (A, =2ntk, +k,+1, A,=m+4i,+3, k= al/—M/2E/h, only the radial
Green function can be exphcltly evaluated)

i

_;; dT lTE/’IK(Vg)("N =, T)

O e 8

Spherical Coordinates:

= = (tka, ka7 (tk2, £ki)( 47
Z ®} (@) P! @)

|/ F +). 1
r nh h Z ( +A- + (m + )I:"l (COSH”) P}:ﬁlm(cosel)
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rg+i,—x r re
rG+4=9, (\/"3ME>)M,,,(V/-8MEF 204
“TQnL+1 <n SME 2 | M, E3 (204)

(205)
Parabolic Coordinates (0= Vm)
=(fh) B i st o @) i "
I (l"h‘ S‘;’n”;)";,,) I (;‘s‘i’fwi) exp [—-2—1‘;!—’ @2+ 2 n") cotws”] (206)
2T 2 W@ & 1) Fann (9" 8 1)
+°£ dijdC (@ 52 '12/)2M,,;gi’" ¢’ '1")] (207)

The discrete state wave-function in spherical coordinates are

v, (6, §.1)= B EI(B) (m+11+—)5-‘1”i’1—‘ﬂ Py An(cos0)

2 20 1”( 2r )‘1
x(n+ll+§)2[a3(1+12+%)1’(l+2}.2+l)] a(l+4,+3

r 2r

P ) 75 208

xexp( a(l+,12+%>S (a(l+/11 z)) 209
Mo? |

E~=_h2;"2, N=l+m+2ntk, tk,+1. (209)

The continuous wave-functions are

: Fm+4
Y, mpll, . 1)= Pkt () | [ (m+ 4, +3) —@—%,-g—l‘) P; 4 n(cos6)
rg¢+4, —ifap) ( n )
w2727 70 expl =— ) Mijap,2.(— 2ipr). (210)
]/ arl2A,+1) \2@ Hap.2

The discrete state wave-functions in parabolic coordinates are
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2n,!n,! vz
IN3 Fny+A,+1)T(ny+4,+1)

R 2 2 2 2
(( 37)2) o (” o )L("l‘“ (a%) s (:_N> e

n ny, nz(d) ¢, n)= (p(ikz i‘“)(d’) [

Mo?
EN=—EZ*]—V—2, N=n1+n2+2niklik2+l. (212)
The continuous wave-functions are
i 1
52+ (a+ O] T2 + 4 (1/a—0)] gri2es

¥, 5o (0, &, )= BiFE 2R (g)

]/21: Enr(+4)Ir(1+4,)
x M—i(l/a+§)/2p.).1/2(_ip62) M—i(l/a—{)/2p.l;/2(_ipﬂz)' (213)

For the expansion into the wave-functions one uses (135) and performs the variable
substitution (py, p,) — [(1/a +{)/2p, (1/a—{)/2p], a=h*/Ma. {is the parabolic separation
constant.

3.2.4. We consider the potential (k, , ;> 0)

hz kz kz__; kz_i
V4(?c)=—( L S Y ’2‘). 214)

IM\y)/x24y2 Y z
Note that for k2 ——1= 0 we obtain a trivial extension of the « = 0 case of the two-dimensional

maximally super~1ntegrable potential ¥;(X). We formulate the path integral in spherical,
circular polar, circular parabolic and circular elliptic II coordinates, respectively

K(V4)("x’n, .—x'r; T)

HnsE “ 2 2 11 g21
M . h k x k _1 k
= DX(t el N 1 3—3%

x(l;[ 7 X )exp{h jl:z Y TIM (yZ i ¥ t— dey (215)

Spherical Coordinates:

rey=r" oey=6" day=¢"
= | r2r@® [ sinb200) | 240 216)
r@)=r o@)=0' Sy =¢’

e

M . .
X €Xp {;1'_ ) [7 (F* +r20% +rtsin?04?)

v
h? 1 (kI+ki—-3 ki-ki-1 1 k-3 1

- 2\ 2 Y Sl 38 4T3 dt
2Mr\sin*6\ 4sin*$ 4cos*§ 4) " cos’ 4
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Circular Polar Coordinates:

et =¢" ) =¢" 2" =z"
= | o020y | 290 [ 9220
e(t)=e . Pw)y=¢ z{t)=z'

><exp(i f {M (@ + 02> +4%)
n 2

B[ (k2+k2—% k3+ki— 1\ K- 1
"W[E( 4cos®$ + 4sin’$ _Z * z? at @17

Circular Elliptic I Coordinates:

gun=¢ ey =n" 2@)=2"
= | @t [ on@dinb*E+sin’y) [ Dz0) (218)
q=¢ nw)=n 20 =7

i'" M 2 22 =2 £2 .2 +2 o
XexP{h£[2 (d?(sinh? &% +sin?n) (£ + %) +2 )+d(cosh€+cos11)

h? 1 cosh&cosny+1 1\ k-1
- i2 k2—— 2 |dt
2M (d’ sinhzésinzn( ! cosh&+cosn +a 2)+ z?

Circular Parabolic Coordinates:

ne)=n" fe=¢" z¢")=2"
= [ o0 | 2EOE+n) [ 220
n@)y=n" E)=¢' z(t)=z"

x exp {% § [% (& +7?) E+7H)+2%)

W ([ ki*—¢7) -3 }
_ﬁ(52n2(52+n’)+ 2 2+ ) |4 (219)

We obtain for the path integral solutions (AL=kitk}, Ay=n+(@A,+4-+1)/2,
Ay=2m+ A tky+1)

KY9(", 35 T)

Spherical Coordinates:

—('r" 0" -1/2 A+, A=) ¢ (A+,4-) ?__’:
2( sin 6’ sin9") Z b (2>‘I’u (2

Sy

M iM |l - Mr'r”
M, " B TR(gr) Plir Tr(9” - 220
Xore [ZhT(r +r )]Eo ©) (0)112<m> (220)

j‘ dpe—iE,,T/ﬁ ‘I’,."_‘,,.,I,(G’, ¢ r ) o, p(g?:, ”’ r (221)
o
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Circular Polar Coordinates -

M 2 ‘on lM 2 n2 12 ”2 MZ’ "
_(1717) Vz'z exp[ﬁ(z +27+ 0" +0"%) [ Iy, SHhT

x__ nzo @(b, A )(‘i) ¢(1+ A )(‘Z'> I/I <Af:,T ”) (222)

e RS (@0 2) By (0", 0", 27) (223)

O'—.B
O'——.S

Circular Parabolic Coordinates :

Mzz"
2 ”2 I
L °"p[2hr(z +z )] *"3< ihT)

«fdg 792 DT+ 3P P — )2 emer
R o P AR YEE Yy TP (144 )F2(1+3~+)
XM—iC/Zp,l+/2(—lp§ )MiC/Zp,l¢/2(ip§, )Mic/zp,z_/z(_ipﬂ"z) M-i(/Zp,l_/Z(ipnlz) (224)

—llip2 T/2M

®

J‘ j' j pe 115,,= pTih q]* . ;(Z é r,) - p,;(Z", éu’ ’1"), (225)
0 R

o

({ is the parabolic separation constant) where the wave-functions and the energy-spectra
are given by

Spherical Coordinates :

Vom0, ¢, 1)=(2rsing)~ Y2 g+ 1) (%) Q- tka(g) [/I_’Jzz (pm), (226)
o,

Circular Polar Coordinates -

Yln.l’-!’z(¢7 Qa Z) = l/ pzzp Jiks(pzz) "A,(pg)z_l/z ¢'El+,}.—) (?) ’ (228)
hz
Ep,.p=m (P +p%), (229)

Circular Parabolic Coordinates -
PO 4 ) P e
2n Veénra+i)rq +4,)
X M—i;/Zp.z+/z(fiP52) M—i;/zp.z_/z(—ip'lz), (230)

lIlp,,p.((Z’ f’ ")=l/ pzz Jikg(pzz)
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h[Z

In the path integral evaluation subsequently [56] the path integral solution for the
Poschl-Teller potential and the radial harmonic oscillator have been used. The spectral
expansion in the z- and g-dependent kernels is done by means of (analytical continuation
[114] of) the Weber formula

X ity . | 2+ p2yaai b
| ret*” I (—iar) Iv(—lbr)dr=ie“’ toidaiy (a__) (232)
o 20 2ai
and we obtain the path integral identity (we use the functional weight formulation)
rty =" : -
M t
[ ulr?] @r exp( o | F2di
r)y=r 2h
M iM 5 Mr'r"
- L — ’ ” I 233
Vrr ihTCXP[ZhT(r o )} ‘( ihT) 3)
=V/r'r" | pdpe P TEM I (pr) J(pr"). (234)
0

Applying (234) gives in an obvious way the spectral expansion of the z- and ¢-dependent
kernel. For the extraction of the continuous states in parabolic one applies (135) by
introducing a Coulomb coupling « and sets a =00, i.e. infinite Bohr radius, in the final
formule.

In circular elliptic II coordinates the z-path integration is separated in the same way as
for the circular parabolic case, and for the remaining path integrations we obtain the identity

K93, %5 T)

M= M) Mz'z"
STV ES P e E TR e\ Tt

dE ... = Esmy=¢" ") =n"
XI c—nET/h 5' dS" j‘ 96(5) j‘ .,@71(5)
p 27h 0 qo)=¢ o) =n
X €Xp {i Sf [M (fz + %) + Ed*(cosh*¢ —cos?p)
hl2 U
0
h ((k2—3)+k2cosn (ki —3)+kicosh
- dsy. 235
2M< sin’n * sinh?¢ * @33)

For the spherical coordinates the expansion into radial wave-functions, and for the
circular parabolic coordinates the expansion of the z-dependent kernel are performed by
means of the Hille-Hardy formula (93).

3.2.5. We consider the potential (k, , >0)

Vo Ko KB=1)_, 16
5(x)—m yzl/m+ 7 —ksz. (236)
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Note that for k; =0 we obtain a trivial extension of the o =0 two-dimensional maximally
super-integrable potential V;(X). We obtain the path integral formulations

K("ﬁ)(-_x'", 56.’, T)

Circular Polar Coordinates:

ety =¢” o) =o¢" =(@7)=z"
= [ eZery | 240 [ 2:z0)
elry=e’ e)=¢ () =z"

xexp{. r_"li--——(g +0 P +2Y) —kyz

W (K-k-L Kek-L 1 |
— —= ] |dt
ZMQZ( 4cos?? + 4sin?¢ 4 237)

Circular Elliptic 11 Coordinates:

funy=¢” n)=n" 20y =2"

= | 9&) | 2n@d*Gsinh’E+sin’y) | 2:z()
ry=¢' niy=un' z()=z’

s

X exp {% [} l:%/!— (d?(sinh?& +sin?n) (2 + 7) +23) — ky 2

;
h? 1 cosh & cosn+1
- k2 ki—-1}1d 238

2M dzsinhzfsinzn( ' cosh ¢ +cosy tha=z)|dr (239)

Circular Parabolic Coordinates:

nt"y=n" cary=¢” z(t"y=z"
= | 99000 | 2¢0(E+nY) | 2z20)

ny=n san=¢ s{t'y=z'

- '
xexp {% f [7 (E+7) €+ +2)

h? s '72“62 k?. %
_m—(kl €2ﬂ2(62+”2)+ & 2) k:ﬂi]dt} (239)

Parabolic Coordinates (4% = k? + k2):

na)y=n" [SUSEI3 U y=¢”
= | 2n0 | 2¢0&+nin | 240
nuy=n E@)=¢’ dy=¢’

s g

XeXp{%f[—-(@ZM )&+ +En*$7)

v
WKkl 1k
— > . 32 2

2M§2n2< sin? ¢ 17y D) (&5 —n) |dt (240)
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X Fn+2i+1
=&)Y (n+A+3) L2440 = )P[ﬁn(com’) P/ (cos ¢”)
n=0 °
d x sy =n” Hy=e
x[—e ETm [ ds" | ansy [ 2E&s)
r 2mh 0 1o =n' Hoy=¢

PR

M . k
XCXP{% § [7 (iz+ﬁ2)--2—3(5“—'1“)+5(€2+'72)

0
W3-k ;.Z—kf—iﬂ }
_ 2 + dsp. (241)
2M< &2 n?

The path integral in parabolic coordinates cannot be done due to the &%, 4* dependence.
Actually Vg represents a Stark effect. In the cases of the circular polar and circular
parabolic coordinates the corresponding Green function can be evaluated by means of the
path integral solution for the linear potential [39] for the :z-path integration, and the
radial harmonic oscillator in the (r, ¢), and in the &- and y-path integration [i3 = k3 + k7,
Ay=n+(A,+4i_+1)2]

K(VS)(._X'", .—x‘;, T)

Circular Polar Coordinates:

M 12 i M " n2 k3T ’ ” k§T3
'(mn) e"p[E<z_T(z I R AR Y
M o . ¢l ) ¢H M MQ’Q"
(Ar A-)] T (Ae A | ¥ 12 "2 242
Xzihrngoqj" (2>¢" (2)‘”‘"[ 2T @ e )] (ihT) (242

-3

n=0

d jdE ele;.- .,,T/hleE np(z ¢ Q E "p // ¢n Q (243)

O e ]

Circular Parabolic Coordinates:

M. 1/2 i M " 1 2 k3T ’ " k§T3
_<2nihT) ex"[%(ﬁ(z BT Yy
Xj af_p lr(ut"'zi%)'z Ir(l+l-___i{)l2 njap e—ihpl'l'/ZM
R o P 4n? ]/{{” n* M3+ A )F2(1+A+)

XM—ig/sz.A‘/z('_i'PCHZ) Mic/Zp.,h/Z(ipé”z) Mi;/lp,/l_/z(_i!"l"z) M—i;/zp.a,/z(ipﬂuz) (244)

x

=§d( [dp [dE e FrrThpE (2,8 n) Yy, 8 n"), (245)

R 0 R

(¢ is the parabolic separation constant) where the wave-functions and the energy-spectra
are given by
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Circular Polar Coordinates:

IM O\ E)\ [2MKk\3
!PEP"'p(Z’d),Q):(hzl/E) Al[(z——-’;—) (—h—z——) ]

x 2712 ghe- i )( )1/— (po), (246)

hZ
E, ,=E.+ ™ p?, 247)

Circular Parabolic Coordinates:

2M \3 E)\ [2MK\3
(22 A -5) ()

I—- 1+44 r +i- il e;t/2ap ) .
‘(/_Zml)ﬂ(l(-{—l )1‘(1)+,1 ) |§/2p.l+/2('—1p62) Mi;/Zp‘l_/Z(—'lpnz)’ (248)
+
2
E”“"=Ez+§—1\—/l— p2. (249)

{ is the parabolic separation constant.

The expansion into the wave-function in the z coordinates is done according to ([39],
Ai(z) are Airy functions)

=2 o

j' @z(t)exp[hj<—2—22—kz>dt]

z(t')y=2z" t

M /2 i1 (M kT kKT
=(2nihT> exp [E <ﬁ (=) =5 )= 24M):' (250)
. IM P E\ (2MK\"3] . [{ . E\[2Mk\?

=jdEe_lEm(_h’—]/_I:> Alli(z'—z)(—gz—) ]Al[(z —Z>(h—2) ] (251)
R

The expansion into the radial wave-functions for the circular polar coordinates is
performed by the Weber formula (234).

33. Three-Dimensional Minimally Super-Integrable Smorodinsky-Winternitz
Potentials

We discuss in this subsection the eight three-dimensional minimally super-integrable
potentials. They are characterized by having four functionally mdependent integrals of
motion. In the sequel X denotes a three-dimensional coordinate: X =(x, y, z) =(x,, X,, X3).
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Table 4

The three-dimensional maximally super-integrable potentials
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Potential V(x, y, z)

Coordinate System

h2 kz_l k2_1 kz_l
Vl=F(r)+m( e ’y2‘+ 5 Spherical
Conical
M W o(k-1 k3L
Vo=—?(x*+ )+ — | =2+ 22 L F(- Cartesi
i=g @ T ) Cartesian

Circular Polar
Circular Elliptic

M oK1
V3=—2—w2(4x2+y2)+m y24+F(z)

Cartesian

Circular Parabolic

Va

n: [ kZ' kZ__l_
( . I zyz‘)+F(z)
y

o
A AT

Circular Polar

Circular Elliptic Il
Circular Parabolic

M W (k3—% FO/x)
V5=7w2(x’+y2+zz)+m( = x2—+yz

Circular Polar

Oblate Spheroidal
Prolate Spheroidal

M h? F(y/x) .
V= > (P +y? +42%) 4 M X ay Circular Polar
Parabolic
o B k32 y
Voe e ——— L4 Fl L Spherical
o 2M(x2+y2)< r (x paa
| Parabolic

Prolate Spheroidal 11

B V3=—-§+‘/§<ﬂ, cos%+ﬂ2 sin§>+F(z)

Mutually Circular

Parabolic

In table 4 we list the three-dimensional minimally super-integrable Smorodinsky-Winternitz
potentials together with the separating coordinate systems (where the italized coordinates
systems were not mentioned in [36]). The cases where an explicit path integration is

possible are underlined.

34+



504 C. GROSCHE et al., Path Integral Discussion [

3.3.1. We consider the potential (r =|Xx}) (k; ; 3> 0)

. W o(e-i k-4 K-
Vl(x)=F(r)+2—M( 2 + y2 + =) . - (252)
We formulate the path integral in the separating coordinate systems and obtain

KY(X", X5 T)

Fay=%" s 2 2 1 2 1 2 1

R M . h? (k2—L k21 K21

= @x(t)exp{%j[?xz—F(r)—m< ‘x2‘+ 2y2‘+ 322 ‘)]dt} (253)
X@)=%" v

Spherical Coordinates:

ray=r" 04")=6" sum=¢"
= | r2r@) [ sin200) | 2¢0)
rwy=r 0)=0’ su=¢'

i M , .
xexp{% | [—2— (P2 +r202 +r?sin0¢?)— F(r)

.
o1 (k-1 ka1 1\ KB-i 1

- .- ——)|ar 254

2Mr? (sin20<cosz¢+sinz¢ 4)tcos?0 3 (254)

~Conical Coordinates:

ria”)y=r" a@t"y=a” Bury=p"
= | rare)y | 2a0 [ 2B0OK cn?a+k'? cn?pB)
r)=r a)=o’ pu)=p

X eXp {% 'f I:% (7> + r*(k? cna + k'% cn? ) (&% + B¥)—F(r)

:
W KR-b L K-l K-

— dtp. 255

2Mr2(snzadn2ﬂ+cnzacn2ﬁ+dn2asn2ﬂ (253)

For this potential the angular path integrations can be easily done and one is left with a
radial path integral [11], i.e. [A, =2ntk, tk,+1, A, =2m+ i, tk;+1]

K"O(3", % T)

—(F2r2sin® sin07) V2 Y PyEke th(gry iEke thi(gr) B @i £ (g7) i ERI ()

n=0 m=0
rig’y=r" e 2 ) 1
i M h* A;—%
9 - (t — o2 F e 2 4 dt
X WL r( )CXp[h ‘j<2 P—F) =5~ ) } (256)
S sind sin07) M2 Y itk )7y kR Y G ERI(G") B R ()
n=0 n=0
r@t”)y=r" ‘ + M
X I M, [r2]1 2r(@) exp[g j (7 fZ—F(r)>dt] 257
rit’)y=r’ ¢ :
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Y (dE, e 'Exmpx (0, ¢ r) D, W07, " F"). (258)

mn=0

Here use has been made of the functional weight formulation in path integrals according
to [60, 62, 120]. The wave-functions have the form

;t - 1(0 ¢ — (r2 SinO)—l/Z (p(tkz. ikl)(¢) ¢()-l. ik3)(0) @1 (r) (259)

where @, (r) are the radial wave-functions. Of special mterest are the cases F(r)=maw?*r?/2
and F(r)~ —a/r, cf. 3.2.1 and 3.2.3, respectively.

3.3.2. The next three potentials represent a simple z-dependence extension of the
two-dimensional potentials ¥, — V. We consider the potential (k, , >0)

M Wk —t )i
V M, N 2 "4 F(z). 260
(3)=7 o’ +y>+2M< AL (260)

For the case of F(z)=2M w?z? there is an additional coordinate system, the parabolic
coordinates, which separate V,, cf. the three-dimensional maximally super-integrable
potential V,. Here now we have

KY2(3", %'; T)

Cartesian Coordinates:

Iamy=3% 1 M R 5 hl 2 kZ 1 y 2%
= t - - —F t 1

x(,fx%““p{hﬁ[z"‘ L
Circular Polar Coordinates:

z(t")=z" el)=¢" dum)=¢"
= | 2200 | 0%0(® | 2¢0)

z(t) =z er)=¢’ Pi)=¢

i “© “4 y) 2 12 2.2 hZ kZ % k% i— 1
| =@+ —w - + —|—F(z) |dt 262
xexp{h I[Z @ +o°¢ e’ 2Mg?\cos?¢ sin’¢ 4 @ (262)

t

Circular Elliptic Coordinates:

zey=z" fey=¢ ="
= § 2200 [ 20 | 9n@)d*(sinh?&+sin’n)
2=z aey=¢ ney=n'

ey ' )
X eXp {% ] [7 {(d*(sinh? & +sin% ) (€% + %) + 22 — w?d*(cosh? £ cos?n + sinh? & sin’ 7))

¢

Fly— urt S bt S (263)
z’ 2Md?* \cosh?*¢ cos?n  sinh?¢sin?y |

Except for the z-path integration, we can perform in the case of cartesian and circular
polar coordinates the path integration explicitly yielding

KY)3", %5 T)
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Cartesian Coordinates:

= ’ f]]/x’ 7 ex ———(x +x/?)cotwT | 1, Maoxixt
- 1hsmwT ie1 i exp * @ R\ insinoT
z(t")=2z"
x Qz(t)exp[ (—— 2 —F(z))dt:l ' (264)

z(t')=2'
©

— Z e—nE,.l ,,ZT/hq/

ny.ny

(X1, X2) Wy, 0y (X1, x3) J dE; e7 BT DX (') @, (") (265)

n,ny=0

Circular Polar Coordinates (A, =2n+k, +k,+1):

i (p(ik;‘ tk.)(¢l) ¢(ik1' ik.)(¢ﬂ)

1h sinoT
Mw ’ ” MwQ’Q” ” !
xexp[—ﬁ(gz+g 2)cotcoT] I“(W) Ke(z",2'; T) (266)
— Z e—iEn.mT/h q]".m((pt’ Ql) ql,..,,,(d)", Q”) -" dEi‘e—iE;_=T/h (p;,(:,) (piz(zn) (267)
nm=0

and in the sequel we denote the remaining z-path integral by
Kep(z", 2'; T)=[ dE, e E+=T"@F (') &, (z"). (268)
The wave-functions in (x,, x,) and (g, ¢) are the same as in 3.1.1.

3.3.3. We consider the potential (k, > 0)

2 2

. M h
V3(x)=-2— 0?(@x*+y) +-—

1
—a
M + F(2). (269)

Due to the similarity of the corresponding two-dimensional case in 3.1.2 we just give the
path integral formulations which have the form

KYI(X", % T)

Cartesian Coordinates:

T g 2(4x2+y*)— F hzkzid

= t ~ 0 (@x* +y?) — F(@) - 53— 7
m)fx x()exp{h’f[ (X2 —w?@x* +y*)~F(2) M) ] l} (270)
= Y e ETMY (X", y") W (), y) [ AE; e TR OR () &, (27) 2m)

nt=0
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Circular Parabolic Coordinates:
N )=n" HUS R
= [ 9900 [ 2&0(*+n?)
nw)=y cay=¢
i‘”Mz 2y (£2 4 52 2((£2 2)2 2,2
xexp— [ | 5 (€2 +1) (€2 +0") = * (&7 —n*) — &%)
v
—ﬁ(cz—;f)—hzﬁ— dtbx K, (z", 23 T) 72)
2 2My?E? st
with the same Feynman kernel and wave-functions in (x, y) as in 3.1.2.
3.3.4. We consider the potential (k, , >0)
o h? k2x k21
Vy(X)=— +—< = +-2 4)+F(Z)- (273)
Y A T ATV e

We formulate the path integral in circular polar and circular parabolic coordinates,

respectively
KY9(R" 3 T)

Circular Polar Coordinates:

o) =¢" a)=¢"
= [ o200y | 200
e(t)=e¢’ P)=¢’
15IM ., L, O o (KR—k3-1 K2+ki-1 1
(1= —— —= ) |dt
xex"{h![z @+t T\ doos? | asin?? 4
x Ke(z",2'; T) (274)
Circular Elliptic II Coordinates:
den=¢ ey =g 2)y=2"
= | 20 | 2n()d*sinh*E+sin’n) { 2
y=¢ nr=n )=z
cexp it j M (@ (sinh2e? +sinn) (2 +#7) + )+ ———————F(2)
hio|2 7 d(cosh{ + cosn)

h? 1 , cosh& cosny

+1

" 2M d%sinh?Esinin \

(x

cosh & +cosn

2

k —%)]dr} (275
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Circular Parabolic Coordinates:

nt’)y=n" se)y=¢" z(t") = z"
= [ 2900 [ DEQE+n) | D20
n(t')y=n' S()y=¢" z{t'y=2z'

-

M .
xexp{% § [7 ((£2+n2)(€2+ri2)+2'2)+€2

hz ) "2 - 62 kz
_m<k1 ézq2(62+r12)+ Iz 2)]dt} (276)

The circular polar and circular parabolic path integral formulations can be explicitly
evaluated in terms of the corresponding Green function (A% = k3 + k2, A, =n+ (A, +A_+1)/2,

k=a}/—M/2E/h)

KY(x",%'; T)

2_F(Z)

Circular Polar Coordinates:

PP I ¢’ ¢”
= RN 1 my—1/2 ¢(l+ a-) (Ae,A2)
Ke(z", 2';T) (0’0 ) 22 ( >¢ (2)

n=0
- l/ M I(3+4,—x) o> 0«
iET/h 2——-———W J/—8ME— M, ; )/ —8ME —
£2nh 2E ra+24i,) ( h) ""“( h
277
=_f dElze'”:‘zT”' r(2) D, (2")
o S OF.ml@, ) Py, mle", @) F (0 @) P(e", ¢")
x Z {Z L L +jdp = (278)
m=-0 Ln=0 E,-E A h2p2/2M E
Circular Parabolic Coordinates:
=j' dEAze‘iE*zr/" () P, (27)
2 ¥ &) W W€ T Y& n) ¥, (& n")
112 .0 d
X{ 2 E,..—E R R e rey v @79)

n,ny=0 N0y .0 R

with the same wave-functions in (¢, o) and (&, n) as in 3.2.3.

3.3.5. The next three potentials involve an arbitrary ¢-dependence where F(y/x)=7>>0
describes the well-known double ring-shaped oscillator (cf. e.g. CARPIO-BERNIDO etal.
[13, 14], KiBLER etal. [77, 78, 82], LuTsEnko etal. [92], and QUESNE [117]). We consider
the potential (k;>0)
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M n (ki-1 F(y/x)
Vo (3) = 2002 4 2, .2 37% '
5(X) 2w(x +y +Z)+2M< 2 Xty

(280)

We obtain the following path integral formulations in the corresponding separating
coordinate systems

K"9(%", 35 T)

Spherical Coordinates:

re)=r" 01"y =0" Sy =0
= [ P22r@®) | sin02000 [ 92¢)
re)=r 0()=6' s)=¢'

M _ .
X eXp {l § [? (F2+r20%+r?sin?0¢> — w?r?)

h
W (Fang)—1 k2-1 1
- ——)1d 281
2Mr2< sn?0  cos?0 4)]% (281)

v
Circular Polar Coordinates:

2=z ety =¢ Su)=¢"
= [ 2:0 | e2et) [ 2¢0)
)=z ettr=¢' $)=¢’
15IM 0 i 5 2. oy H (F(tang)—% k2-1
X exp Z! —2—(9 +0*P*+2—w?(e* +2 ))-—m s = dty  (282)
Oblate Spheroidal Coordinates:
R =7 Ve =v SUy=¢"
= [ 240 [ 2v(@)d(cosh’z—sin’V)coshasiny | D)
Be)y=g v@)=v e)=¢’
i “M . . .
X exp {% } [7 d?((cosh? fi —sin? V) (ii% + v?) + cosh? i sin? ¥ ¢h2 (283)
. I's

#* [ F{tan¢g)—1 - ‘
— w*(cos? i sin? ¥ + sinh? ji cos2 7)) — 1 3% dr
@"(cos” isin”v + sinh i cos*¥)) M (coshzﬁ sin2§+sinh2ﬁcoszv

Prolate Spheroidal Coordinates:

RU"Y=p" vy =v b =9"
= [ 2u@) § Dv(t)d>(sinh?u+sin®v)sinhysiny | 260
B = T ovan=v su=¢
it[m . . . . L,
X exp -h—j 5 d?((sinh? p —sin?v) (1% + ¥2) + sinh? y sin? v §* (284)
v

h? ([ F(tang)—1L ki-1
—w?(sinh? u sin? h2 2.0 4 + 37 & deh.
@"(sinh”usin”y + cosh® 4 cos™v)) 2Md? <sinh2u sin?y  cosh? y cos?v
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We only consider the spherical and circular polar coordinate cases, the others can be
treated in a similar way as far as the separation of the ¢-path integration is concerned. We
denote the energy-spectrum of the ¢-dependent problem by EA¢=hziﬁ/2M. The most
important case occurs when F(tan ¢) = constant. Then the quantum motion in ¢ are just
circular waves and we have in this case ?,,()=9,(¢) =e“4’/]/2n (v € Z2). This is also the
case for the potentials V; and V,. We have (1,=2n+ A, k;+1)

K¥)(x%", %" T)
Spherical Coordinates {11]:
=(r'r"sin#’sing") "/ | dE;  &F,(¢") 8;,(0")

x ,.izo Pire: 2h3)(g7) plte: 2ha) (g7 Es%% exp [% (r2+r?) coth] I, (%)
(285)
=[dE, $ UL (8, 0,0) 0, (40 @)
nl=0

Circular Polar Coordinates :
= (m:;!ﬁw)z 2’2" exp [—% (22 +2"2+0'* +¢"?) cot wT:l | (3,4—::;—1{;)2—;)

x| dE,, 0% (&) ,, (") I,, (%) (287)
=fdE,, T VL (000 7) By, (B0 7). (288

mmn,=0

The wave-functions and energy-levels are given by

Spherical Coordinates :

Y gonit(, 0, 1) =(rsin0) ™12 @, (§) di*+ *4)(6)

l/ZM(D Mo Az,zl} b iat+1/2 Mo 2 22) Mo 2
X _h__(——h—> mi‘ exp —z—hr LS —h——r ) (289)

Ey=ho(N+ky+2), N=2142n+4,, (290)

Circular Polar Coordinates :

2Mw (M w)“”"z

h

n,! 2tk Mo , Mw
z k3 _ JAELEY 2
xll Ttk +1)" TP TR P )\ TR ?

lpi.,,.m.nz(qs’ o, Z)“_" ¢Ad,(¢) —h—
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Mo i m! Mo Mo
- —_ I e | = 52 , (291
><< h ") ]/r(m+z¢+1)e"p< 2h 9) m ( h 9) 29

Ey=hw(N tk;+2), N=2m+2n_+24,. (292)
For F(tan ¢) = constant, i,=1v|, cf. also ¥, and V,.
3.3.6. We consider the potential

M W F
Ve(3)=7 (e +)? + 4z 2)+mx(i/’y‘) (293)

We obtain the following path integral formulations in the corresponding separabie
coordinate systems.

K9G, 3 T)

Circular Polar Coordinates:

z¢")=z" et =" Sury=¢"
= [ 220 | e%ety | 2¢0
2ey=z ett)=¢' $)=¢'
iv[M 2, s F(tang)—3
X eXp {—h— ‘f [7 (*+0*P* + 72~ (@* +42%)—h? —Z—MQZ—“ dt (294)

=(e'e")""* [dE,, ®},(¢') %,(¢")

z(y=z" e(t")=¢" H t
x | 2200 | %120 exp[ [ (e +z'2—w2(gz+4zz))dt] (295)
z(t')y=z" et)=¢ [
=[dE,, ¥ e EnnTitgt (@505 2) Y s, (@ 0" 2") (296)
ns, 1=0

Parabolic Coordinates:

="'y [dE,, 8F,(¢)) 9,,(4")

dE ) © ni(s")=9" §(s")=¢”
X[ —e Tk [ ds" [ Dp(s) f 29
r27h 0 n)=r' Loy =¢'

isnM‘z 2 2(£6 6 2 2 Niil 1
XCXP{;I 7((4‘ +i1?)~w? (& + 1 ))+F(é +n )—h {2 dsp. (298)

0

Here we have used the same notation as in the previous case. The wave-functions and the
energy-spectrum in circular polar coordinates are given by
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Mo Mo Ae/2
'{l"pl¢.m(¢, o, Z) = ¢’d>(¢) T (T 02)

o m! ex Mo 2) [Ue Mwo2
T~ . A a4 _——0 m _——\.
Tm+i,+1) P\™ 21 ¢ )

2Mow 1 Mo , 2Mw
h ,2"=n,!°xp<_Tz>H"’< h z)’ )

E, .=ho@m+i,+n,+3). (300)

ng,m

3.3.7. We consider (k, >0)

a N h? ( kix +F(y>)
Vi yi+zr ZM+y) /x4 y? 422 x})

For F(y/x)=y2>0 this potential is known as the ring-shaped Hartmann potential (cf.
CaLOGERO [10], Carpio-BErNIDO etal. [11, 12, 14, 15], CHETOUANI etal. [18], GERRY
[47], GraNovsky etal. [51], GrosCHE [57], GuHA and MUKHERJEE [63], HARTMANN
[64], KiBLER etal. [77]-{80], [82], LurseEnko etal. [91], VAIDYA and BoscHI-FILHO
[126], and ZHEDANOV [132]; compare also the connection with a Coulomb plus
Aharonov-Bohm solenoid, e.g. CHETOoUANI etal. [19], KiBLER and NEGADI [81], and
SOKMEN [118]). We write down the corresponding path integral formulations where only
the corresponding Green function can be evaluated [/21 =itk A =n+(A, +i_+1)2,

kK=o |/ —M/2E/h]

Vy(%)=— (301)

i

Z dTeiET/h K(V7)(5en, 5’6,, T)

Q tuemy 8

Spherical Coordinates:

ray=r" 0)=0" Sy =¢"
dTeE™ [ r2gr@) | sin0200) [ 260
r()y=r 0(t')=q' d()=¢'

_i
T h

O ey §

ivfIM y .
X eXp {l ) [3 (72 +r?6% + r?sin?0¢?)

Rl
2 2 -1
Lo (k,cos0+F(tan¢) 4_1>]dt} (302)

r 2Mr?\ sin%@ sin?@ 4

1 o 6/ ) i "
=(r2r?sin@'sin0")"V? [ dE;, @1, (9) @1,(#") 5 T "’“““(5) qb()(%)
n=0

1 M F(%+l,—x) r, r.
—l/———~——w V—8ME =M, , (/-8ME_=
Wl T2E T@A,+1) M n) Meu\V-BMEZ (303)
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0 X [Pnfm. (01, !’ rl) q]’. m (0”, ll, rll q/'::m‘ (6’, /‘ rl) '{l,, m (0", ¢II’ r”
= 2 { > 0.9 E é" ¢ +{dp . Zz LYY
=0 N— R p’/2M —E

nm=0

(304)

Parabolic Coordinates:

i® ) n@"y=n" sury=¢” duI=9"
=5 AT [ an) [ 280 +nhén [ 240
0 n@)y=n’ suy=¢ Pu)=9’

i MTM . .
x exp {% § [7 (E2+nP)(E2+7Y)+ &2 ¢?)

2 h? 2 __ g2 1
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dp | d{ =22 npd : 306
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The bound state wave-functions in the polar coordinates are

¥, w10, ,r)=(2sing)~ "2 ®1,(¢) P2 (g)

1 I 2
U+, +17 [a3(1+ 1,+5) r(1+2,11+1)]

2r - r 2r
S - g —=" ), @07
X(a(1+zl+%> e""( aa+al+%)) * (a(t+zl+%)> (07

N=Il+n+3(1+2_+4,). (308)

The continuocus wave-functions are

¥ot.p(0, ¢, 1) =(2sin0)™'/% @, (¢) &1 <§) |

l _¢
x—————-—r(2+'12 i/ap) exp(———" >Mi/ap_h(—2ipr).
V2mrr(24,+1) 2ap

The wave-functions in garabolic coordinates are the same as in 3.2.4, except for the
modification that A} = 13 + k? instead of 43 =k3 + k7.

The potential V; is also separable in prolate spheroidal II coordinates and we have the
identity

(309)
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Unfortunately we cannot solve this path integral.
3.3.8. We consider the potential (¢ =]/x*+y?)

Vs(i)=—g+‘/§(ﬂl co,s%+/32 sin§)+F(z). (312)

This potential is the same potential as in 3.1.4 with an additional z-dependence via F(z).
The corresponding path integral formulations and solutions in mutually orthogonal
circular parabolic coordinates are therefore a straightforward combination of the results of
3.1.4 and Kp(z", z'; T).

4, Summary

In the present work we have made the first step in the classification of all the presently
possible path integral solutions of the Smorodinsky-Winternitz potentials in two and three
dimensions. This approach as compared with the Schrédinger approach has advantages as
well as disadvantages. The advantages are that the path integral gives a global view of the
problem in question, whereas the Schrédinger equation only a local one. This property
enables one to incorporate into the Feynman path integral many important features like
topological effects, perturbation theory as well as the investigation of non-perturbative
effects, a semi-classical expansion of the propagator, and many more. It is quite likely that
the Feynman path integral is possibly the only consistent way to incorporate renormalization
theory in a unified field theory. Therefore it is always important to investigate solvable
quantum systems “from the point of view of fluctuating paths” [32]. A further advantage
is that the explicit computation of the propagator (the Feynman kernel), respectively the
(energy-dependent) Green’s function, gives simultaneously the spectral expansion into the
wave-functions and the energy spectrum.
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A disadvantage is the fact that an explicit path integration can be done only in a limited
number of coordinate systems, namely in polar, spherical, and some problems in parabolic
coordinates, respectively coordinate systems which are related to them. Path integral
evaluations in, say, elliptic, paraboloidal and other parametric coordinate systems are not
accessible. One may say that one of the very advantages of the Feynman path integral, i.e.
its global approach to a quantum mechanical problem, leads in these cases to a
disadvantage, because the actual path integration would require “addition theorems” in
terms of special functions of parametric coordinate systems and their corresponding
spherical functions of the Laplace operator. Such “addition theorems” are not to our
disposal presently. However, it seems reasonable that a path integral identity in conical
coordinates can be derived via the path integral on the sphere $®, where for the spherical
functions a representation in terms of Jacobi functions is chosen.

Explicitly solvable models always involve solutions in terms of hypergeometric and
confluent hypergeometric functions. We have seen that in at least one coordinate system
each of the discussed Smorodinsky-Winternitz potentials can be solved in terms of these
higher transcendental functions. In the parameter dependent coordinates the solution
cannot be written in closed form. Therefore an investigation of the Feynman path integral
in such coordinate systems is desirable and further studies along these lines will be subject
to future work. This is not idle doing, then, for instance, the spheroidal coordinate system
is the only one into which the two-center problem separates. In future investigations we
will try to discuss these more complicated problems.

The present work does not claim a full analysis of the quantum mechanical
Smorodinsky-Winternitz system. Such an analysis must include not only a comprehensive
classification but also the determination of the interbasis coefficients of the wave-functions
of the same energy. This requires the knowledge of the dynamical symmetry group which
is responsible for the accidental degeneracy of the energy spectrum of a Smorodinsky-
Winternitz potential.

In due time we will continue our work along the lines described above, and we will also
try to include an analysis in which quantum mechanical problems in spaces of (positive
and negative) constant curvature are taken into account. This will include a path integral
approach of parametric coordinate systems on the sphere and pseudo-sphere, the study of
the Coulomb- and the Higgs oscillator problem in particular, and of Smorodinsky-Winternitz
potentials in spaces of constant curvature in general.
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Appendix

In this appendix we want to give a short discussion of the path integral problem of the
anharmonic sextic oscillator as encountered in parabolic coordinates for the Holt potential.
Let us consider the one-dimensional path integral

x(@")y=x" i M h2k2 hz 2
K" x;Ty= [ @x(t)exp {% _f [7 (x2 —w2x6)+2—M xz_iﬁgx_z]dt} (313)

x{(t')y=x" t

Performing a combined space-time transformation with the new coordinate z=x% ie.
x = F(z)=2z"* and the new “pseudo-time” defined by s; —s;,_; = ;= 16} x7_((t;—t;—,) on
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the lattice, respectively s”"=16 _[: x®(s)ds we obtain the transformation formulz (cf. [29,
41, 60, 86, 111])

“ dE _.
K(x", x'; T)= _[ — e iTERG(z", 2'; E) (314)
Je 2mi
G(z",Zz', E) = [F’(z”) F’(z')]”2 % j K(z" z'; s")ds" (315)
0

and the kernel K (2", z'; s”) is given by [A2—1=(8%+15/4)/16]

z{s")=z" cos” 212 2 ;2_ 1
. i M h*“k -E h* -y
n’ r; "y — 9 _ 32 _—— 4 d . 316
K@ 2557 Z(OL, z(s)e"p{h {[2 oM 167 M 2 ] s} (316)

We see that this path integral cannot be evaluated for E 0. This corresponds in the ¢ase
of the Holt potential (and all related ones as well) that we can only “solve” it for the
parabolic separation parameter equal to zero.

If we set E =0 the path integral K(s”) is actually a Coulomb potential problem. For the
Coulomb potential the Feynman kernel is not known in closed form, however the
corresponding Green’s function G'©(E) is. Insertion in (315) gives the zero-energy Green’s
function of (313)

M 2
G(z", 2,0 =[F'(z") F'(z))]"* G*© (z 2’y — 3(20 ) (317)

__(zfzn)l/s i r(%+l+hk2/8Mw)
B ho  T(1+24)

Mw Mw
XW_ 28 Ma.i (—z‘h" z>) M—nkz/suw.z (7,'— Z<) . (318)

Note that this formula is a generalization of the result of Steiner [120] where only one
power potential term was taken into account. It is obvious that in a similar way an x4
potential term can be considered instead of an x°, leading to a (zero-energy) Green’s
function of a radial harmonic oscillator. Furthermore, higher power potentials can be also
treated by choosing another power dependence in the transformation x = F(z).

Note that the zero-energy Green’s function can also be evaluated in cases, where
coordinate systems in flat space separate the Laplace equation (and not the Helmhotz,
respectively the Schrédinger quation), i.e. coordinate systems which are R-separable, as
for instance bispherical or toroidal coordinates.
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