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Road map:

• paradox and problems

• KAM, FPU and Toda

• periodic orbits (q-breathers) 

• scaling
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PART ONE: 

THE PARADOX AND

THE PROBLEMS
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The equations of motion are for a nonlinear finite atomic chain 

with fixed boundaries and nearest neighbour interaction



The structure of the nonlinear coupling for the α-FPU model

The harmonic energy of a normal mode with mode number q:
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Movies: let us see what FPU observed

Galgani and Scotti (1972): exponential localization



Evolution of normal mode coordinates



Evolution of normal mode coordinates



Evolution of normal mode energies



Evolution of normal mode energies



Evolution of real space displacements



Evolution of real space displacements
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Kolmogorov – Arnold – Moser (KAM) theory

Integrable classical Hamiltonian , d>1:
Separation of variables: d sets of action-angle 
variables

Quasiperiodic motion: set of the frequencies,   
which are in general incommensurate  

Actions       are integrals of motion
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Q:
Will an arbitrary weak perturbation 

of  the integrable Hamiltonian 
destroy the tori and make the motion 
ergodic (when each point at the energy 
shell will be reached sooner or later)

?

A:
Most of the tori survive 
weak and smooth enough 
perturbations
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KAM 
theorem

A.N. Kolmogorov, 
Dokl. Akad. Nauk SSSR, 1954. 
Proc. 1954 Int. Congress of 
Mathematics, North-Holland, 1957
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Each point in the space of the 
integrals of motion corresponds 
to a torus  and vice versa
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Finite motion.
Localization in the space 
of the integrals of motion?

Most of the tori survive weak and 
smooth enough perturbations

KAM 
theorem:

• KAM applies to finite systems

• Does it apply to waves in infinite systems?

• How are KAM thresholds scaling with number of degrees of freedom?

• Will nonlinear waves observe KAM regime?

• If they do – then localization remains

• If they do not – waves can delocalize



Comparing the integrable Toda to the nonintegrable FPU 

E. Christodoulidi, A. Ponno, Ch. Skokos, SF,  in preparation



T1=10^2 ; T2=10^8



T2=T1 : strong chaosT2  >> T1 : weak chaosT2 infinite? KAM?



PART TWO:

q-BREATHERS



Existence proof by Flach et al (2006): use nonresonance for finite N and Lyapunov orbit continuation!

PRL 95 (2005) 064102, PRE 73 (2006) 036618



And Lyapunov’s Theorem for Non-Degenerate Weakly

Coupled Anharmonic Oscillators

Nonresonance condition (follows from Conway/Jones 1976):

SO WE NEED A FINITE SYSTEM IN REAL SPACE!



Cascade-like perturbation theory 3,3+3+3=9,9+3+3=15,15+3+3=21,etc

coincides with boundary

estimate of natural packet

by Shepelyansky!

Flach, Ivanchenko, Kanakov PRL 95 (2005) 064102
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coincides with boundary

estimate of natural packet

by Shepelyansky!

Flach, Ivanchenko, Kanakov PRL 95 (2005) 064102





QB: Evolution of normal mode coordinates



QB: Evolution of normal mode coordinates



QB: Evolution of real space displacements



QB: Evolution of real space displacements



PART THREE:

GOING BEYOND



PLA 365 (2007) 416





PRL 97 (2006) 025505



Further reading: 

• PRL 95 (2005) 064102

• PRE 73 (2006) 036618

• PRL 97 (2006) 025505

• PLA 365 (2007) 416

• Chaos 17 (2007) 023102



Take Home Messages

• nonlinear dynamical systems – nonintegrability, chaos

• quasiperiodic motion destroyed, BUT:

• periodic orbits are generic low-d invariant manifolds

• spatial lattices: POs localize in real space – discrete breathers 

• normal modes: POs localize in mode space – q-breathers

• breathers are essential periodic orbits which describe

the evolution of relevant mode-mode interactions,

correlations in and relaxations of complex systems 


