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§1. Introduction

NMuch attention has recently been paid to the study of high
energy particle scattering on the basis of ordinary methads of qu-
antum field theory,

In a number of receont pe\pe:r's‘ll..l 1/ the problem of the mli-
dity of the eikonal approximation for the two-particle elastic scatter-
ing amplitude at high energies was considered in the framework of
various models of guantum field theory. In these papers the asym-
ptotic behaviour of the sum of the Feynman diagrams of the ladder
iype (when all the possible crossings of "moeson" lines between two
"nucloons” are taken inta account) was essentially investigated in
the limit of high energies and fixed momentum transfers, One of
the Important results of these Investigations is the fact that the
principal logarithmic terms cancel in the sum of the latter type di-
agrams ir the asymptotic limit s+~ , t -{ixed, This result shows
that the relativistic retardation effects probably vanish with increas-
ing crierdy and that the scattering contributions of the virtual particle mo-
menta off the mass shell decrease at high energy. Further, the sum
ol the laddeor type digsgrams tends asymptotically to the sum of queae

16
sipatentin] graphs (or the two-particle scattering amplitudehz L5/ and
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coincidea wills lhie wikonal eapansion ol the scattering amplitude at

w183/
high energles and small anqles/m “'.
e
In papers/ 1,25/ the (unctional interralion methods in quantum
)
field theory, were used in studying Liis proiwlem/ 1/. Az las been

shown in these papers the functional inteuration methods present an
eifective tool for investivating the asymplotic Ibc*h&viour ol the scat.
lering amplitudes. In subsegiant pup@rr—'-lzo’;!l/ the functional intg-
ration methods have been used for stuctying the important problem

af radialion corrections o tiv ladder type draphs (or tao-particls

e
22,

clastic scattering (see also papers/ :3/) ond in investigating the
inelustic scaltering processes, Lel us note that in these papers an
approximate mehod of calculating the (unctional integrals n question
was used, whicrh had been doeveluped in pauvey '!24. Since In the
franiewark of the Feyrnman cdiagrams iz Aaporoximalion is equiva-
lent to a definite modification of the propagitors of particles wilh
large momentum p wher the terms of the Hype L, k, (& , and b,
are the momenta of difierent real or virtual nesons emitted by nuc-

leons) arc neglected, e.g,

! !
——— e el
me—dp =TAAT oy n g L8y

‘ izt =1

{
this approximation Is sometimes called “the L ll\,--0nppv'uxl»'I-‘~z.t1c)n"x’.
The wvalldity of this approximation in the study of the problem of

infrarea asymptotics in quantun field tiweory was proved in pa -~

26..072
pm,s/ha 7/

/.
* we nole that in papers’ 3-6/ in fact a rongher approxima-

tior: was used, when all the terms bilirear in the emitted meson
momenta are neglected in nucleon propagators,



The possibility of applying this method to the study of high
energy particle scattering is not a priori evident, but, nevertheless,
is confirmed by calculations in the framework of the lowest orders
of perturbation theory/ 28-30/.

We note that this approximation has quite a simple physical
meaning, Starting from the Feynman interpretation of the scattering.
amplitude as a sum over paths, the approximation in question is
equivalent to taking into account paths which are closest to the
classical trajectories of particles, When the small angle"particle
scattering is considered, the classical particle trajectories are re-
presented by pairs of rays with the direction of the particle momenta
before and after collision, respectively. For this reason the appro-
ximation which was used in papers/1'2’5’20'21/ will be called the

straight-line particle paths approximation,

In this paper a model of scalar nucleons interacting with vec-
tor mesons is investigatedx/ . We find closed analytic expressions
for the two-nucleons elastic scattering amplitude and for the ampli-
tudes of inelastic processes of meson production in nucleon colli-
sions,

The asymptotic behaviour of these amplitudes in the high
energy limit is studied in the framework of the straight-line particle
paths approximation formulated above,

It is shown that the principal logarithmic terms in the scattering
amplitudes cancel in the asymptotic limit s> « , 1-fixed when the

diagrams with nucleon closed loops are neglected., The elastic

scattering amplitude in this limit takes the eikonal form, It is shown

x/ The scalar nucleon - scalar meson interaction model was
investigated in detail in the papers/1220,21/,



then that the contributions of the radiation corrections to the ladder
type graphs in the straight-line particle paths approximation are
factorized and are determined by the quantity H(:) , which de-
pends only dpon the square of momentum transfers. In the region
Tt « n? the quantity H(i1) has an exponential dependence on
and produces the diffraction peak In elastic scattering in accordan-
ce with the hypothesis of smoothness of the local quasipotential

of two particles at high energies/31~33/.

Such a behaviour of the elastic scattering amplitude was pre-
dicted recently in paperj34/ and correspaords, in some sence, to the
coherenr interaction of virtual mesons belonging to the nucleon
clouds,

Further the differential cross sections of inelastic processes
were oblalned, Under the requirement of "softness" of secondary
mesons the Poisson distribution in the number of particles, emitted
in collision, is found,

We note that the total differential cross section summed over
all the secordary meson may have, generally speaking, no prono-
unced diffraction peak in the region > <[t| <« m? .

Such a behaviour s due to the cancellation under certain
carditions of two exponential [actors, which correspond to the ra-
diation caorrection contributions in the elastic scattering amplitude.
ard to the total contributions from multi-meson production,

We would like to point out the analogy of such a regularity
with the automodel behaviour of deep inelastic processes of high

energy hadron interaction,

“



§2. Two-Particle Elastic Scattering Amplitude

We shall consider a model of scalar nucleons inferacting

with the vector field A ,(x) , having a non-zero mass

. We
choose an interaction Lagrangian in the following form

L,. =g:t/r*(x)i‘&’a!/r(x)Aa(x):fg?:Ai(x)l/l*(x)t//(x)'= v (2.2)

where g is some dimensionless coupling constant,

‘ . The one-particle Green’ function of the quantum field in the

external field A (x) satisfies the equantion

fligg+ gAqg(x)]” —m?1Glx,y|A)==58"(x=y). (2.2)

The formal solution of eq. (2,2) can be represented by means
of the integral over proper time/ 37

G(x,ylA) = iof"dr e~ (i f A€ Li 9, (v gA _(x,OF 181x—y)(2.3)
1] .

Using the "disentanglement" method of the differentiation

operator
. . /38/
in the exponential exponent

in eq. (2,3) the solution of eq.(2.2)
may be written as the functional integral/ 24/

Glxyy [A) = iof“dr e 18401 e (20 g of’dg v (€) (o)

.Aalx+2f§v(7))dr]“5 lx-y-2 frv(r/)dq],
(] o ‘

where



b

(2.5)

is a volume element of the functional space of the four-dimensional

function v () determined on the interval r <n<r7, .

The expression for the Fourier transform of the Green fun-

ction (2.4) takes the following form

Glp qlA) = —1— [ dx dye™ ' Glx,y|A)=
(22
o ir¢p2 - m® d -
=i [dre ’ i Y_ it Q)yflS‘VJ:) :
0 (27)* (2.6)
4 £

-exp¥2ig0f dé Ly, (E)ap A ly+2p&+2 of ving)dgli.

We shall define the two-particle elastic scattering amplitude

using the variational derivative method ™

i(2n)‘8(pl+p2—ql—qg)f(pl,pg:ql.q2)= lim (pzl—mz)(pz—mz)(qi—m2)(q22—-m2)-
(p::.rrz2 .qzl .q";)»mz
5° (2.7)

Hexpl— fd *k Dgg(k) ——— 16(p . a, 1 A)Glpy,a)l A DSy (A1, o
2 BA 4(k) SAG—K)

x/ The particle identity is taken into account by symmetriza-
tion of eq., (2.7) over momenta of initial or final particles,

-5



where 8, (A) is a vacuum expectation value of the § -—matrix in
the presence of the external field A . Below, for simplicity, we
shall neglect the vacuum polarization effects as well as the diag-
rams with closed nucleon loops, The propagator of the free vector
field D,g is determined by the expression

k a.k B

8ap~ —2xt

aB” kPt (2.8

Inserting (2.6) into (2, 7), after a series of functional variable

hzszw

substitutions obtain the following closed expressxon

for the two-particle scattering amplitude

tyCp

-q)) . " e o0
if(p,pyia,.9, J=g?fdye ! lDa,B(y)ﬂ,'o\‘Vx l_”lS‘u2J o’

12v,(0) 4+ q,+q,] 120, (0)+gq, +q’]Bf dAexp | —--—-j d'k D},C(k)
2 (2.9)

2
i) ) 1y .
-llil1 iy (k;p,.q,lul)j¢ (—k;p:'qtl":)+2)‘1y (kip,uq, |y, ).

o0

e Pk b aglvg)lei f BmdE L,

- 00
where

(1) (k; iPea, v )=2ifd¢ lV!y(f )+p’y6(§)+qu0(—§ ).

p (2.10)
.exp¥2iky[p.'yf o0& )+quf (& )+ of v‘y(n)dn]l



ie a transition current satisfying the continuity equation

k § (k;p,q|lv)=0. © (2,171
, iy p.ql (2.112)

2

In eq. (2.9) the mass renormalization m 2-m2%6m? has been made.

It removes divergences appearing in the integration over the
variables £, and '3 2/20/.
a) ‘( i)
We note that the terms j, kipa,lv,) i¢ (=kip,.q,lv)
(i=1,2) in eq. (2.9) describe the radiation carrections to each of

. (1) (2)
the nucleon lines and the term 2]y (ki pyaq,lv, ))C (=kipgigy lvy)

describes the .interaction between two nucleons, Obviously, that
exact functional integration in expression (2.9) is not possible,
Therefore, we give below an account of the approximate method of

/24/ . As mentioned in the

cal?:ulating the integrals over v, and v,
introduction, we call this method the straight-line particle paths
approximation,

Let us consider in more detail the physical meaning of the
functional variables v, and v, , These variables, formally intro-
duced in eq. (2.4) for obtaining the solution for the Green function,
describe the deviation of a particle trajectory from the straight-line
path, In fact, if we put v=0 in formula (2,10) for the transition

current, we would obtain

2p 2
i (kipigf0)==( Y. - 0y
y 2kp +ie 2kq-ie

). (2.12)
This corresponds to the classical current of the nucleon, moving
with momentum p at £€>0 and with momentum q at £<0

We note, however, that the approximation v=0 is known
to be inapplicable at values of the proper time of the particle close

to zero, when the particle classical frajectory changes its direc-

10
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tion, In the language of Feynman graphs the approximation means
that the quadratic k -dependence in the nucleon propagator is neg-

lected
1 1

mi=(p+k)? ) 2pk

It can lead, generally speaking, to the appearance of divergences
of the integrals over d'k at the upper limit,
A better approximation to the nucleon current is given by
the average current value (2,10) over the functional variable v ,lLe,
iy (I(:p.q-)s f[&‘vlr {kip,qlv}=

!

=if dflkye(f)+2py0(§)+2qy0(-§)3-

(2.13)
~expl2ik)l,pyfb'(f)+ qy'fb’(-f)+ ik21E(IT =

2 -
== py+k}' 2")‘ k)’ )

2kp+k P 2kq-k?

For this reason in seeking the two-particle elastic scattering amplitu-
de we shall use the straight-line particle paths approximation, which
consials In substituting in the exponentlal exponent in eq.. (2,9) the

current products averaged over the functional variables v, and v, ,

(l 1)

(ks Pl'qt)]C (-i"pn'%)’”a 11:115"‘ :‘y (kipy gy ley )

(2.19)
2p’7+]‘7 2!] !y—’( 2p9< k{ Zng.}ké’

[&}]
cjel=kipyay (v Y=l R
¢ Parfa 1% 2kpl-?+ic 2kq,—k-lc —2lzp,+k +ie 2kq2+lx +ie



m(kp.q )j¢(kaq ) =

(2.15)

=“2pw+ky _2qiy+|(y Y 2pptky ) 2q|<+k<

kal+k°+i¢ 2kq,+k’=ie " 2kp,+kP+ic 2kq, +k¥%=ic

Consequently, in the straight-line particle paths approximation

the expression for the elastic scattering amplitude takes the form :

. tyCp, ~a,)? ) AXGip opg ey aag
ip, .py 19,0, ) =g H{U) fiye A(y;p l.q‘:pz,qn)gdke {2,16)

where

A(y:pl.q’ : Pa'qa) = (d ‘kDaﬁ(k)lker l+q!1al-—k+p2+q2]Be"‘y (2,17)

Ry

g3 4 . L (3 It
x(y:p'.pzsql.qa)s-&—”;—jd ke 'Daék)'a(";"lf"x,]ﬁ)(_k‘pz'qz) {2.18)

H(t)-expf——-——-—-— fd'%D

ﬁ(k)f P9 ep g ) 9 C-kep a0 (229
2(2n)? N

B

It is interesting to note that the contribution of the radiation
correction is factorized in a form of the factor H(1) , depending
only on the square of the momentum transfer i=(p ,—q,)’, as in the

scalar nucleon-scalar field interaction model/ 20/. The analogous phe-

12



nomena o the Eactbri;ation of ‘the radiation correctlon contribution

in quantum electrodymamics was fourd In the adic!es/39-41/.

In the high energy limit s+ » at fixed momentum transfers 1

limited by the cordition | {|<< m? the quantities ¥y and 0 take
the form
- 2 -
xUy D= —Ee K tafy 1) 2,22
yj. 2 0 yl ( )
Hir)=e*" | (2.23}

where K, is the Kelwin function of zero order and

2
g 2
. (n -2, L (2,24)
3(2r)°m? K 2

Thus in this asymptotic limit the expression for the elastic
scattering amplitude in the scalar nucleon-vector field Interaction

model has the form

fla,t) wils=n)vit)est , (223)
where
1 -, ty E -y
vit)w —em fd?y e 7171 (71X 1) (2.26)
2 L
and
“3
t==-48) . (2.27)

x/ We note that taking Into account the identity of nucleons
leads, on symmetrization of eq. (2,25}, to terms vanishing in the
limit s -+ = with fixed 1.,

13



As is clear from the formula (2,25) the centribution of the
radiation effects leads to diffraction behaviour of the high energy

small angle scattering amplitude which corresponds to the Gaussian

form of the local quasipotential of the elastic scattering/14’15/ with

h - « The forces which arise
mc
from the exchange of mesons between the nucleons obviously have

a radius —— , and it is supposed that —L>>g b,
pe . fe me

the interaction radius of order g

. . 2 2 L.
Thus in the region of momentum transfer u” <t<<m it is

very important to take into account the multiparticle meson exchange

bl

which leads to the eikonal structure of the quantity v{(t) .

§3, 'Inelastic Scattering Amplitude

The amplitudes of inelastic processes of meson production
in two-nucleon collisions at high energies can be determined by
means a generating function f(p,,p,igq 109, |Aex‘ ) .

The quantity f(p,,p,iq 9 2IA"M) has a meaning of the scattering
amplitude of two nucleons in the presence of the external field .
A:z“ and is determined by (2.7), where after taking functional
derivatives one should take A (x)=Ae;t(x).

In the straight-line particle paths approximation the‘quantity

ext
fp .p,:0,9,lA **) takes the form

iy(p —9 ’)dxelX(pz- q

ext y . 2) .
1A )-g2]dye A(x—y,pl,ql,pa,qz). %

_— —— (3.2)
ily i.

if(pl.pz;ql,qz

ext a)

. fx
-exphgfd4EAa Olj, (E;p],ql)el +j2)(f;p2.q2 )e

ik(x~y)

! ig? .4
+J A exp Lo Jd 'k Dyg(h) Le 20§ (ki )i (=kipgiaq)+

(i)

55k )iy !
+ i=1 .'y 'Pi !q[ Jé‘ ("‘kip‘.'ql )]!1

14



where the functional averaging values of the currents and their
bilinear combination are defined by (2.13) and (2.14), (2.15), res-
pectively,

The amplitude of N -vector quantum production can be

found by functional derivatives
N

(20) 8 (p ve ~a ~ay=F k)Mp, pyia  a ik kyeiky) =
N 5
L3 . . oxt B
- =0 EGL) -gr;;,—(-)l”p,,pz»ql.qgl-\ T
<™ ' ko
& N — e eyt
lx{p , —q ) ly(pg ~ay) ) .
=g’}'dxe PrT dye Pa 3 ‘E’E& (k’)[ja (k,:p,.q, yel®e o

- (32
a5 B
+,":)(k‘:p,,qa)e “”']A(x—y:Pl-qliP.‘,dlﬁ)e"P|"—'—2 - Jd % D),(u‘) .

2
<le u"_y)z)«j;”(k;p ’.q')i?)(-—k;p,.q,h lzll(;,)('“"x"h)f2)(""‘\’|"‘ L

where E (k) is the polarization wvector of a meson with the momen-
tum k ,
In what follows we will consider the case in which the mo-
menta of the secondary meson in the center of mass system sa-
b tisfy the requirement of "sofbmess"/ 21/ :

l N N - - -+ - -
\fs:ifz ko, < I\E: AN STRINILI NS PIRE (3.3)

where the momenia of the Initinl nucleons are chosen along the

1 -Aaxis,



Under the requirement the amplitude of N*“-meson production,'

defined by (3.2), is factorized and can be written in the following
form: ‘

Floer (NJ=f(p ipyiq eagikkgen, ky) =
(3.9)
N —_— —
. A0y, L2 .
=f(p1’p2,ql’q2)l‘.llgEz(kl)[-'a (k,-P,'ql)+la)(kl'P2-q2)],
where
j(? (ipgoap)=( - - b % yie-1,2). (3.5)
Zp,k—p? 2q ok +p?

§4. The Asymptotic Behaviour of Differential Cross

Section of ML,thi;-Mesoh Prod'uctioﬁ

The differential cross section of N-meson production in

two-nucleon collision is defined by

1 2 4 N
do = ——=——- e (N7 (27) 8 (p 4+ py~q —q,- 2 k,)-
2\/5(5—4m2) P=1
S (4.2)
LN AL S SRS L VI
2r)8 2gq 2q Nli=1 (2#7)% 2k

where s=(p,+p,)’

Here we shall consider the asymptotic behaviour of differen-

tial cross sections of "soft" mesgn production, when the meson
momenta satisfy eq. (3.3),

16
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As we shall show below, for this case the Interference terms in
the expression (3.4 ) for the amplitude of inelastic processes can
be neglected,i.e.

N -
Nt (s.l)U (BB ) G005 ra )l g Eathg)ig thjipya,). (4.2)

ny ng
where (= A’ and A=(g,~p,+ & ki)-(qsv-p:-ef. T

t= =1
Using (4.2) and the formula

oy L]
8(p, 79,79, T k- 2 kg =Td ‘Aslp ~q - Z k +AW{p, —q, -E kp-a)
“a!

we cobtain the following expression for the multi-meson production

differential cross section

1 d'a
(dO)“l’"z e P —ZT;_') If (u,l” w (pl.A)W (p,,—Akg_.
A=rixed,
where
27 dq'
LAY S P ey (L YN ey -z kv b)),
“l' 919
{a.5)
Ak e e
='—2—k-——T2-—;)—‘ i (kl:p,.q,)(

and an analogous equation for ¥. (p,,~A), The quantities W,.t(p,A)
and Wﬂa(pn,-A) depend on the variables

l=A’irt=p’A and tsé’;r’-_paA {4.6)

respectively,



lking the variables (4.6) we rewrite the vqlume element d* A
in the form

4
d ‘A =

didr, d ¢ '
PR t r,dr, ~ 4,7
VG TIR . 2n ( )

where ¢ is an azimuthal angle, and the physical region of integra-
tions is determined by the inequalities

(4.8)

Further we shall seek the asymptotic behaviour of the diffe-
rential cross section (—(-](ii:-) n, on, 8t 85 = and fixed t .

Integrating eq.. (4.4) over dr, , dr, and using eq. (2.25) we
get at |t] << m?

do 1 2
(—=) h h smees—=v2(1) , )

- iy 2 11 ryld wn’(st)wn2(sl), ‘ (4.9)

where
eat
w_ {s,t) = —;—;—— f drW _(t,r) =
(4.10)

1, " dk -g?
=—p e S ZE 00 0017

n: QP t=1 2k, (27) ’

18



The Integration region f2, over secondary meson momenta is de-
termined by the condiiion
B n
~1<2p T k,-~lA- 3 § )<
= Pll:l ! I {2¢.12)
or taking into account that in the case considered here

by the condition
0<2p lflkt <&+, (4.12)

Consider now an approximation, in whrich the total momentum of the
secondary mesons can be neglecled in accordance with the require-
ment of "softness" (1,3). In this approximation eq. (4.10) takes the
form of the Poisacn distributions

wole,) i e™ Li(a1)]", (4.13)
[
where the quantityx/
- ) g K Ty 2
H(E'l)— (2;3J’-é-k_;—lj ,(k‘pe.q!” (4.14)

is the average number of secondary particles produced in the
two-nucleon colllsions as s + = with fixed 1 ,

Using eq, (2.13) for j, , we find for 11|« m?®  that

Ri{s,1)==ht. (4.15)

-

x/ The integration region eq. (4.14) is effectively limited by
-
}l:'lf_Ra ) Ikliiﬁl-.



The parameter b depends, in general, on a special form of cut-off -

wi

of the intégral in eq. (4,14) over the meson moméntum. In the par-

ticular case when

Rf =~ m°
2
1> a 2> b __
m2
(4.16)
In >>In (---1--)2 ,
a
R, ‘
where a = —— , we get
Po
2g2 2
be —t (ML (4,17)
3(2n)%m? p2 2

which coincides with the double slope parameter of the diffraction exponen-
tial (2.24), Notice that the equality 2a=b is true also in the infra-
red asymptotic limit p-0

For this case, after suhnﬁng in eq. (4.10) over the number

of secondary mesons, we find that the dependence on the variable
t cancel and that the diffraction peak in the total differential
cross section desappears,

This regularity was mentioned in paperj 34/ and is in analogy
with the automodel behaviour of deep-inelastic processes of had-
ron interactions at high energyj 35’36/.

1t was remarked above that in deriving (1.2) we have neglec~
ted interference terms in the inelastic amplitudes, Such ter:ms, when

taken into account in the expression form ,give contributions of the

type

20



3

DY
(2511)3 J k I(”(k:p,.q JIT ki, q,) (4.18)
0

which under the condition (4,16) at asymptotically large energies
s~ and (ixed 1 are negligible compared with (4,14},

We note that in principle it s interesting to investigate in
more detail the dependence of the quality nls,1} on forms of the
cut-off in the integral. over meson momentum under various re-
lations between the cut-off parameter and particle masses,

In conclusion we emphasize that in this paper we developed
a method of summing the ladder and cross ladder Feynman diag-
rams for the amplitudes of inelastic and elastic processes, taking
into account radiation corrections but not diagrams with closed
nucleon loops,

The straight-line particle path approximation, used in this
wark corresponds to a physical picture in which scatlering high
energy nucleons at act of interaction recelve a small recoll con-
nected with the emisslon of "sof" mesons and retain their Indivi-
dually {leading particle in the terminology in cosmic ray physics).

The method can be used for studying the role of the vacu-
um polarization effects and also of the diagrams containling closed

nucleon loops[ 42,43 .
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