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BBEAEHUE

CheponganbHoie KOOPANHATH ABNAKTCA €CTECTBEHHBM CPEeACTBOM
MCCNENOBAHUA MHOMMX 3a[au MaTeMmaTuueckoi ¢usmku’/l/ B ksauTOBOM
MEXaHuKe 3Tu KOOPAMHATH MCNOMb3YKHTCA NpU ONUCAHUKM NOBEAEHMA
33pAKEHHON YacTuubl B None A[BYX KYNOHOBCKWX UeHTpoB. Paccrtos-
Hue R Mexay ueHTpamm BobupaeTcs B KauecTBe pas3MepHOro napaMer-
pa, xapakTepusyiuero chepoupaanbHue KOOPAMHATHI, M UMEET AuHaAMKU-
UEeCKUIM CMbiICN, TO eCTb BXOAMT B BbipaKeHuMe ANA CReKTpa JHepruun.
Ecnu 3apsg ogHOro va yeHTPOB MOMOKUTL PABHLIM HYND, TO 3apjada
nepexognT B OQHOUEHTPOBYID WM NapamMeTp R CTAHOBUTCA UMCTO KuHe-
MaTUYeCcKuM. ITO 3HAUMTENBHO ynpowaeT 3apauvy. B To we spemn
MaTeMaTUUeCKana CTPYKTYpa chepouBanbHuIX YPaBHEHW BO MHOMOM
OCTAaeTCA NpexHel, Tak KaK 3Heprua BXOAMT KAaK B paguannHoe,

TaK u B yrnosoe ypaeHeHue. B cBA3u c nocneghum cohepounaansHoit
aHanua aroMma sogopoga npeobpeTaeT cMbICn NEPBOro wara K uccne-
AOBAHWI0 ABYXUEHTPOBOM KYMOHOBCKOM 3apauu.

ChepouganbHuie koopauHaTte npu R+0 u R -+ « nepexopar B8 coe-
puueckue u napabonuueckue, ecnu NOMNOKEHWA KYNOHOBCKOTO LEHTPA
M 3apAKEHHOM YacTulbl B nNpouecce NpeAenbHOro nepexosa OCTanTCA
oukcupoBanHeMu. OTcioga cneayeT ''mpuHumn coorteetcTeBuA'', yT-
sepxaanunin, UTO BCe GOpMYnbl, MNosyuyaoumeca B cHepouaans Hbix
KOOpAMHATaxX, AONKHH B YKA3aHHbX Mpegenax nepexoamTs B cCOOTBET-
creywume coepuueckue u napabonuueckme aHanoru. HecMoTpsa Ha
€CTECTBEHHOCTb 3TOMO NPMHUMNA, peann3auus CaMmMoro npegenbHoOro
NepexoAa OKa3LBAETCA HEe TPUBMANLHOM, TaK KaK,C OAHOW CTOPOHM,
chepomnpganbHule KyNOHOBCKUE (YHKLUMWM BbIPAXaAWTCA uepe3 BefUYUHL',
NOAUMHAIWKMECA TpPexXulNeHHLIM PEeKYPPEeHTHbIM COOTHOWEHUAM, a C Apy-
roi - chepuueckue u napabonuueckne KynoHOBCKUE BONHOBbLIE PyHK-
UMM CTPOATCA Ha 6ase ABYXUNMEHHHIX PEKYDPPEHTHbIX COOTHOWEHHMN .
MNoatoMy npexpe ueM genaTtes nNpegenbHbie NEPEXOAbl B BOMHOBBIX
OYHKUMUAX, MBTPUUHBIX 3NEeMeHTax u T.4., HeobXxoauMO BHIACHMTL,
Kakum 06pas3oM B 3TUX npepenax TpPexXUNeHHbie PeKypPpeHTHBE COOTHO-
WeHUA NepexoanT B ABYXUNEHHbEe.

B Hacronmeﬁ/gigore, B OTNMUUE OT NOCBAWEHHLIX AHANOMHUUHLIM
sonpocam pabot’ “'", npoyeaype npeaenbHuX NepexofoB yaenAeTCH
3HaunTenbHoe BHUMaHue. [locne KpPaTKOro HaNOMMHAHUA HEKOTOPLIX
bakToB 1 GOPMYNn, KACAOUWUXCA aTOMa BOAOPOAA B CHEPOUAANbHBIX
KoopAuHaTax, uccrnenyoTca npegensHie nepexogbl R+-0 u R+
8 Tpex4NeHHbX peKyppeHTHbIX COOTHoweHWAX. [lanee npouyepypa npe-
AenbHBIX Nepexoi0B MPOBOAUTCA HAa YpPOBHE BONHOBHX DYHKUMM v goka-
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3bi8A€TCA, YTO OHM yaOBNETBOPAOT ‘'MpuHumMny cooTtsBeTcTBuA''. B che-
AyOumMX pasfenax nosiyueHsl 3aMKHYThie BbIDAKEHUA ANA TpaHCQOpMa-
UMOHHLIX KO3PPUUMEHTOB, 33430NUNX PAZNOKEHWURA chepompansHon son-
HOBOI (QYHKUMKM aTOMa BOAOPORA NO CHEPUUECKOMY M napabonuueckomy
Gasucam,n uccnepyonTca npegenbHbie nNepexoasl B Hux. 3aKNIOUXTENb-
HaA YacTb paboTh COAEPKUT HEKOTOpHLIE YACTHbHIE pe3ynbTaThl.

1. BBOAHLIE 3AMEYAHRMA

NpuBeaem 3pect cBegeHvA, HeobxoauMble ANA AanbHeliwero onuca-
HuA. CoeponpansHue koopauHaTte &, 71 u ¢ onpepenspTCA cheayn-
wnuM obpasom:

=%\/(52 -1X1 -9 2)coso,

?R\/(fz-l)(l-n-—g—)smqs,

y._
z = REn+),
2
npuueM 1< € <w; -1<9<1l; 0<¢<2n.
an R-oo
2r
f»-é—, 7 -+ cosd, /1.1a/

Eale B, gL Y /1.16/
R R

rper u 6 - coepuueckne, v M yu -~ napabonuueckue KOOPAMHATH:
v=r+2z u=t-z, B oboux npegenax Touka (x,¥,2) ¥ KOOpPAUHATH
KYNOHOBCKOrO LEHTPA CUMTANTCA GUKCUPOBAHHBLIMK .

CoeponpanbHas BonHOBaR OyHKUMA aToMa BOAOPOAA UMeeT Buf

imd)
m(rfﬂl,¢:R) = qum(R) ”nqm(f.R)- (. R) . /1.2/
v 2
3pecs qum(R) = HOPMMPOBOUHBIN DAKTOD, a CMBICN WUHAEKCOB n, q
m m GygeT pasbAcHeH Huwe. M3BecTHO, uTO
~R¢/2 2 l /2
Myqm (€, R) = o %720 (¢ 2_pylml/2 e gy /1.3a/
~R7/2n 2 Iml/2
EpgmmR) = e 1-27) g, R), /1.36/
npuuem  f(£,R) u  g(n R) - nonmHoMe (n—-|m|-1) =1 cTenenu
noé& n g,

®yHkumn I U B, koTOpbe NPUHATO HA3LIBaTbL PAAMANLHON W yrno-
BOM QYHKUMeH B KynOHOBCKOM cCUCTeMe eauHUu, YAOBAETBOPAOT ypas-
HEHUAM
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2 2

d 2 dit ER®, 2 m

— (¢ —1)-d—§—]+[R£+ > £° - 77T +Alll =0, /1.ka/
S et B iy BB e m® o /1.46/
dn dp 2 1-52 ’

A - 3TO KOHCTaHTa pasfieneHun B cOEpOMAaNbHLX KOOPAUHATAX; OHa
3aeucuT oT R u kBauTOBBLIX uucen N0, ¢ u m, rae N - rpnasHoe KBaH-
Tosoe uuncno (E=-1/2n°), m - 3a3MMyTanbHOE KBAHTOBOE UMCNO,
a8 q u3MeHseTcA B npegenax 1< q< n- |[m| ¥ HymepyeT n - m|
3HAUYEHWA KOHCTaHTH pasfenerHunn A, KOTOpHE OHA MONET MPUHUMATL
Npn QUKCUPOBAHHLIX n W |m|.

MMeonT MecTo yCRnoBUA OPTOrOHANLHOCTHU MO q:

f s R)n,,qm(.f R)& =0, /1.5a/
1 :
_{ :nq'm(n’ R')Enqn‘ﬂv R)d'f) = 0. /1-56/

Kak cobcreeHHbe GyHKUMM raMUAbTOHUMAHA U NPOEKUUM opbutane-
HOIO MOMEHTa Ha Ocb Z BoOnHoBube QyHKuuu /1.2/ OpTOroHanbHu M
NO OCTaNbHLIM ABYM MHOEKCAaM.

2. BONHOBLIE ®YHKUMUH

B nuTepaType MCNONb3ylTCA PasnUUHbe Tunbl Pa3nNoKeHnn anA
dyHkuun (£, R) u g(y, R): no creneHam (£ ~1) u (y~1), no nonu-
HoMam Jlareppa ot cneuuantHuM o6pasom nogobpanHsix KOMOuHaLM
nepemerreix € M 1w ap. Mw 6yneM B fAanbHenweM NpUAEpHMBATLCA
Pa3foKEeHUN

n-|m -1

f¢,R) = 3 a(f—l) , /2.1a/
s=0
n—-imi—-1-

gn, R) = siob aem)’ . /2.16/

B paagene 4 GygeT NOKa3aHo, 4TO MMEHHO 3Tw Pa3NoOKEHUn yROB-
NeTBOPANT NpPUHUMNY cooteevcTeua. U3 /1.3/-/1.4/ w /2.1/ cne-
AYOT  TpexuneqHbie PeKypPPEeHTHHE COOTHOWEHUR

agag 1+ PBsadg+Ryga, =0, /2.2a/

~a by +8g bs,v'*-’R'ys.bs—l=0' /2.26/
rﬂe v '

a,=2s+1)(s+ m+ 1), /2.3a/



2
Bsg=(+m)s+ |m+1)+ -%—(n—lml-l—2s) - ‘TET‘”A" /2.36/

-~ 2
By=GrimD(seinl+D - 2 @-Iml-1-29- ——gf +A.  72.38/
n

¥e = (@~|m|-s)n. /2.3r/

CobnganTca Takxe ''ycnosus obpesanun'':

ag =1, a_{=8y_|m| = 0,

bg =1 b_y=by_|y=0.

NoAunHMM BONHOBYID (GYHKUMIO YCNOBWMIO HOPMUPOBKHU

2
[ Woqm!~ 4V =1
Kak 6ygeT nokasaHo B ganbHediiem, OTcCioga cneayet, 4TO
f—
Reg o, (L+lml) (a+0)! _ 1Rt 22 g iy

C . (R) — . A
nam 2(0- |m)! (- -11@L+1) [(2 0112 (Jmi!)® pete
/2.ka/
v i®_ O 1 !
Cagn ® Lei o V2 1 @ +{m)! (ng+|mp lei,/z.hs/

n2 (2n)|mk|m|!)2 n,! ny!
roe ,n4u ny- ussecTHue chepuueckue u napabonuueckue KBaHTO-
awe uucna, a dasu Pg n P, Noka NPoN3BONbHSI.

3. NPEAENbHHE NEPEXOAL B PEKYPPEHTHbWX COOTHOWEHHAX

PexkyppeHTHOe cooTHoweHue /2.2a/ npepactaenaeTt coboi cucre-
My NUHENHBIX OAHOPOAHBIX YPABHEHUI OTHOCHUTENbLHO 4., U MOITOMY
COOTBETCTBYOWMA AETEPMUHAHT AonkeH obpawatbCA B Hynb. B npe-
pene R+ o MOXHO OTGpOCMTb B 3TOM AeTEpMUHAHTE KOBPOUUUEHTH
ag ''Ha gone'' GeckoHeuHo Gonbumx KO3GOuuUMeHTOB By M Ry, 1 3a-
nucaTe ero B Bue NpPOM3BeAeHUA BCex Ko3hduuueHToB Bg.Ycnosue
paBeHCTBA AETEPMMHAHTA HyMO TOrpa npusoaut k TpeGosanwo obpa-
WEeHUA B HyNMb OAHOrO M3 comHowmuTenei By 06o3nauas cooTseTCTBYIO-

WUM 3TOMY COMHOXMTENK HoMep S uepes ly, uMeem

R+oc R R
AR) — - g-(a-|ml-1-20p) + g - /3.1a/

Paccywaas aHanOruuHO MO OTHOWEHWK K PeKYypPPEeHTHOMY COOTHOwe-
Huio /2.26/, MOKHO MOKa3aTh, UTO [OMMHO CyWecTBOBaTbL Takoe Dy,
ANA KOTOpOro ani)u, cnenoeaTeano,2

a® 2R @omo1em e /3.16/



dopmynw /3.1a/ wn /3.16/ cosmecTuMbl, ecnu N =ng +Ng +‘lm| +1,
TO ecTb ecnM Ny u hg- cyTe napabonuueckue kBaHTOBBE YuCna.
Wa /3.1/, /2.36/ n /2.38/ cnepyeT, uto nNpn s #n;, s# ng

B, ~23rg'V, /3.2a/
r Revoo 2)
ﬁs —_ Rﬂs y ' /3~26/
(1) @)
rae sennuuns By u By He 3aBucat oT R u ument Bup
ng -8 ni~-8
Moo 2" p® 1T /3.28/
n n

3Tn dopMynu BMecTe C ycnosuamu obpesanus a_=0 u b_;=0 no-
Ka3uBawT, 4YTO B npefaene Rac TpexuneHHble peKyppeHTHHE COOTHO-
weHuA /2.2/ nepexoanT B cneayluue ABYXUNEHHbLIE

a,a,,,+RBPa, =0, /3.3a/
@)
~agbgyr+ RBg bg=10, /3.36/
ecnm 0< s gnl—l m 0<sg n2-1. AHanorMuHo, NOoNb3yAcb ¢(opMmyna-
Mn /3.2/ n ycnosuammu obpesaHusa a;_|p| =0 u bp-|m| =0, BUAUM,
uto B npegene R-= BMecTo /2.2/ nMmeem
(1)
Bs dg + ¥ as-—l“'o' /3.ba/
(2)

Bgbg+ygbg1=0, : /3.46/

ecnm nl+1§sgn-|m|—l mbo n,+1<s<n-|mf -1,
PaccMOTpuMM Tenepb cryuyau, Korpa sS=0; Y S=h.llpu R -+ o KOH-
ctaHTa A MoweT 6bTb pasnoxeda no crteneHam 1/R,npuuem cornacHo
/3.1a/ n /3.16/ B 370 passioKeHue MOryT BXOAWTL Nuilib UNEHH CO
ctenevamn 1/R He Bolwe -2.
OTcopa cneayet, uTO

-» 00 2

AR) L_.Ao_g.<n_|m|-1-2n2>+-§;. /3.5a/
R+ R R2

A(R) —= Agy+ F(u-|m|--1-2n1) + R /3.56/

TaK Kak [ofkHO cobnopaTeCA ycnoewe n = ng+ng+ |m| + 1. NoacTtas-
NAR Tenepbt 3Tu QopMmynu B /2.36/ n /2.38/, nonyumm

ﬁng"(“z -~ m)ng +im! +1)+ Ag ,

ﬁn1=(“1+ m)n, +'m +1)+4,.



NocToaHHaA Ag MoxeT OuThL onpeaeneHa u3 peKyppeHTHOro COOTHO=
wenua /2.2a/ npu S=ny:

pge g+t +Bngang + Rypgangy-1= 0,

ecnn B8 Hero NOACTaBUTL BbipaKeHMA

1 ’1‘2—1
ang"].:—_ -'Eiﬁ_anz *
ng~1
)'n2+1
qngt1= T T ¥ng
n2+1

ABNAKILMECA CREACTBUEM ABYXUNEHHHX DEKYPPEeHTHbLIX COOTHOWEHWH
/3.3a/ w /3.ha/. PeaynbTaT Takos:

Ag = 2n§ -2ng-|m-1)~(m| + 1)@ ~1).

3amMeTuM, uTo 3Ta dopMmyna 6una nonyueda 8 paboTte ‘2/ L3 ana-
NM3a peKyppeHTHLIX COOTHOWEHWM, NONYUALUMXCA B cCnyudae, Koraa
oyHkumm f(€; R) wu g{n:R) vuyTcAa 8 Buage pasnoxeHuin No nonu-
HoMaMm flareppa.

AnanoruuxuM obpa3zom MoxeT uccnegosatoca npepen R -0.Mpu
3TOM /2.2/ nepexoafT B ABYXUNEHHbIE PEKYPPEHTHBLIE COOTHOWEHWUA:

2/

asas+1+ﬁas=0' /3.6a/

~agbg +Bg bg=10, /3.66/
ecrm 0< s¢< f~-iml-1 mn

Bya,+Rygag_y =0, " /3.7a/

Bsbgs+ Rygbg =0, /3.76/
ecm (- iml+1<s<n-Im|-1. B 3TUX COOTHOWEHUAX

Be=(+im)(s+ |ml+1)+A(0). /3.78/

PaccmoTpum ewe cnyuadi, korga 8= f-|m|. Mipu mansx R umeem

AR) % A(0) + A7O)R + O(R?).

B pa6o1'e/2/ 6uino nokasawo, 4To A(0) =-Cf(f+ 1), YunTuBar 3710, a
Takwe /2.36/ u /2.38/, nonyunm

R-+0 2
52_‘")‘ -2 et_han + O(R*), /3.8a/
A R0 ~ 2
Bt__lml—"“ cl—-lm|R+ OR*), /3.86/



rae
n+|ml~-1-2¢
) _ar . 2Himiz1-®
£~ |m| n

- -1-2f
0 |n| = AT + “&B%_‘_

M3 aTux dopMyn cnefiyeT, UTO peKyppEeHTHHE COOTHOWEHWUA /2.2/
npu 8=£~|m| npunumanT Bug

“L{ml® Ofm| +1* £ =[m| B2 £ ~|af* Y || B2 =0 /3.9/
0~ Iml [l 1* € £ {0~ Il * 0= {m] RO 0= |}~ O - /3.96/
Cornacrvo /3.6/ u /3.7/ Benuuunw 30 fm| 41+ 3P m[-1 -

DY |mf+1 M bp iy-1 BHPakanTCA COOTBETCTBEHHO uepes

A im 7] bz_lmrll . oatoMmy /3.9a/ u /3.96/ ponkHu NpuBOAUTE
K OFpaHuuyeHnAM, npu cobnogeHun KOTOpux ycnosua obpeaaHus npu
S =-1 4 s=n~{m| ABNALTCA COrnacoBaHHLMM. Nonsvaysace /3.8a/

u /3.86/, nerxo nokasaTth, UTO Takum OrpaHU4YEHUEM ABARETCA yC-
nosme A’(0) =0.

L. NPEAENLHME NEPEXOAM B BOMHOBOM OYHKUMH

Oyrkumn (£, R) u g(n,R) npu Rs o cCOrnacuo /1.16/ BeayT
ceba cnegyouum obpasom:

R oo 0y +ng bg

8 8
el g(n,R) 550 R"V

o0 ﬂl+ﬂ2 a
(¢, R) B2, s f 2s
s=0

U3 AByxuneHHbIX PeKyppeHTHWX COOTHOweHud /3.3a/ u /3.36/
cneayeTt, uTo

- B ... M /b 1a/
ag —R:._..(-l)s 0 ﬁSI R® , 1<8<np ,
Ag «seee Qg
2) (®)
b, R—+oo ﬁs cees Bgt s 1< s<m, , /4.16/7
ag e a,_y
o0 B—ng Y TN 4
a, Ko (~1) ngti 8 84, + Dp+l<s<n+n,,/b. 18/
g ..M
Rg +1 8

b"l’ nl+1_<sgn1+%./‘h1l‘/



u noatomy dynkumu (£, R) u g(r, R) nepexofAT B NOMUHOMEI CTeneHu
ng unjcooreercTeenHo. Cornacvo /4.la/, /4.16/, /2.3a/ n

/3.2a/

e (=1)® ! 8
a, R (-1) n, |mj ! R Cl<s<ng., k.28
n®  (ng-s)! (s+im))! s
R (1) B! |m| ! R®
b > , 1<s< s
® SRy 2y

n® (mg-s) (s+im)! sl

“, cnegosartenbHo,

R
¢, R) — Fleng; Iml+ 1; £,

g(n, R) R Flng;iml + 1; Y-n-) .

Teneps, nonbaysacek /2.46/, nerko nokasarte, 4TOo NpU R -+
8 camom fienie /1.2/ nepexoAuT B HOPMUPOBAHHYID BOAHOBYI OYHKUWMO

8 napabonuMueckux KoopAuHaTax:

ve 1 (@ +m) (gp+im)t , iml/2  jml/2
W) = 12 A\
‘/’nlngml/#‘b n2 (lm!')g n1| ng‘ n o X
s /b.3/
« & et 2 FEeng i+l £,
V 2n

ecmn @ =0,
B npepene R+0 cornacxo /1.t1a/
- -t/h |m} n=|m|-1 4
me r) 2207 &) s Zient /b.ha/
R s§=0 R®

Im! n—%m]—l
= (5, R) 29, (sing) b _(1+ cosd)®
U ! s=0 5 /4 .46/

M3 ABYXufeHHbIX PEeKYPPEHTHuIX cooTHoweHwit /3.6/ wu /3.7/ cne-

AyeTr, 4To
., Bo e Bo-
a, B2 ZRInTenl /h.5a/
ag eeee ag_y

b : /4.56/

ecnn 1<8< 1~ imj,#



R0 )"Z‘*‘ml Yi-|ml+1 = Vs s— +|m|

a, (=1 - —R 8¢ \m| ° /h4.58/
B —fml+ 1 Bs
R0 s ~{-|m| Y0—im}+1 " Ye . 8—0+|ml
by —1) = —-R b || » /4.57/

Bl—\ml+1 ...uﬂs

ec l-[mj{+1<s<n-im|-1. Noactasnan B /L.58/ n /4.5¢/
3nauennna y M B w3 /2.3r/ wn /3.78/, nonyunm
a R0, (4ys _(a- 0-1)! @ +1)! R® /h.6a/
s (= . ,
s+{-lal @-g-s-1! @L+s+1)1 n®st C-lnl
b R0, (-1)° (¢ -|m) (¢ + |m| +8)!1|m|! 1 , /4.66/

(€ -jml-5)! €+ m)!(m|+s)! 2°%s!

npuuyeMm 8 NepBOM cnyyae 1<s <n-f-1, BO BTOpPOM 1<s<f-|m,
U3 3Tux ¢opmyn cnepyer, uUTO

H(fv R) 3'::9—0 az _|m‘ e—r/n /h.7a/

Z .
Gy Plensf+1; 20 42 2,
R n

2(y, R) -B20, (sinO)lmIF(— ¢+im, € + |m|+1; |m|+1; 1+200s6)' /4.76/

Monsaysce /2.4a/, nerxko nokasaTte, 4UTO BONMHOBAA dyHruua /1.2/
nepexoAuT B HOPMMPOBAHHYI0 BOMHOBYI GyHKUMO B chepruUecKux
KoopamMHaTax:

1 (n+2)!
nl*2@r ey @-L-D!

4 e—r/n

¥ o r, 0,¢) = (2r)

, /4.8/
r
xFln+l +1; 20+ 2; T) Y¢, 06,9,

m - |m|

ecnmn (bo =a(l + ). Ipu 3TOM HYHHO MCNONB3IOBATL cbopMyny/*/

Y, (o,qs)=(-1)ﬂ+(m-'m|)/2e"“¢\/ 2+1 (L +|m]! (g™
" o (-fm) il

X

1 +cosd).

x P2 +ml, £ +im +1; |ml +1 >



UTak, gokasaHno, uTo BonHOBaA QyHkuua /1.2/ ygosneTBopaeT
"'mpuHumnny cooteeTtcTeua''.

5. PA3NOXEHUE MO COEPUYECKOMY BA3UCY

3anuweM MHTepecywolee HAc pasnoKeHue B BUAe

n—-1
Y.n,¢:R) = 0 Zin tw“‘“\vugm 6, ¢). /5.1/

MponaseneM B 3TOM PAINOKEHUM cnefybiiue onepaymnu. Nepeitnem
cHavana e Wn&HOT chepruecKMx KOOPAMHAT K COeponaanbHbM:

~Rtin), cosd = Ltln
2 £+

u 3atem ycTpemum B 0Beux uactax /5.1/ ¢ & BeckoHeuHocTu. Tor-

Aa f
0 -» 00 !
-gf, cosd £ 7
M 33BUCMMOCTbL OT nepeMeHHon & B /5. l( suinagaet. flonbayAacsk
3TUM, yMHOKUM o6e vactu /5.1/ Ha P M (n) w NpouHTerpupyem no
dn. Torpa ycnosue OpTOrOHafbHOCTU MPUCOERMHEHHBIX MONUHOMOB
ﬂemaana npuBeaeT K paBeHCTBY

fm qum (R) m
(R) D T n-|ml~1 Enq R),
B KOTOPOM

fm nd- @ S2re1 (€= im)t :

= —1 =t= L

(-1) v . Tomh @+ 0! -1

) 1
Bpq ® = f 1-n®)m2p ol (g iRy an.

Nocneptnit unTerpan Moxet GwThb BupaxeH 4Yepes KOIPOUUMEHTH b,
ecnm BOCNONb30BATLCA paanomeHueM /2.16/:

lsz(l

n- -1
EB:' (R) = lzl b (R)f -7 s Plem‘(n)dq.
q s=0
Nocne UHTErpUPOBAHUA NO HACTAM y6emnaemcn, 4tTo MHTerpan
Nog 3HAKOM CyMMbl OTnMueH OT Hyns muws npu f-|ml< s<n-im|-
M, cnepgoBatensHo, nocne nepecbo3HaueHna uHAeKca CyMMMpOBaHMH
NONYUUM

@+ o2 (gemp 1 L (s+2-|m])! s
R) = (-1 b Al L=V Bl
() v @ -m 2fg =0 o +l-im s!
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rae

1
B ra-aasnte-@ ‘
-1 . St

2l +8+1 l!(s+2)!_—

B pesynbTtaTte

Im (m+|m|)/2 ¢ © nqm(R) 4
qu(R) =(—;) 2 —F:T—'a-n_‘nﬂ_l D mem R), /5.2/
rae
n-f-1 2 (s+ ) (s+l~|m|)!
Bp,(®) = 550 Dot f—|m] si(s+20+1)t ~ /5.3/

3aiiMemcs Tenepb NpeAentHuiMu nepexofamu. fpu R0 KoHCTaHTa
paspenexna A(R) < -€7(*+ 1), u noavomy cornacHo /2.36/

B, B0 B = (s+ ml = 0°)(s+lm| +£°+1) .
Torpga ua /4.5r/ nonyuum ‘
R+ 0 RB+Z—2’ '

b R
s+e=lml ~ Fp_pr41)
Orclopa cnepyeTt, UTO Npu £>e bs+€-lm| +0, Tak kak 8>0,a npwm
f<t* bgif-im| =0 na-3a ramma-QyHKUMM B 3HaMeHaTene.
Npu £=0" B cymme /5.3/ npu R-0 oTAuueH OT HynA TOMbLKO UneH
c s=0, taKk uto, yuuTtwsan /2.4a/ u /L.66/, yBewxpaemca, 4TO Npu
f=0 Wn2+1, M NO3TOMY

fm R~+0
qu (R) e 4 822:
PaccmoTpum Teneps npepen R-e. U3 /2.46/, /h.1a/ n /b.18/ cnepy-

er, 4TO

qun{R) R %00 1
RP1 n~lml~t ~ g™

970 3HauMT, UTO B /5.3/ MOXHO OFpPaHWUUTBCA CYMMUDOBAHWEM, HA=

UMHAOWMMCA € S=1,,TO eCThb
a+n1—2+|mé
2 s+ny +|{mD!(s+n D!

b - .
8401 (s4n, ~+ |mi) (s +n, +|m[++1)!
Ma /3.28/ v /h.1r/ cnepyert, u4tO

b R oo (—l)s (ng)!bnl
sthy 2%81(n-8)!
W noaTOMy By  MOKHO NPEACTaBuTbL B BUAC.
+00 -2+ ! b . ~N,, DNy, 0~ -‘m
Bgm(R) R 2"1 {m| ny (n1+|m|) n1 8F2 2 12 2 l”].
(,-2+m)! (0 +0+|m}+1)1 n-ng+f+l,n-ngf
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Bocrnonb3yeMca Terepb ABYMA QOPMYNaMu:
¢, b, £~a 1} = ra-t+a)l'd+b+c~1)

3Fp | - SRyl
¢, 1+b-c-f I+ t-Hr(1--tra+ b +c) n-n + +1, n-n ¢
/5.4/
8, 8 -N I'e+s+N) TI'(@® s, t=s’-N
F | _ | .
ae t',l--N—l:| rt+s) TE+N) 52 ¢ t+s 11}, /5.5/

/8/ 6/

NepsBas 13 KOTOPLX B3ATAa M3 paboTtu’ *, BTOPAA - M3 MOHOTpaduu’
MocnegoBaTenbHO NpUMEHAA 3TH GOPMYNHl, MONYUUM

Roae _Bp~t+iml (@ +|m))! (ng + |m})! (n-—Iml-l)}b

. (jmD! (m+€)! (-t-1)1 1
~-ng, -f+im|, f+|m|+1

x3Fe {|m|+1, m| +1-n A1t

flanee, cornacHo /4.18/, /4.2a/ w /4.26/

an | S L R'2
n~|m| -1 (n)nz (n2+lm‘)! 2n2
eyt jmt o
boy = ——pp R
@ = @g+imit
u noaToMy c yuetom /2.46/ npu @ =0 umeem
= {m|
gy B2 1)!+'"2 =+ g-fal-1)! Do+ (]! (L Jal)!
|m] ! ( Mo Mo+ N2 -1)!(2/—|m6|)!
5.6/
xsF | ~0+|m], E+|ml+1, -np 1.

[m{+1, im|+1-n

NonyueHHoe npeneanoe BbipaXeHue COBNafaeT C pe3ysibTaToM,
npuseaeHHuM B paboTre /7, Takum oBpasom, B obBoux nNpegenax nony-
HAITCA HYyXHbie GOPMYynbl.

6. PA3NOXEHME NO NAPABONWUYECKOMY BA3UCY
NpeacTasuM UCKOMOE pa3noweHne B Buae

Vaomsi® = E UL R, oo 8) -

/6.1/

Cornacuo /4.3/ napabonuueckaa BONHOBAA (QyHKUWUA BLIPAXAETCA
yepe3 NONUWHOMH flareppa OT MepeMeHHLX

12
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b= 5 E-D(-n)

v = g—-(§+1)(1+n).

Ecnm B8 /6.1/ nonowuts =-1, nepeiTn K HOBON NepeMeHHON
n
t=£-11 BOCNOAB30BATHLCA CBONCTBOM OPTOrOHANbLHOCTU:

= fmi
e YRR b, ciml ot By Feng s w1 By ae -
0 n n n
_n (!ml!)z(nz)!__
R (p+im)t 2% 7

TO noNyuum

0P ®) = o (®) - gl Gprloll Byt
2 (ng +{m])! ngy!

Fng; lml +1; %‘_)d:.

fanee, Tak kak

rts+|m|e-Rt/n F(—-n2 ;lm]+1‘, _R_‘E_)dt -
n

0
. (_,,~)s+lml+1 ' _Unl+et - Feebmdr
R Clng+lml +1)  T'(s-ny+1)
TO
nsn ! 2
UM ) e ()™ € o ®) v L Ll x
@) Ve V(@ +|mt (o +{m|)t
xsz_;_]m] nythng is-(n)s FC@+s+1) [(s+l) 6.2/

s=0 RS I'(s+1-ny)

Uccnegyem Tenepb NpegenbHule criydau. flpu Rooo, Kak at10 yne
OTMEYANIOCH BhHille, CyWecTByeT TaKoe 3HaueHue s=n/, Ans KOTOporo
Bné=0.CornaCHo /k.1a/ w /4.18/ oTHowenue a /R8s aTom npepene
OTANUHO OT HynAa, ecnm 0< s<_né, Tak 4yto B cymme /6.2/ Mmakcu-
MankHOe 3HAUeHWE S MOXHO 3aMEHMTb Ha ny. llO3TOMy, nonb3yscs
/b.1a/ w /2.46/, Bupum, uTO Npu ny<n, CyMMa B /6.2/ obpayaetcsn
B8 Hynb, a nNpu n’22n2 MMeeT MecTO PaBeHCTBO /B npefene R -+ w/.
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n,n oo @) @)@ +|m))! @ +[m|)!
Ugm - ) 225y 2 2 ! 2 1) 2
(@) 1@, +[mD!(n,+|mp!

.
o,—n
2 1
8
x 20 -1
8= /- -
s! (n2 ng s)!
llerko nokasatb, uTO nocnepHee BhlpaKeHUMe MOXET MNPUHMMATbL
BCero Asa 3HAUEHWA = HyNb W €AUHMLY, B 3aBMCUMOCTM OT TOFO,
n§>n2 vnu ng=n,. loatomy

(R) —-——+8

2
Paccmorpma npegen R-+0. Ma /lo 5a/, /4.6a/ w /2.46/ cnepyer, uTto
B 3TOM npegene

" o B20 1) ng+E+(m{mD)/2 (204 1)(0 +|ml)1 (€ - |m|)!(a+E)ny !
B0 .
(@ +m)!(g+m)! @-€-1)1n,!

[] -n+l+1, €+1, £-|mj+1
X - F_{
(& + D1 =|mj-ng)t 3 2 0 ~jml-n,+1, 20+2

11,

Danee, nonbayace dopmynamu /5.4/ u /5.5/, nonyuaem

nlng Re0  E+1+(m=ImD)/2 (n|m|-1)1 (2 +1) (€ +|m]i(a +m|) !(ng+|m|)!

(R) — (~1)
|mi! nl!nz!(l-lml)!(n+l)l(n-l—1)!
‘ F, | -f+iml, 0+ |ml+1, -nz'1 .
iml +1, -n+|ml+1

TO ecTb pe3ynbTtat paboTw s

flpu uccneposaHum NpepenbHux Nepexofqoe 8 BONHOBON GYHKUWM
/1.2/ u TpaHCHOPMAUUOHHBIX KOIPPUUMEHTOB CyWEeCTBEHHO WMCNONb-
3oBammch dopMyns /2.4a/ w /2.46/. Npusegem wux swsog. Nopcrtae-
NAA B yCNoBue HOPMUPOBKKW BOMHOBOW QyHKuuu /1.2/ paanoxeHuA
/2.1a/ wm /2 16/, nonyuum

L]

4m+1 8+8 Ft+t”
2 | uqm(R)I 2, 2 asas'bt b e
8,8 5t,t
|m| . {m]+1 fm{+1 . |m]
X (I ) J ; + I s!l J tt P ) = 1 ’
rape No sceM MHAEKCaM cyMMMpoaaHue BefetcAa B npegenax (0,n-|ml-1),
©O,n-|m-1), a Is:’ w Jlm BHPAKaATCA uepes BHPOK-

AeHHbie runepreometpudeckue oyHkymm '8’ .

Ilml =I(m|+8+8’+1)¢Y(m| +8+8°¢L; 2iml+8+8°+2; ?n-R—)’



Iml — T(m|+1)P(jm|+tet 51) 2R
t F@lm|+t+t%+2)

J F(Iml+t+t’+l;2|m|+t+t’+2;—-n—-—).

Nonbayacs acumnToTUKaMu 3Tux QyHKUMKA nNpu R-0 u R+ 1 dopmy-
namn /b.1/ w /4.5/, npuxogum K uCKOMLM pesynetatam /2.4a/ u

/2.46/.

7. YACTHBIE CAIYYAU U TAGNMLDI

Beegem o6o3HaueHue

=~ fm

fm

Wog B) = Vnq (R)/Cnqm (R) . .

Tak Kak TpaHCHOpPMaLMOHHble KO30PUUMEeHTo qu(R) yAOBnNeTBo-
PADT yCnosuw

"21 (wem)2 =1,

f =|ml nq
TO oTcwAa nonyuaem yaobHYO Ana BuYUCHEHUA HOPMUPOBOYHOI noO-
CTOAHHOW topMyny

n-1
~fm, 2 6 ~%
qum (R) = ‘ E (qu ) ;
f =m
MpuBeaem HekOTOpHE uacTHue pesynsTaTh:
— NEE
ClqO = \/2. quz = EZE.R .
VE; ) R  A’48
Cuq1 = —R, c A ,
BT Sal T e A 4
’ /é 2 , 2 _%
Coqo = —1m (A2,  Coqo =V 211421 A +_% A%
2y2 AT+l 8 R (A’46)
3pech A=A~

. lo3aBoneHHbe 3HaueHus A u HOpMUPOBaHHbIE Cche-

4n
POMBANbHLE BONHOBHE BYHKUMU UMET BuA
R
1 -+
e~ 3¢ 71),

- A’-0,
1q0 \/—;—
R e i
Yo =~ i V €3-1) (12 e___ » A%+ 2=0,
q 18 N
. % _R, . 2
¥oq0 = L__(Li) e g, Laven-Beon, avane. 2,
4/n A'+1 2 4 4
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Tabmuna |

16

st = 35 R 4

ol®
x[1+ —-Z*- (1 +&n)- I'—'(f el =8 -

ver

CATA 8 = o,

n miL Wr':;?(R) A
11010 1 A=0
1 (A*+2)1
21010 r(A +1 ) A‘(A'*’Z)'—‘—f:"z
‘¢ 2
20011 Az(Ar2)%
2[11 -1 A'+2=0
27 A A2 1h
3/010 {“B‘?* 2?A'+6)2} A4+ 2)(A'+6)=
' 27 A2 A2 1V2
3P| |EVF B whian] - |-4B e
' 27 A% A2 1%
30|12t {“ 8 W*z(ﬂs)’}
il e waeo-
3l1l2] - iR R -
6 (A+4)%(A"t 6)%2

3(212 1 A'+6 =0

vy - -—Rf-e— —(€+7) €2- 1) (1-n?) o 210 A" 4820,

92 g4g \;r—

v R (A8 % ~giéem 5(?‘1_)'(5 )

2



Ta6maua 2

nimln. Li';‘n'? A
11010 1 A'=0
20000] (B3GR Len- &
2011 (F+3IEE)"
21110 1 A+2 =0
30l 34+ - ) “2732&}27‘9‘;52}% AR +2)(8+6) =
solo| A3 {r ¥ 4wl | emienny
R s
3110 ~53§(A‘+2——§-)(2.‘:Z )1/2 (A‘+2)£A'+6)=
11| Z@erEyden | =%
3|2}0 1 A'+v6 =0
Fow0 ® \/217" ST e ;:22"% (AA’:—:)E]—% "
A= B Ems S ebn)- ST L e .g; %’%(fmﬁ .

2
+ AR (een ®),

’ ’ L4 4R2 d
A(A°+2)(A%+6) =22 (A’+4).
72(A° + 6) 9
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HanoMHuM, UTO MHAEKC q HyMepyeT COGCTBeHHbEe 3HAYEeHWA KOH-=
CTaHTH pa3genedna A u npoberaet 3Hauenns 1< q<n -|m|. 3Tm
coBGCTBEHHBE 3HAUEHUA ONpeaenAnTCA U3 ypPaBHEHUH, BHIMUCAHHLIX
BMECTE C BONHOBLIMU QYHKLUAMH. ﬂpqunem ANA HarnAQHOCTU BUA
TPAHCPOPMALMOHHBX KOIPPUUMEHTOB W%;‘ " U:;Fz B Tex Xe 4acT-
HuX cnyuaax /cu. Tabn.l wu 2/.

SAKMOYERUE

flonsenem Tenepb utorn. B pabore passuta Taxaa ¢opma coepon-
[aNbLHOrO aHanM3a aToMa sofopoaa, npu KoTopoi cobmoganTca
YCNOBUA, AUKTyeMmble ''npuHumnom cooTBeTcTBuA'' Ha Bcex aTanax:
ypPaBHEHUA, PEKYPpPEeHTHbie COOTHOWEHWA, BONHOBHE (QYHKUMKU, TPAHC™
dopMaUKOHHBE KOIDPUUMEHTH U T.4a. lonyueHa IKOHOMHaAR B CMbiCne
KOHKPETHOro cyeta (OpMyna ANA HOPMUPOBOUHOM KOHCTAHTH ¥ Bbi~
sefeHb Pa3nokKeHna chepounAanbHoi BONHOBOM ¢yHKuuM No cohepudec-
KoMy u napabonuueckomy Gasucam.

CucTeMaTUuecKmuin chepomuaanbHuiii aHANM3 KYNOHOBCKOW 3apauun
ponkeH saknouate B cebe uenut KOMNNEKC AOMNONHUTENbHLIX BONPO-
coB. B HacToauwel paboTe B 3TOM cCMbicnie CAENAH Nuuwb MNepBbLIA war.
Cnegyouum 3Tanom gosker ObiTb HenpepsiBHLIN CNEKTP.

B 3aknoueHne HaMm MPUATHO BHPA3UTHL UCKPEHHIOK NPU3HATESNIBHOCTL
coTpyaHukam OUAN, c KoTopbiMM OBCYXRAnMCb  3aTpPOHyTwe
8 atou pabote ponpocu. Mu ocobo GnaropapHbt J1.U.NoHomapesy,
A.B.Marseenko, C.U.BuHuukomy un Jl.H.ComoBy 3a uHTepec K guc-
KYCCHM U 3aMeuanun. Mpl Takke npu3HaTenbHw W.B.Komaposy, ¢
koTopuM 3T7a pabota obcyxganach Ha paHHMX ee 3Tanax.

NUTEPATYPA
1. Komapoe WU.B., NoHomapee J1.U., Cnasanos C.I0. ChepoupgansHsuie
N KYNOHOBCKue chepoupanvHeie $yHkuum. ''Hayka'', M., 1976.
2. Coulson C.A., Robinson P.D. Proc.Phys.Soc.,1958,7t, 5,p.815.
3. Coulson C.A., Joseph A. Proc.Phys.Soc., 1967, 90, p. 887.
4. Bapwanosuu fi.A., Mockanes A.H., XepcoHuckuit B.K. KsaHTtOoBan

Teopua yrnosoro momeHta. ''Haywka', M., 1975.

5. CMopoauHckuit fl.A., Wenenee .M. A®, 1971, 3, swn.2, c.Ull.

6. Bailey W.N. Ceneralized Hypergeometric Series. Cambridge
Tracts No.32, Cambridge, 1935.

7. Tarter C.B. J.Math.Phys., 1970, 11, p. 3192,

8. beittman ., 3paex A. Bucuue TpancuengeHTHbie QyHxuuu,''Hayka'',
M., 1973, 7. 1.

Pykonuch nocTynuna B M3agaTensCkuit otaen
2 anpens 1982 ropa.
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Mapposin JI.'. u gp. CdeponmanbHblii aHamyM3 aToMa P2-82-249
BOmOpOfA

AHamu3dpyeTrcAa atoM Boaopona B chepOHOANILHBIX KOOpAHHAaTaX.
Hopgpo6uo o6cyxpaorca npepenbHbie nepexonsl R+0uw R+ = / R -
pa3MepHhIil napaMeTp, XapakKTepH3youHi chbepoHOanbHble KOOPAHHATHI/
B TpPeXYJIeHHbX DPEKYPPEHTHbIX COOTHOWEHHAX H ChepoHHanbHBIX BOJI~
HOBbIX ¢yHKUHAX. [lonyyeHsl passnoxeHHA HOPMHDOBAHHbIX chepoHpganb—
HbIX BOJIHOBbix yHku#Hfi aroMa Bogopoda no chdepHyeckoMy M napaéo-
JMyeckoMy GasHcaM M HCCJIefOBaHbl NpefelibHble Nepexons B HHUX.

PaGora BomonHeHa B JlaGopaTopuu TeopeTHYecKOH ¢H3uku OUAH.

NpenpuHT 06beaMHEHHOro MHCTUTYTa AfEePHNX uccnegosBawui. fy6ua 1982

Mardoyan L.G. et al. Spheroidal Analysis of P2-82-249
Hydrogen Atom

The hydrogen atom in spheroidal coordinate is analysed.
The limitsR+0 and R+ « (R - the dimensional parameter cha-
racterising the spheroidal coordinates) in the three-body re-
currence relations and spheroidal wave functions are considered
in detail, Expansions of the normalized spheroidal wave-func-
tions of a hydrogen atom over spherical and parabolical bases
are obtained and the extremal transitions in these expansions
are investigated.

The investigalion has been performed at the Laboratory of
Theoretical Physics, JINR.

Preprint of the Joint Institute for Nuclear Research. Dubna 1982

lNlepeBop 0.C.BHHOTrpagoBOIi.




Pepaktop T.f.Kabuukas. Maxker H.A.Kucenesoit.
Ha6op H.Il.Cepreesoii, E.M.[paMeHHuKOI1.
Noarmcano 8 nevats 19,05,82.
dopmaT 60x90/16. OpceTHan neuaTs. Yu,-u3g.mcrtos 1,55,
Tupax 580. 3akaa 31305.

Wanatenbsckuit otgen 06beAUHEHHOrO MHCTUTYTa AAEpHHIX WCCNeRoBaHUA .
QNly6ra Mockosckon obnactu.
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