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Summary. A general scheme is developed for constructing the ellip-
tic basis of the circular oscillator. The formulae are obtained for the
calculation by computer, the behaviour of the elliptic basis is established
in Cartesian and polar limits and some particular results are presented.

PACS. 03.65. — Quantum theory; quantum mechanics.

Introduction.

An important problem arising in many applications of the perturbation
theory with degeneration is the construction of a correct zero approximation.
This problem is usually solved in the framework of secular equations; in some
cases an alternative approach more powerful from a technical point of view
can be used. In particular, if variables in the Schrédinger equations

(1) How(o) = FOypo
2) Ay=H,+ V)y=EBy

may be separated in the same co-ordinates, the functions ¢ are just correct
wave functions of the Hamiltonian H in zero approximation. This is possible,
for instance, for a hydrogen atom either in an external homogeneous electric
field or in the electric field of a pointlike fixed charge. In the first case, it is
convenient to work in parabolic co-ordinates, whereas, in the second case, in
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the spherical co-ordinates. The greater amount of co-ordinate systems allows
the solution of eq. (1) by separating the variables, the larger « chance » for the
validity of the alternative approach. The great separability of the variables
is allowed in the case of a hydrogen atom and an isotropic oscillator. In this
connection it is important to know the wave functions {bases) of the above
systems both in traditional (spherical and parabolic for a hydrogen atom
and spherical and Cartesian for an isotropic oscillator) and in «exotic» co-
ordinates. For a hydrogen atom and a two-dimensional hydrogen atom the
latter are represented by spheroidal and elliptic co-ordinates, respectively.
The corresponding bases are considered in ref. (*4). This paper deals with the
analysis of the problem of a quantum ecircular oscillator in the elliptic co-
ordinates. Note that the bases we have found may be used as a zero approx-
imation in a more complicated problem on the behaviour of a circular charged
oscillator in the dipole field:

M?r2 a o

U= — .
2 VAT @EE—e VT @i

The problem of the quantum ecircular oscillator in elliptic co-ordinates
cannot be solved exactly in an analytic form, as it reduces to the determination
of roots of the algebraic equation of arbitrary degree. We here developed the
general approach to the problem and found all the formulae for numerical cal-
culations. The way of transformation from the elliptic to the polar and Car-
tesian bases is shown and elliptic wave functions of the circular oscillator are
computed for the lowest quantum numbers.

1. - Elliptic co-ordinates.

Elliptic co-ordinates £ and 7 to be dealt with vary within the limit 0 <& < ©o,
0<9<2n and are connected with the Cartesian ones z and ¥ by

{1.1) w:é—?’coshfcosn, y=-§'sinh§sinn.

As E — 0 and R —> oo, the co-ordinates chosen thus degenerate into the polar

(*) C.A. CouLson and P.D. RoBINSON: Proc. Phys. Soc., London, 71, 815 (1958).
(3) L.G. MarDOYAN, G.S. PoGasyaN, A.N. SissaxianN and V. M. TER-ANTONYAN:
Teor. Mat. Fiz., 61, 99 (1984) (in Russian).

(}) L.G. MarDOYAN, G.S. PogasyaN, A.N. S1ssakiaN and V. M. TER-ANTONYAN:
J. Phys. 4, 16, T11 (1983).

() L.G. MarpovaN, G.8. PoGasYaN, A.N. S13sakiax and V.M. TER-ANTONYAN:
J. Phys. 4, 18, 455 (1985).
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and Cartesian co-ordinates

(1.2a) cosh § _)%-r’ CO§ 7] — COS @ (B —0),
(1.2b) Sinh§~>-2—y, co8 7 —>5—21% (R > 00).

The Laplacian and a two-dimensional volume element are given by

*® o 8 * e
=3 3y R%(cosh 2Z — cos 21) (6_5—2 + W) )

2
dv = dedy = % (cosh 2& — cos 29) dédy .

2, — Separation of variables.
For simplicity we shall use below the unit system in which # = 4 = 0w = 1.

We start with the following Schrédinger equation, where ¢ is the energy of
circular oscillator:

('a%., + ;;;;) v+ {%ﬁ {(cosh 2& — cos 27) —1—631‘ (cosh? 2& — cos? 217)} p=0.

Upon substituting
v(é, n; B?) = X(&; B*) X(n; R?)

and introducing the separation constant A(R?), the equation splits into two
ordinary differential equations:

(2.1a) (diiéi’ + % cosh 2& — ?Z‘ cosh ’25) X(& R?) = — A(R%) X (&; R?),
d:  eR* R*
(2.1d) ((—1777__4— cos 2y + acos’ 21]) Y(n; R*) = A(R*)Y(n; R?).

Equations (2.1a) and (2.1b) are transformed into one another by the change
7n = i and, as a result,

(2.2) y(&, n; R?) = ¢(R?) Z(i§; R®) Z(n; R?),

where ¢ is the normalization constant determined by the condition

(2.3) f (&, n; By)|2do =1
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and the function Z({; R?) is a solution to the equation

ds: R2 Rt
(2.4) (d—c—t_eT cos 24 + cos’ZC) Z(C; RY) = A(RY)Z(; RY).
It is periodie (single-valued)

(2.5) Z(L + 2n; — R*) = Z((; BY)

and decreasing as { —> too (finite).

3. — Recurrent relations.

We introduce the function W(l; R?) according to

Z(C; Rl) = exp [—-156: COoS 26] W(C; R’)

and transform (2.4) into the Ince equation (5) (*)

d*w  R? . dw

(3.1) TiZ'—;_{—_zi—Sln%_d—f +[%‘—A(R')—%(e—l) coszé']W= 0.

It is known (*) that eq. (3.1) has, in the general case, two types of solutions:

(3.20) WHE, B) = 3 a,(R?)(cos L),
(3.2) WL R2) = i (sin ) b,(R?)(cos L)F.
P

The first of them is even and the second odd with respect to the change
{ —>—{. It may easily be verified that solutions (3.2) satisfy the condition
of periodicity (2.5). Upon inserting series (3.2) into eq. (3.1) and further defining
coefficients a, and b, by the equalities

Gs=a,=b,=>b,=0,

(*) E.L. INCE: Ordinary Differential Equations (Longman, London, 1926).

(*) The Ince equation follows also for the problem on a two-dimensional hydrogen
atom in elliptic co-ordinates (*). In this problem the condition of periodicity like (2.5)
selects only a certain type of solutions of the Ince equation.

(®) F.M. Arscort: Proc. R. Soc. Edinburg, Sect. A, 67, 265 (1967).
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we arrive at the trinomial recurrent relations

(3.30) (k + 1)k + 2)aria+ fats+ o (k— e — )2,y = 0,
(3.30) (k1) + 2)besa+ Febe 2o (b — e)bus =0,
where

(3.4a) ﬂk=—k*+%(a—2k—1)+g-—A(R=),

(3.4b) ﬂk=—(k+1)=+%’(s—2k—1)+%—A(R’).

From relations (3.3) it follows that the determination of the coefficients a,
and b, requires four initial conditions. We take these in the form

G=a,=by=b=1

and split each of relations (3.3) into two relations with even and odd k.

4. — Energy spectrum.
Let us examine now how the condition of the function to be finite deter-

mines the discrete energy spectrum. To be specific, let k = 23, and we con-
gider the coefficients R,,. At large s from (3.3a) and (3.4a), we have

(8’+§s)a2—'—“£—(s’+ -1—%—28) e +-1£8=0.

2 A3y Gge—s 4 X33~z 4
As 51« 1, the following expansions hold:

Qgety €y 1
a ~ G+ r +0(_)7

25 $?

Qas

~60+;

% ot} o ofL
—1+0(.;’)——c°s+0(s)'

The latter, being supplemented with the former relation, lead to the two cases:

R2 R*\+ 1
a’) 00=0’ 6= —, azsN(_)

3s—2

4 4) 5!’
b) ¢o=1, ¢,=—3}, a,,~sL
It can easily be verified that in both cases Z({; RB?) — co a8 { — % co. Hence

it follows that series (3.24) should be truncated. Analogous arguments are
valid also for other three recurrent relations and produce the same result. The



(5.1)
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condition for series (3.2) to be truncated results in the energy spectrum
4.1) eg=N+41, N=01,2,...

For the number N being even or odd the condition of finiteness of the solutions
allows the following four Ince polynomials:

n

ea(l; BY) X a, (R*)cos )™, N=2n,
GG B = 3, 0y, (B 008 0, N=2n+1,
(4.2) =
s (l; RY) =sin{ z b,,(R*)(cos £)*, N=2n-+1,
spia(l; BY) =sin{ S b, (B (c0s L4, N=2n+2.

5. — Elliptic separation constant.

Once series (3.2) are truncated, each of the recurrent relations (k= 2s
and k& = 2¢ + 1) (3.3) becomes a system of (n 4- 1) linear homogeneous equa-
tions for the coefficients s, @s,1, by and by.,;. Equating the corresponding
determinants to zero:

N=2n N=2n+1 )
Be 2 0 5 B s 0 . :
—nR By 12 —nR* By 20 .
2B ey 2n(on— i3] Z9R TR Temze K )| T
0
0 —-R’ ﬂgn 0 —R’ ﬁ2n+1
N=2n+41, N=2n+4+2,
60 2 0 ﬁl 8 0
—nB B 12 —oTnB B 20
0 —2Rt [ 20(2n—1) —2R* B 20(2n+ =
0 —R’ 52,. 0 _Rz ﬁzn+l

leads us to four algebraic equations of a (n + 1) degree which determines eigen-
values of the separation constant A%(R?). For solutions (4.2) the index t as-
gsumes the values 2¢, 2¢ + 1, 29 4+ 1, 2¢ + 2.
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6. — Elliptic basis.

49

According to the consideration of sect. 5, the elliptic basis (2.2) splits into

the following four subbases:

(6.1a) 9V = ¢"Vhe}i(i&; R?)heii(n; RY),

(6.10) ™% = o™V heliti(iE; BY)holiti(n; R,
(6.10) ™V = *haleii(il; B helitin; BY)

(6.1d)  9®P = ¢ Vhsirid(iE; R)hsfiii(n; BY),

N=2a,
g=n+1=:—Ni_2.,
2
N=9n41,
Q:n.’_l:N_—-H’
2 ¢
N=2n+1,
N41

9=n+1=~2—,

N=2n+42,
N
9=n+1=§-.

Here 2 is the number of states at & given N, and ke and hs stand for poly-
nomials (4.2) multiplied by the factor exp [— (R?/16) cos 2{].
Wave functions (6.1) as eigenfunctions of the Hamiltonian are at N s« N/

orthogonal:

[wrsoygnav=o.

The Sturm-Liouville theory yields the equalities

[herties Royne ig; ) ag = [hapicits BYymefig; R ag = o,

5 4
[hens R n; B dn = [hattn; B hafr; B am =0,
[\] (1]

which allow us to prove that, for ¢« ¢,

[esinvizzar =o.

Equation (2.4). represents the eigenvalue problem for the separation coﬂstant

4 ~ Il Nuovo Cimenio B.
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A(R?) and the corresponding eigenfunctions. As the operator in the left-hand
side of eq. (2.4) is invariant under the transformation

(6.2) ;'_>c_|_g, R*—> —R?,

the substitution B2 —— R? does not change the set of eigenvalues of the sep-
aration constant A(R?), but changes only their numeration:

A} (BY) = Ay (— RY).

As a result, transformation (6.2) transforms solutions (4.2) into each other.
ARSCOTT (*) has established the following rule of correspondence:

it (¢ + 55— B) R @s B,
peisth (¢ + 35 — BY) > nattics B,
(6.3)
mist (¢ + 35 — ) > hetf 6 B,
mig (s + 5 — B > it 2.

From (6.3) we conclude that the elliptic basis (6.1) can be represented in the form

(6.4a) P = ¢ el (ié + 7—2-‘; — R’) hezn (n; B?) ,

(6.4b) P = o hsjil] (iE + g; — R”) heaii(n; BY) ,
(6.4¢) p® = ¢ hejnli (tf +Z - R“) hszafi(n; BY),
(6.44) po = s (i 35 — ) i 2.

() A. ErpiLYE and H. BATEMAN: Higher Transcendental Functions, Vol. 1 (McGraw-
Hill Book Co., Inc., New York, N. Y., 1953).
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7. — Polar and Cartesian limits.

" We shall analyse how formulae (6.4) in the limits B — 0 and R — oo lead
to polar and Cartesian wave functions of the circular oscillator. From (3.3),
(3.4) and (5.1) it follows that, when R -0, each of four trinomial recurrent:
relations (3.3) (k = 2s; k = 28 - 1) splits into two binomial relations:

(28 + 1)(28 + 2) 8402 + 4(g + 8)(g— a2 =0,

(25 + 2)(28 + 3)Gangs + 4(g + 8+ 1)(— 8 Barys =0,

(7.1a) 0<s<gqg—1,
(28 +1)(28 4 2) bgyyo - 4(g + 8+ 1)(g— 8) by =0,

(28 4-2)(28 + 3)basys + 4(g + 8+ 2)(¢ — 8)basya + 0

4(g+8)g— 8)ag, + R} s —n—1)ay, =0,
4(g+ 8+ 1)q— 8)@apya + B s—n— 1)ag_, =0,

(7.1d) v g +1<s<n,
4g+8+1)0g— 8) by + RYs —n— 1) by, s =0y
4(g+ 8+ 2)(q— 8)bsesa + RAs—n— 1) by, , = 0.
Solving (7.1) we have
s\ Y)s 1 s\T Y/
00 = LEDe g 0) = DS,
1 s\ ] 2 A\—¢q)s )
(120) | but0) = CEEDe g ) SLERED: g c5 <y
2y _R—0 P 2q—l(q - n)o—v -E e
Gl B D T ke + 1) (“ z ) ’
2y R0 (_ 1)'2“ (q - "’)t—c . E: -
Gania(— B%) =55 2¢+1 (8—q)2¢ + 2).-«( 4 ) ’
9 r—0 (_1)¢2“ (q—h)t—a Re\s
(7.2b) { bas(— R?) > G—o)! 24 F 2)‘_'1(— T) ’ ¢+1<8<n,
2y R0 (_ 1)"2" (q —_ ”)a-—a __ _1_3: e
b= BN == 0T (s—q)!(2q+3).-.( 4) '

Making use of formulae (1.24), (7.2) and of the relations (7)

a e 1 1 a1l al1 .
cosaz=17’(§,—-2—;5;s1n’z)=cosz1"(§+§,§——§;§;sm’z),
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; 8in? ) =

=asinzeost(1+g, —2 2,sm’ ),

l\DlOD

1 a1 a
i = inzF{- — = ——
8in az = a sinz (2+2,2 5

we arrive at the following behaviour of functions ke and ks when B — 0:

(=1)
2¢ +1

heg(n, 0) = (—1)% cos2qp,  heiii(y, 0) = c08(2g + 1)¢,

hsiEin, 0) = (—1)'sin(2¢ + Lo,  hsitiin, 0) = ‘q j’ sin (2¢ + 2)g

49-1

et (i + 35 — 2) =0 Tl exp [~ 7| g —ms 2 425 + 0 (R)

heeth (ze 4 )—i>
. 24g+1 1
T 'Ruwtigg 11

R—>0

S

hsinti (@E + 5 )—>" ”
poe. 2401 1
o e XN n lexp [._ _] r!a-H_F(q —n; 2q + 2 r ) + 0 ( ’q_l)’

g (i + 5 — ) =2
24¢+3
_Ria+l

R—>0

e exp [— —] ratif(g—mn; 2q¢ + 3;r3) 4+ 0 (Rllq_ )

From these formulae and normalization condition (2.3) it is seen that the
elliptic basis (6.4), when B — 0, becomes the polar basis (0<m<N)

) L m o N—m cos mep
Yrm(Ty @) ~ 1™ exp [ 2] F ( 2 ym + 1; ){’L sin ’In(p}
and in that limit

c(l,l)(Rz) ~ (R)2a , 0(1,2)(_R2) ~ c(2,1)(R2) —~ _RM-*—I , c(z,z)(Rz) ~ R2q+2 .
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Let us take in (3.4) and (5.1) the limit B — oo. Then instead of (3.3) we get

(28 +1)(28 4 2) a2 + B*g — ) Ay, = 0,
(g— 8)ag, +(6—n—1)ay_,=0,

(28 + 2)(28 + 3) As,ys + R*(q — 8) 5, =0,

(q_ s)aﬂl + (8— n— l)aza_l =0 )
(7.3)
(28 + 1)(28 + 2)b3:+z + R’(!I - 8) laa = 0’

(g— 8)bys + (8—n—1)b;, 3 =0,

(28 4 2)(28 + 3) bay ;s + B*g — 8) by n =0,
(¢— 3)bzs+1 +(s—n—1)by =0,

and eight recurrent relations following from (7.3) upon the change ¢ — ¢/,
R?-— — R*. Solving these recurrent relation and making use of (1.2b), we arrive
at the formulae (R — oo)

hezi(n; B*) = hsyili(n; k) - F(—g¢; §; 2?)

2z
hejifin; BY) = helifin, BY) = F(— g5 §; 2,

hc::'(i§+’—‘;—R’)=hs::;t;(es+— —-R’)—>F S
reig i+ 35 — ) = noiz (i + 5 — ) —i%”F(—q';%;yz),

from which and the normalization condition (2.3) it is seen that the elliptic
basis (6.4) transforms, when R — oo, into the Cartesian basis

'Pm,(-’”, y) ~ exp [_ i —; y’] Hm(x)Hm(y)

and that in the same limit

¢v(R?) ~ const, ¢LA(R?) ~ ¢5V(R:) ~ R, ¢»9(R?) ~ R?,

8. — Particular cases.

Equations (5.1) in the general case cannot be solved analytically. In ta-
ble I we present information on the orthonormalized elliptic basis for lowest
quantum numbers.
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@ RIASSUNTO (%)

8i sviluppa uno schema generale per costruire la base ellittica dell’oscillatore circolare.
Si ottengono le formule per il calcolo col computer, si stabilisce il comportamento della
base ellittica nei limiti cartesiani e polari e si presentano alcuni risultati particolari.

(*) Traduzione a cura della Redazione.

DJUIMATHYECKHI §a3HC KPYroBOro OCUMJLIATOPA.

Pestome. — Pa3pura 06IIas cxeMa NOCTDOEHHA JJIMOTHYECKOro Oa3uca Kpyrosoro
ocummaTopa. Iomydens hopMyIss, Ha OCHOBE KOTOPBIX CHEIYET IPOBOIUTH AajlbHEHIINE
BeIMHCICHAA Ha OBM; BLISBJICHO TOBEICHHWE SJUIHNTHYECKOro 6asuca B IMONSAPHOM H
IE€KapTOBOM TIpefielax; BHUIMCAHBI HEKOTOPBIC YaCTHBIE PE3yJbTaThL.
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