V.A. Smirnov

Evaluating multiloop Feynman integrals

by Mellin—Barnes representation

V.A. Smirnov

Nuclear Physics Institute of Moscow State University

Dubna, July 18, 2006 — p.1



Introduction. Evaluating Feynman integrals

# Mellin—Barnes representation. Simple one-loop
examples

# General prescriptions. Multiple Mellin—Barnes integrals
# Two- and three-loop examples. A review of results

e

#® Perspectives

details can be found in
V.A. Smirnov, Evaluating Feynman integrals (Springer 2004)
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| ntroduction

A given Feynman graph I' — tensor reduction — various
scalar Feynman integrals that have the same structure of
the integrand with various distributions of powers of
propagators.

ddklddkg
Fr(ay,as, ... m1 Jar( p2 %)az

d=4— 2¢

The propagator as a building block
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UV, IR and divergences
Regularization.
Dimensional regularization. Formally,

d*k = dkok — d%

where d = 4 — 2¢
Informally, use alpha parameters

1 1¢ > 2 2
_ dav a®1 i(p”—m*)«
(k2 +m2—i0)e  T(a) /O ot

change the order of integration, take Gauss integrals over
the loop momenta
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GraphI' —
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One can deal with dimensionally regularized Feynman
Integrals as with usual integrals. They are even better ;-)
Use integration by parts (IBP) and always neglect surface
terms.

Methods to evaluate Feynman integrals: analytical,
numerical, semianalytical ...

A straightforward analytical strategy:

to evaluate, by some methods, every scalar Feynman
Integral generated by the given graph.
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An advanced strategy:

to derive, without calculation, and then apply IBP identities
between the given family of Feynman integrals as
recurrence relations.

A general integral of the given family Is expressed as a
linear combination of some basic (master) integrals.

The whole problem of evaluation—

# constructing a reduction procedure
# evaluating master integrals
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Methods to evaluate master integrals:
# Feynman/alpha parameters

# Mellin—Barnes representation

# method of differential equations
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Mellin transformation, Mellin integrals as a tool for Feynman
Integrals:

Evaluating individual Feynman integrals:

Systematic evaluation of dimensionally regularized
Feynman integrals (in particular, systematic resolution of

the singularities in )
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The basic formula:

1 1 1 +100 v 2
(X+Y)» "~ T(\)2ni / e AT (=)

The poleswith a I'(... +2) dependence are to the left of the
contour and the poles with a I'(... —z) dependence are to
the right
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The simplest possibility:

1 1 1 +100 m2)?
(m? — k2> ~ T () 2ri /ioo O|'7‘/(_(/~¢2))A+zr()‘Jr )T (=2)

Example 1
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In particular,

. 9 +ioo 2\ % _\2
ire 1 dz<z2> ['(1+4 2)'(—2)

Fr(2.1.4) = ———
r(21,4) q? 27 ) i I'(1 —2)
with —1 < Rez < 0

Closing the integration contour to the right and take a series
of residues at the points 2 =0.,1,2,... —

5 1n (1 — q2/m2)

Fr(2,1,4) = in .
q
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['(e+2)I'(—z) — a singularity in ¢
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Take a residue at z = —e¢:

and shift the contour:

L[ oo () TN

27T1 O
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Example 2. The massless on-shell box diagram, I.e. with

pF=0,1=1,2,34

P1

P2

where s = (p1 + p2)? and t = (p1 + p3)*

V.A. Smirnov

p3

o

Iy (s, t;a1,a2,a3,a4,d)
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FF(Sat; CLl,CLQ,CL3,CL4,d)
— (—1)%ind/? MNa+e—2)'(2—€—a; —a2)l'(2—€— a3 — ay)
['(4—2e—a)][T(a)
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where a = a1 + a9 + a3z + as

Apply the basic formula to separate
—s&1&2 and —t(1 — &) (1 — &) In the denominator

Change the order of integration over z and £-parameters,
evaluate parametric integrals in terms of gamma functions
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(* The integrand of the MB integral for the one-
| oop massl ess box diagramwi th plr2=p272=p3"2=p4"2=0 *)

In[1]:= Boxl[al_, a2_, a3_, a4_] : =
(SP-al-a2-as-a4-ep-z T2 (gmmal +a2 +a3+a4 -2 +ep +z] Ganma[a2 +z]
Gammafad +z] Gamma[2-al -a2-a4 -ep-z] Gamma[2-a2-a3 -ad4-ep-z] Gamma[-z]) /
(Gammma[al] Gamma[a2] Ganma[a3] Gamma[ad4] Gamma[4 -al -a2 -a3 -a4 -2ep]);

(» Notation:

S=(pl+p2)"2=-S, t=(pl+p2)"2=-T,;
I Pin(d/2) is pulled out, as always «)

(* The box with the powers of the propagators equal to one x)
In[2]:= Box1[l, 1, 1, 1]

1

-2-ep-z Tz 1 _ _ 2 _ 2
Gamma -2 ep] (S T* Gamma[-1-ep-z]°c Gamua[-z] Gamma[l +z]- Gamma[2 +ep +2])

Qut[2] =

In[3]:= /. {S->1, T->x}

xZ Ganmma[-1-ep-2z]2 Ganma[-z] Gamma[l +z]? Ganma[2 + ep + 2]

Qut[3]= Gamma[-2 ep]
(» The initial quantity is obtained fromthe | ast one by the change x-
T/S and nul tiplying by S2-°P &)
(» The product Gamma[l+z]2 Gamma[-1-ep-z]? generates a singularity in ep
when ep-0.
The first pole of Gamma[l+z] and the first pole of Gamma[-1-ep-z] gl ue together
at ep=0.
(There is no place for a contour between these poles.)
W take m nus residue
at z=-1-ep
and shift the contour so that the nature of
the first pole of Gamma[-1-ep-z] in the new integral changes.
Let us evaluate the box in expansion in ep up to ep”l.
*)
In[4]:= -Residue[¥%B, {z, -1-ep}]
— 1 -1-ep 2
Qut[4] = —m(x Gamua[-ep]c Gamma[l +ep]

(Eul er Ganma + Log [x] + 2 Pol yGanma [0, -ep] - Pol yGama [0, 1 +ep]))

In[5]:= Full Sinplify[Normal [Series[%E”" (Eul er Ganma ep), {ep, 0, 1}111]

1

m(2478ep2 72 +ep (-12 + 7ep? 7%) Log[x] +2ep® Log[x]® - 68 ep® Zeta[3])

Qut[5] =

(» Expanding in ep in the integral over the new contour =)
(* The integration is at -1<Re (z)<0 *)
In[6]:= Sinplify[Normal [Series[¥%3 E” (Eul er Gammaep), {ep, 0, 1}11]
Qut[6]= -2epx? Gamma[-1-z]2 Gamma[-z] Gamma[l +2z]? Garma[2 + z]

(» The MB integral can be evaluated by closing the
integration contour to the right in the conplex z-plane. *)
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In[7]:

Qut[ 7]

In[8]:

Qut [ 8]

In[9]:

Qut[9] =

In[10]:

In[11]:

Qut[11] =

In[12] : =

ut[12]= -

In[13]: =

Qut[13] =

In[14]: =

Qut[14] =

In[33]:=

Qut[33] =

In[34]: =

Qut[34] =

In[16]: =

Qut [ 16] =

Sinplify[%//. {Ganma[-1-2z] » Gamma[-z] / (-1-2z), Gamma[2 +2z] » Ganma[l +z] (1 +2) }]

~2epx? Gamma[-z]® Gamma[1 +2]°
1+2z

%/. {Ganma[-z]% Gamma[l+z]% > -x° Csc[nz]%}

2eprdx?Cscinz]®
1+2z

(» Now we take residues at z=0,1,2,.,.. *)
%/. Z-»>Z+n

2epsdx™Z Cscn (n+2)]3
l+n+z

% /. {Csc[x(n+2)] > (-1) nCsc[nz]};

% /. { (-1)3" 5 (-1)™}

2 (-1)"ep s x™Z Csc[nz]®
l1+n+z

-Residue[% {z, 0}]

1
(L+n)3
((-D)"epx™ 2+ +2n7%+n? 7% -2Log[x] -2nLog[x] +Log[x]?+2nLog[x]?+n?Log[x]?))

Apart [%/. n->n-1, n]

2 (-1)"epx " 2 (-1)" epx 1" Log[X] (-1)" epx1" (52 + Log[x]?)
n3 h n2 i n

Sum[% {n, 1, Infinity}]

7% (ep (7 Log[1l+x] +Log[x]?Log[l+x] +2Log[x] PolyLog[2, -x] -2PolyLog[3, -x]))

(» Nunerical check *)

%4 /. {x->0.76, ep~» 0.3}

-2.91293

Nl ntegrate[% /. {x »0.76, ep-» 0.3, z--0.5+1 »yl}, {yl, -5, 5}1/2/Pi
-2.91293+0. 1

%4 + %6

7% (ep (72 Log[1l+x] +Log[x]?Log[l+x] +2Log[x] PolyLog[2, -x]-2PolyLog[3, -x])) +

1

m(24—8ep2 72 +ep (-12 + 7 ep? 7%) Log[x] + 2 ep® Log[x]® - 68 ep® Zeta[3])

(» This is our result (up to | Pird/2) ) =)
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In[17]:= (%/. x >T/S) S2°P

Qut[17] = S2°eP (_%(eps (;TZ Log|[1 + %] +Log[%]2 Log|[1 + %] +

ZLOQ%} Pol yLog 2, —%} -2 PolyLog|3, _%m +6elT

(S (2478ep2 72 +ep (-12 + 7 ep? n?) Log[%] +2ep? Log[%}3 - 68 ep® Zeta[S})))

(» Suppose now that we want to eval uate the box
in expansion in ep up to ep”2.

*)
In[4]:= -Residue[¥%8, {z, -1-ep}]
Qut[4] = 7W?226[3}_<X717ep Gamma[-ep]? Gamma[l + ep]

(Eul er Ganma + Log [x] + 2 Pol yGanma [0, -ep] - Pol yGama [0, 1 +ep]))

In[36]:= Full Sinplify[Normal [Series[%! E* (Eul erGammaep), {ep, 0, 2}]11]

1
360 ep? x
60 ep Log[x] (12 -7 ep? 7% +ep? Log[x] (3epn? +Log[x] (-2 +epLlog[x]))) +
240 ep® (-17 +10ep Log[x]) Zeta[3])

Qut [ 36] = (1440 - 480 ep? 7% - 41 ep* n* -

(» Expanding in ep in the integral over the new contour =)
(* The integration is at -1<Re (z)<0 *)
In[37]:= Sinplify[Normal [Series[%3 E” (Eul er Ganmaep), {ep, 0, 2}111

Qut[37]= 2epx? Gamma[-1-2z]? Gamma[-z] Gamma[l +2z]? Garma[2 + z]
(-1 +epEul erGama + 2 ep Pol yGamma [0, -1 -2z] -ep Pol yGamma [0, 2 +2])

In[38]:= Simplify[%//. {Gamma[-1-2z] » Gamma[-z] / (-1-2), Ganma[2 +2z] » Gamma[l +z] (1 +2) }]
11'2 (2 ep x? Gamma[-z]® Garma[l +z]°3
(-1 +epEBul erGama + 2 ep Pol yGamma [0, -1 -2z] -epPolyGamma [0, 2 +2]))

Qut[38] =

In[39]:= Sinmplify[%//. {PolyGamma[0, -1-2z] » Pol yGamma[0, -z] - (1/ (-1-2)),
Pol yGama [0, 2 +2] » Pol yGama[0, 1+2z] +1/ (1+2)}]

Qut[39] = ﬁ(Zepr Gama[-z]% Gamma[l + 2]
+
epEul erGammmaz +2ep (1 +2z) Pol yGanma [0, -z] -ep (1 +2z) PolyGamma [0, 1+2]))

S (-1+ep+epEulerGamma-z +

In[40]:= %/. {
Pol yGama [0, -z] » Pol yGanmma[0, 1+2z] +xCot [7rz]}
Qut [ 40] = ﬁ(Zepr Gamma[-z]% Gamma[l +2z]® (-1 +ep + ep Eul er Gamma - z + ep Eul er Garma z -
+
ep (1+z) PolyGamma [0, 1+z] +2ep (1+2z) (sCot [z] +PolyGamma [0, 1+2])))
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In[41]:= %/. {Gamma[-z]% Gamma[l+2z]1% » -n® Csc[nz]%}
Qut[41] = —ﬁ@epzﬁ*xz Csc[nz]® (-1+ep+epEul erGamma -z +ep Eul erGamma z -
+

ep (1+z) PolyGamma [0, 1+z] +2ep (1 +2z) (nCot [rz] +PolyGanmmma [0, 1+2])))

(» Now we take residues at z=0,1,2,.,.. *)
In[42]:= % /. Zz> z+n
1 3 3
Qut[42]= -——— (2e x"*2 Csc n+z
[42] (1+n+z)2< p T [t (n+2)]

(-l+ep+epEulerGmma-n-z +epEulerGanma (n+z) -ep (L+n+z) PolyGama[0, 1+n+2z] +
2ep (l+n+2z) (nCot [m(n+2z)] +PolyGnmma[0, 1+n+2z])))

In[43]:= % /. {Csc[m (N+2)] > (-1)*nCsc[nz], Cot [x (n+2)] » Cot [xz] };
In[44]:= % /. { (-1)3" 5 (-1)"}
=1

Qut[a4]= (L+n+2z)2

( (71)”ep7r3x"+ZCsc[7rz]3(71+ep+epEuIerGarmafnferepEuIerGamm(n+z)7ep

(l+n+2z) PolyGanma [0, 1+n+z] +2ep (lL+n+2z) (sCot [nz] +PolyGamma ([0, 1+n+2])))

In[45]:= -Residue[% {z, 0}]
Qt[45]= — T ((-1)" epx"

3(1+n)?

(-6+6ep+6epEulerGama-6n+6epEul erGamman -3 7® + ep 7?2 + 3 ep Eul er Ganma n? -
9nn®+2epnn?+9epEul erGanman ® -9n? 72 + epn? 5% + 9 ep Eul er Garma n? 7% -
3n® 72 +3epEul erGanman® 7% + 6 Log[x] - 6 ep Eul er Ganma Log [x] + 12 nLog[X] -
12 ep Eul er Ganman Log [x] + 6 n? Log[x] - 6 ep Eul er Gamman? Log [x] +
2epr® Log[x] +6epnn?Log(x] +6epn? n®Log[x] +2epndn?Log[x] -
3Log[x]2-3eplog[x]?+3epEul erGammalog[x]?-9nlLog[x]? -
6epnlog[x]?2+9epEul erGammanLog[x]%2-9n?Log[x]?-3epn?Log[x]? +
9 ep Eul erGarman? Log[x]2 -3n® Log[x]? + 3ep Eul erGamman® Log[x]? + 2ep Log[x]°® +
6epnlLog[x]®+6epn?Logx]3+2epndLog[x]®+6epPolyGamma[0, 1+n] +
6epnPol yGammai[0, 1+n] +3epr?®PolyGamai[0, 1+n] +9epnn?PolyGamma[0, 1+n] +
9epn? 7% Pol yGamma [0, 1+n] +3epn® n? Pol yGarma [0, 1+n] -
6 eplLog(x] PolyGamma [0, 1 +n] -12epnlLog[x] PolyGama[0, 1+n] -
6 epn? Log[x] Pol yGamma[0, 1 +n] +3epLog[x]? Pol yGamma [0, 1+n] +
9epnLog[x]?Pol yGanma[0, 1+n] +9epn?Log[x]?Pol yGamma [0, 1+n] +
3epnd®Log[x]% PolyGamma[0, 1+n] -6epPol yGamma[l, 1+n] -
12 epnPolyGamma[l, 1+n] -6epn? PolyGamma[l, 1+n] +6epLlog[x] PolyGamma[l, 1+n] +
18 epnlLog[x] Pol yGarma[l, 1+n] +18epn? Log[x] Pol yGamma[1l, 1+n] +
6epndLog[x] PolyGamma[1l, 1+n] +3epPol yGarma[2, 1+n] +
9epnPolyGamm[2, 1+n] +9epn?PolyGamma[2, 1+n] +3epn® PolyGamma[2, 1+n]))
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In[46] := Apart [%/. n->n-1, n]

_ 2 (-L)"ep?xtn 2 (-1)"epx 1" (-1 +ep Eul er Ganma + ep Pol yGamma [0, n])
Qut[46]= - = - 3 -
1

W((—1)“ epx 1" (ep 7% +6 Log[x] - 6 ep Eul er Ganma Log [X] -

3eplog(x]?-6eplog[x] Pol yGanma[0, n] - 6 ep Pol yGamma[1, n])) -
%((—1)” epx 1" (=372 +3epEul erGamma? + 2ep 72 Log[x] -3 Log[x]? +
3epEul erGamma Log[x]? +2ep Log[x]® + 3 ep n% Pol yGamma [0, n] +
3eplLog[x]? Pol yGarma [0, n] +6 ep Log[x] Pol yGamma[1, n] + 3 ep Pol yGanma[2, n]))
(» Mathematica does not work here ; -( *)

In[47]:= Sum[% {n, 1, Infinity}]

(» OK, let us helpit.
See the file
11 BOMBaux. nb
*)

In[90]:= 9B7 + ¥36

Qut [ 90] = m (1440 - 480 ep? 2 - 41 ep* 4 —
60 ep Log[x] (12-7ep? n® +ep? Log[x] (3ep® +Log[x] (-2 +eplog[x]))) +
240 ep® (-17 +10ep Log[x]) Zeta[3]) - six

(ep (672 Log[l+x] -6eps?Log[x] Log[l+x] +6Log[x]2Log[l+X] -
4eplog(x]®Log[l+x]+3epr?Log[l+x]?+6eplog[-x]Log[x]Log[l+x]?+
3eplog[x]?Log[l+x]%2-6Log[x] (-2+eplog[x] -2eplog[l+x]) PolyLog[2, -Xx] +
12epLog[x] Log[l+x] PolyLog[2, 1+x] -12PolylLog[3, -x] -
12epLog[l +x] PolyLog[3, -x] -12epLog[x] PolyLog[3, 1+x] +12epPolylLog[4, -X] -

12epPolyLog[2, 2, -x] +12eplog[x] Zeta[3] +12eplLog[l +x] Zeta[3]))

(» This is our result (up to | Pir@d/2) ) =)

In[91]:= (%/. x »>T/S) S2°P

1
360ep2 T
T

60epLog[%] (12 -7 ep? n* + ep? Log[%] (3epn2+Log[§] (72+epLog[%]))) +

Qut[91]= S2-°P ( (S (1440 - 480 ep? 72 - 41 ep* 1* -

240ep® (-17 + 10ep Log[ <) Zeta(3])) -

(GDS(GHZ LOg[1+%]—6epn2 Log[%}Log[1+%]+6Log[%}2Log[1+%}-
4epLog[%}3Log[1+%}+3epn2 Log[1+%}2+6epLog[—%]Log[%]Log[1+%}2+
SepLog[%}zLog[l+%}2—6Log[%} (-2+eplog| <] -2eplog[i+ ¢])

Pol yLog 2, _%] +12ep|_og[%} Log[1+%} Pol yLog [2, 1+%} _
12Polylog[3, - <] -12eplog[1+ «] PolyLog[3, - <] -
12epLog[%] Pol yLog 3, 1+%} +12ep Pol yLog 4, 7%} -

12 ep Pol yLog |2, 2, 7I} +12ep Log[%] Zeta[3] +12eplog[l+ I} Zeta[S])))

S S



General recipes

# Derive a (multiple) MB representation for general
powers of the propagators. (The number of MB
Integrations can be large (more than 10)).

# Use it for checks. Reducing a line to a point —
tending a; to zero — (usually) taking some residues.

A typical situation:

['(az+2)['(—=2)
[(az) 7

Gluing of poles of different nature. Take a (minus)
residue at z» = 0, then set as = 0.

# Unambiguous prescriptions for choosing integration
contours

# Try to have a minimal number of MB integrations.

as — 0
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#® Resolve the singularity structure in €. The goal: to

V.A. Smirnov

represent a given MB integral as a sum of integrals
where a Laurent expansion in e becomes possible.
The basic procedure:

take residues and shift contours

Two strategies:

o #1
E.g., the product I'(1+2)I'(—1 — e—2) generates a
pole of the type I'(—e¢).
The general rule: I'(a+2)I'(b—=), where ¢ and b
depend on the rest of the variables, generates a pole
of the type I'(a + b). ‘Key’ gamma functions
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o H2 [J.B. Tausk’99, Anastasiou’05, Czakon’'05 ].
Lecture by T. Riemann.
Two algorithmic descriptions [c. Anastasiou'05, M. Czakon'05 |

The Czakon’s version is already implemented in
Mathematical

# Evaluate MB Integrals after expansion in ¢
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In the last step:
Apply the first and the second Barnes lemmas

o dzT'(A1 4+ 2)T'( A2 + 2)T'( A3 — 2)['(\g — 2)
Tl J 00
F()q + )\3)F()\1 -+ )\4)F()\2 -+ )\3)F()\2 + )\4)
F()\l + Ao + A3 + )\4)

1 /“OO 1, L1+ 2T + 2)T (s + 2T (M — 2)T (s — 2)
2T ) a0 ['(A¢ + 2)

F()q + )\4)F()\2 + )\4)F()\3 -+ )\4)F<>\1 + )\5)

C(A + Ao+ A+ A5) (A1 + A3 + Mg+ As)

['(A2 + A5)'(A3 + As)
X . A=A+ A F A3+ M+ A
F()\z + A3+ M\ + )\5) 0 L 2 ? 4 .
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multiple corollaries, e.g.,

— dzT(A1 + 2)[F (A2 + 2)['(= Ao — 2)['(A3 — 2)

27'('1 —i0o

=I'(A1 — A2)I'(A2 + A3) [(A1 — A2) — (A1 + A3)]

Use SUMMER [J.A.M. Vermaseren’00 ]

IBP Is also possible, e.g.
/

/dzﬂj) :/dzf(Z)
c z C z
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Example 3. Non-planar two-loop massless vertex diagram
with pt = p5 = 0, Q* = —(p1 — p2)* = 2p1-p2

d?k d?l
2.
Fr(Q%ar, ... a6, d // (k+1)2 = 2p1-(k + )]

T G T =2 T~ T
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Gonsalves’83:

2
(—1)® (md/z) D(2 — e — ass)T(2 — € — agp)
FF(Q2; ai, - .., ag, d) —

(Q?)at2e=4 T (a;) I'(4 — 2¢ — asase)

1 1
«T(a + 2 — 4)/0 dé; .. /O Gy €071 (1 — gy lgae (1 — gy)te
><€CL1 1 CL2 1(1 . 53 . 64)3_34564-6—314(51752753754)4—26—61, |

where

A(€1,82,83,84) = E38u+ (1 — &3 — &4)[€283(1 — &1) + &1&4(1 — &2)]

V.A. Smirnov



['(a+ 2¢ —4)

e =€) + (1 —n) (€l — &) + (1 — & (1 — &))" >
1 [T dy D=z (1 - 6
i —ino (1 _ n)a+2e—4—|—z1
F(CL‘|‘2€—4—|—21)

[552(1 — fl) + (1 _ f)fl(l _ 52)]0,4—26—44—21

The last line —

X

1 (1 dzoT(a+2€—4+ 21 + 29)T(—22)62652 (1 — &)

211 ) _jne (1 — £)at2e—ddz1tzs §?+26—4+Zl+2’2(1 — &y)at2e—d+ata

V.A. Smirnov



(_1)61, ( d/2>2F(2 e — &35)
(Q?)a+2¢=41(6 — 3e — a) [[ T'(ay)
['(2 — € — ayp)

+100 +100
X dzidzel'(a + 26 — 4
T'(4 — 2¢ — agasg) (27i)2 / / <1022 T 2€ + 21 + 22)

XI'(—21)T'(—22)T(ag + 22)T (a5 + 22)(ag + 21 + 22)
Y F(2—e—a12—zl)F(4—26+a2—a—22)

F(4 — 2€ — 1235 — Zl)F(4 — 2€ — 1246 — 21)
xI'4—2e+a3—a—21—2)'(4—2e+as—a— 21— 22),

Fr(Q% a1, .. a5,d) =

where asys6 = as + a4 + as + ag, €tc.
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2INPVMB.nb 1

In[1]:=

In[2]:=

Qut[2] =

In[3]:=

Qut[3]=

(* 2fold MB representation for the non-planar vertex massl ess di agram
The factor QQt-al-a2-a3-a4-a5-a6-2.ep jg gnjtted.
QQ=- (pl-p2)"2. _ _
The factor (I Pi~(d/2))"2 is also onmitted as usually. )

NPMB[al , a2, a3_, a4_, a5_, a6_]1:= ((-1)*(al+a2+a3+ad4+ab+ab) /

(Gamma[al] Gamma[a2] Ganma[a3] Gamma[ad] Gamma[ab] Ganmaf[a6]) Gamma[2 - ep - a3 - a5]

Gamma[2 -ep-a4 -ab6] /Ganma[4 -2ep-a3-a4-ab-a6] /Gamm[6 -3 ep-al-a2-a3-a4-ak
Gammaf[al +a2+a3+ad4+a5+ab+2ep-4+z1+22] Gamma[-z1] Ganma[-z2]
Gamma[2 -ep-al-a2-z1] Gammafad +z2] Gamma[al + z1 +z2]
Gamma[4-2ep-al-a3-a4-a5-a6-z2] Ganma[4-2ep-al-a2-a4-a5-a6-z1-22]
Gamma[ab +z2] Gamma[4 -2ep-al-a2-a3-a4-a5-z1-z2]/CGamu[4-2ep-al-a2-a4-ab

Gamma[4 -2ep-al-a2-a3-a5-1z1]1);

(* The diagramw th all powers of the propagators equal to
one. W shall evaluate it in expansion in ep up to ep”0. Wen expandi ng
in ep we shall pull out FE*(-2EulerGamma ep) as usually *)

NPMB[1, 1, 1, 1, 1, 1]

(Gamma[-ep]? Ganma[-ep -z1] Gamma[-z1] Gamma[-1-2ep-z2] Ganma[-1-2ep-z1-22]2
Gamma[-z2] Garma[l +z2]? Gamma [l +z1 +2z2) Garma[2 +2ep +z1 +22]) /
(Gamma[-3 ep] Gamma[-2 ep] Gamma[-2 ep - z1]?)

(* The factor QQ22¢° is pulled out *)
(» A useful change of variabl es *)
% /. z1»5-1-21-22

(Gamma[-ep]? Gamma [l +2ep-z1] Garma[-z1]) Gamma[-2ep +z1]? Gamma[-1-2ep - z2]
Gamme[-z2] Garma[l +z2]2 Garma[l +z1 +z2] Gamma[l —ep +z1 +z2]) /
(Gamma[-3 ep] Gamma[-2ep] Gamma[l -2ep +z1 +22]?)

(* Not at i on:
We call poles of Gamma[a-z] ultriviolet (UV) and
pol es of Gamma[a+z] infrared (IR).
If we want to change the nature of the first
pol e of sone ganmma function it is denoted by green col our.
If the first pole of a gamma function Ganma[a-z] has changed its nature,
i.e. has becone IR we denote
such gamma function by red colour, i.e. Gamma[a-z].

If the first pole of a gamma function Ganma[a+z] has changed its nature,

i.e. has becone W we denote
such gamma function by violet colour, i.e. Gamuala+z].
*)

[-2ep+2z1]? Gamma[-z1] Ganma[l + 2 ep - z1]
Gamma[l +z2]? [-1-2ep-22] Gamma[-z2]
Gammall +z1 +22] Gamma[l -ep +z1 +22]

(» There is gluing when ep-0
in the follow ng pairs of products:

[-2 ep+z1]? Gamma[-z1] and
Gamma[l+z212 [-1-2 ep-z2].

There is no other way to generate a pole in ep.
*)

(» Take care of [-2 ep+z1]1? and [-1-2 ep-z2] =)



2INPVMB.nb 2
In[4]:= -Residue[% {z2, -1-2ep}]
Qut[4]= (Gammm[-2ep] Gamma[-ep]? Gamma[l +2ep] Ganma[l+2ep-z1] Gamma[-z1]
Gamma[-3ep+z1] Gamma[-2ep+2z1]1%) / (Ganma[-3 ep] Gamma[-4 ep +z1]2)
(* [-3 ep+z1] [-2 ep+z1]® Gammma[1+2 ep-z1] Gamma[-z1] *)
(* There is gluing of W and IR poles due to the
product of [-3 ep+z1] [-2 ep+z1]1®with Garma[-z1].
So we take care of the first poles of [-3 ep+z1] and [-2 ep+z1] =)
In[5]:= Residue[%l, {zl1l, 2ep}]
_ 1 2 2
Qut[5] = 6 Ganma -3 ep] (Gamma[-ep]© Gamma [l + 2 ep] (12 Eul er Ganma® Gamma[-ep] +
2 7> Gamma[-ep] + 36 Eul er Ganma Ganma[-ep] Pol yGamma [0, -2 ep] +
27 Ganma[-ep] Pol yGanma [0, -2 ep]? - 12 Eul er Ganma Garma [-ep] Pol yGanma [0, -ep] -
18 Garma[-ep] Pol yGamma [0, -2 ep] Pol yGanma[0, -ep] + 3 Ganma[-ep] Pol yGamma [0, -ep]? -
3 Ganmma[-ep] Pol yGamma (1, -2ep] + 3Gamma[-ep] Pol yGanma[1l, -ep]))
(» We expand all parts of our result in ep up to ep”0 &)
In[6]:= Full Sinplify[Normal [Series[%E”" (2 Eul er Ganma ep), {ep, 0, 0}111]
2 2 4 4 3
Qut[ 6] = 24 -8ep- e +5ep 7r475689p Zeta[3]
16 ep
In[7]:= Residue[%l, {zl1l, 3ep}]
Qut[7]= Gamma[l-ep] Ganma[-2ep] Ganma[ep]® Garma [l + 2 ep]
In[8]:= Full Sinplify[Nornal [Series[%E” (2 Eul er Ganma ep), {ep, 0, 0}111]
Qt[s= - 15 +15ep? 72 + 9 ep* n* + 5 epd Pol yGamma[2, 1]

30 ep?

Inf10]:= FullSimplify[¥%6 +%8 /. PolyGamm[2, 1] » -2 Zeta[3]]

Qut[10] =

1 ha +i7 211 Zeta[3]

ep? ep? " 80 6ep

(*» Now the first poles of [-3 ep+zl1l] and
[-2 ep+z1]® have changed their nature and we have:

CGamma[-3 ep+z1] Gamma[-2 ep+zl]3 Gamma[-z1] Gamma[l+2 ep-z1]
Now there is no gluing of UV and

IR pol es and we can safely expand the integarnd in ep.
*)



2INPVMB.nb

In[11]:= Sinplify[Nornmal [Series[%l E" (2 Eul er Gamma ep), {ep, 0, 0}11]1]

Qut[11] = ﬁ (Gamma[l-2z1] Gamma[-z1] Gamma[z1]?
(12 + 12 ep Eul er Ganma + 6 ep? Eul er Ganma? + ep? 72 + 24 ep? Pol yGanma [0, 1-2z1]? -
12 ep (1 + ep Eul er Gamma) Pol yGanma [0, z1] + 6 ep? Pol yGamma [0, z1]? +
24 ep Pol yGamma [0, 1-2z1] (1 +ep Eul er Gamma - ep Pol yGamma [0, z1]) +
24 ep? Pol yGamma[1, 1-z1] - 66 ep? Pol yGanma[1, z1]))
(* The calculation of the integral of this expression
over z2 at -1<z2<0 is presented in the
file 21 NPMBaux. nb. This is the corresponding result: x)
72 41 74 3 Zeta[3]
In[12]:= - + ;
4 ep? 48 ep
(* Nunerical check *)

In[13]:= %/. {ep->0.3}

Qut[13]= -43.7675

Inf[14]:= Nintegrate[ %l /. {ep-0.3, z1 5 -0.5+1 xyl1}, {yl, -3, 3}]1/2/Pi

Qut[14]= -43.7675+0. i

(» Now we have a 2fold MB integral where the first pole of
Ganma[-1-2 ep-z2] has changed its nature, i.e. has becone IR «x)

(% [-2 ep+z1]? Gamma[-z1] Gamma[1+2 ep-z1]
Gamma[1+z2]2 Gamma[-z2] Ganmma[-1-2 ep-z2]
Gamma[l+z1+z2] Gamma[l-ep+z1+z2] *)
(* Now we take care of [-2 ep+z1]%2 in a simlar way. =)
In[15]: = Residue[%B, {z1, 2ep}]
m (Gamma[-ep]? Gamma[-1-2ep-z2] Ganma[-z2]

(-Eul erGanma Gamma[1 + ep +z2] Ganma[l + 2ep +z2] -Gamma [l +ep +z2] Gamma [l + 2 ep + z2]
Pol yGamma [0, -2ep] -2 Gnmma[l +ep+z2] Ganma[l +2ep +z2] Pol yGmma[0, 1 +2z2] +
Ganmma [l +ep+z2]) Gamma[l +2ep +z2] PolyGamm[0, 1 +ep +2z2] +
Ganmma [l +ep+z2]) Ganma[l +2ep +z2] PolyGamma [0, 1 +2ep +22]))

Qut[15] =

In[16]:= Factor [%45]

1
~ Gamma[-3ep]
Ganma [l +ep +z2] Ganma[l + 2 ep +z2] (Eul er Gamma + Pol yGanma [0, -2 ep] +
2 Pol yGanma [0, 1 +2z2] - Pol yGanma [0, 1+ep+2z2] -PolyGamma[0, 1+2ep+22]))

out[16] = (Gamma[-ep]? Gamma[-1-2ep -z2] Ganma[-z2]

(» There is no gluing here because the first pole of
Gamma[-1-2 ep-z2] is IR and its the product with Ganma[l+ep+z2]
Ganma[l+2 ep+z2] is unanbiguously integrated. So we nmay expand in ep: x)



2INPVMB.nb

In[17]:= Sinplify[Nornmal [Series[%E" (2 Eul er Garma ep), {ep, 0, 0}111]

1
8 ep?
(4 + 4 ep Eul er Garma + 2 ep? Eul er Garma? - 5 ep? 72 + 8 ep? Pol yGamma [0, -1 -22]2 +
12 ep (1 +ep Eul er Ganma) Pol yGanma [0, 1 +z2] + 18 ep? Pol yGanma[0, 1+2z2]% -
8 ep Pol yGamma [0, -1 -2z2] (1 +epEul erGanma + 3ep Pol yGamma [0, 1 +22]) +
8 ep? Pol yGamma[1l, -1-z2] - 14 ep? Pol yGamma[1, 1+22]))

Qut[17] = (3Gamma[-1-2z2] Ganma[-z2] Ganma [l +z2]?

(* The calculation of the integral of this expression
over z2 at -1<z2<0 is presented in the
file 21 NPMBaux. nb. This is the corresponding result: x)

72 31 x4 9 Zetal[3]
+

In[18]:= - >+
4ep 60 2ep

(* Nunerical check *)

In[19]:= %/. {ep->0.3}

Qut[19] = 40.9433

In[20]:= Nintegrate[ %7 /. {ep>0.3, z2-5-0.5+1 *xyl1}, {yl, -3, 3}]1/2/Pi

Qut[20]= 40.9433+0. i

(» Now we have a 2fold MB integral where the first poles of
Ganma[-1-2 ep-z2] and Gamma[-2 ep+z1] have changed their nature,
i.e. have becone IR and UV, respectively =)

(» Gamma[-2 ep+zl]2 Gamma[-z1] Ganma[1+2 ep-z1]
Gamma[l+z2]? Gamma[-z2] Gamma[-1-2 ep-z2]
Gamma[l+z1+z2] Gamma[l-ep+z1+z2] *)

(* There is no gluing in this integral
so that we can safely expand the integrand in ep x)

In[21]:

Si nplify[Normal [Series[¥3 E” (2 Eul er Gammaep), {ep, 0, 0}111]
Qut[21]= 6 Gamm[l-2z1] Gamma[-z1] Gamma[z1]? Gamma[-1-z2] Gamma[-z2] Ganma [l +z2]2

(* The integral is factorized =)

In[22]:= 6 Gamma[l -z1] Gamma[-z1] Garma[z1]2 ;

In[23]:= Gamma[-1-2z2] Ganma[-z2] Garma[l +2z2]%;



2INPVMB.nb

In[24]:= Sinplify[%R2 %3 -%R1]

ut[24]= 0

(» The calculation of these two integrals is presented
inthe file 21 NPMBaux. nb. These are the corresponding results

In[70]:= =;

I n[90] :
(*» Nunerical checks *)

In[92]:= %90 /. {ep->0.3}//N

Qut[92]= 9. 8696
In[93]:= Nintegrate[ %22 /. {ep>0.3, z1 5 -0.5+1 *xy1}, {y1, -3, 3}]1/2/Pi

Qut[93]= 9.8696 +0. 1

In[94]:= %90 /. {ep-0.3}//N

Qut[94] = -1.64493

In[96]:= Nintegrate[ %23 /. {ep 0.3, z2-5-0.5+1 %y1}, {yl, -3, 3}1/2/Pi
out[96]= -1.64493+0. i

(» So this is the result for the above 2fold MB integral *)
In[99]:= %0 %0

4
Qut [ 99] %

(» Collecting all the contributions *)
In[100] : = Expand[%+ %0 + %42 + %4.8]

1 72 5954  83Zeta[3]
Qut[100] = ep?  ep? 120 3ep

(* This is our result *)

1 g 83 Zet a[3] 59 x4 .

ept ep? 3ep 120

*)



D2

P1

Massless on-shell (p? = 0, i = 1,2, 3,4) double boxes:

P4

p3

2

done in 1999-2000, with multiple subsequent applications.

Master integrals calculated with the help of MB

representation

more loops, more legs, more parameters. ..
triple boxes, #loops + #legs=3+4=7>1

V.A. Smirnov

Dubna, July 18, 2006 — p.32



P2

3 4

10

8

P1

The general planar triple box Feynman integral

s

T(ay,...,a10;s,t;¢€)

y

Ps3

d’k d%1 d%r
k221 [(k + p2)?]*

X[(/f + p1 + p2)?]@

X

3[(l + p1 +p2) s

— )2]es[iP]ee[(k — 1)%]er

[(r 4+ p1 + p2)?]%[(r + p1 + p2 + p3)?]20[r] @

V.A. Smirnov

Dubna, July 18, 2006 — p.33



General 7fold MB representation:

3
(in%2)" (-1)"
[1,20.5.7.80.10 '(@)I'(4 — assg(10) — 2€)(—s)* 043¢

1 /H’oo ; ! ; (t)“’ T(az + w)T(—w)T(22 + 24)T (25 + 24)
N w Zj
(271) - ['(a1 + 23 + z4)'(as + 22 + z4)

T(a1,...,as;s,t,m’;€)

X

S

— 100 ]—

'2—a1—a2—€e+22)['(2—az2 —as — e+ z3)'(a7 + w — z4)
I'4—a1 —az2 —as —2e+w— z4)'(as — 25)(as — 26)

X

xI'(+a1 +az2+as —2+ e+ z) (w4 22 + 23 + 24 — 27)[(—25)'(—26)
xI'(2—as —a9g —aio—€e—2z5 —z7)['(2—as —as —ag — € — z6 — 27)

xI'as +a6 +a7 —24+€e4+w— 24 — 25 — 26 — 27) (a9 + 27)

xI'(4 — a4 — ag — a7y — 2¢ + z5 + 26 + 27)

xI'2Q—as —ar—e—w—2z24+25 +27)['(2—as —ar — e —w — 23 + 26 + 27)
xI'(as + 25 + 26 + z7)'(as + as + a9 + a0 — 2+ €+ 25 + 26 + 27),
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The master triple box:

T(1,1,...,1;s,t;€)

o (inY?2) | i T t\Y T+ w)T(—w)
T T (—26)(—s)At3e (27m')7/ dwgdzj (5) T(1 — 2e + w — 24)

[(—e+ 20)(—€+ 23)T(1 +w — 24) (=20 — 23 — 24) (1 + € + 24)
D(1+ 29+ 24) (1 + 23 + 24)
y ['(22 + 24) (23 + 24) T (—25) T (—26)T(w + 22 + 23 + 24 — 27)
I'(1 = 25) (1 — 26)(1 — 2¢ + 25 + 26 + 27)
x[(=1—€—25 —27) (=1 —€— 2z — 27) (1 + z7)
XI(14+e4+w—24—25 — 26 — 27)(—€ —w — 29 + 25 + 27)

XI['(—e—w—23+ 26+ 27) (1 + 25 + 26 + 27)1(2+ € + 25 + 26 + 27)

X
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Result

. d/2 —yge 5
(e ) o1
SS(_t)l—l—SG Z ) ’

T(1,1,...,1;8,t;¢) = —

1=0
where z = —t/s, L = In(s/t), and
06:§, c5——gL, c4——g7r2,
c3 = 3(Hpo1(x) + LHy () + g(ﬂ + 1) Hy () — %71‘2[/ — %@,
co =—3(17THp001(x)+ Hoo1,1(x) +Ho101(x) + Hi001(2))
L (37Hyo 1 (%) + 3Ho11(x) + 3H) 01(z)) — g(ﬁ + 72V Hy  (2)

V.A. Smirnov Dubna, July 18, 2006 — p.36



c1 =3(81Hp0,00.1(x) +41Hpp0.1.1(x) +37Hpo1,01(x)+ Hoo1,1,1(7)
+33Ho1,001(x) + Ho1,011(x) + Ho1.1,01(x) +29H1,0,0,0.1(x)
+Hi001.1(x)+Hip101(x) +Hi11001(x))+ L (177Hpo,01(z) +85Hpo,1,1(7)

+73Ho,1,0,1(x) +3Ho,1,1,1(x) +61H10,0,1() +3H1,0,1,1() +3H1,1,01(7))

119 139 47
+ ( L2 + — 12 ) H0,0,:[(.CC) + (?IP + 2071'2) Ho’l,l(ﬂf)

+ L2 + 147 ) Hy1(z) +

DN | O

(L2 + 7T2) Hl,l,l(a:)

2

9
8

73 5. 301

C3 _ _CE))

+ (23L3 + —7T2L 96C3> Ho,1(z) + (SLS + 7L — 3C3> Hy 1 ()
g

13 503
L4 ?L2-58 L+ — H AL
S ) 1(2) = 7™
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777777777777777

777777777777777

7777777777
77777

777777777777777

+3H1,0,1,0,1,1(¢) +3H1,0,1,1,0,1(2) + 87H1,1,0,0,0,1(z) + 3H1,1,0,0,1,1(x)
+3H1,1,0,1,0,1(z) + 3H1,1,1,0,0,1(x))

—L (729H0.0.0,0,1(z) +537Ho.0,0,1,1(x) +445H0.0.1,0,1(x) + 133Ho,0,1,1,1(x)
+321Ho,1,0,0,1(x) + 169H0,1,0,1,1(x) +97Ho,1,1,0,1(x) + 3Ho,1,1,1,1(x)
+165H1,0,0,0,1(z) + 205H1,0,0,1,1(z) + 133H1,0,1,0,1(z) + 3H1,0,1,1,1()
+61H11,001(x) +3H1,1,01,1(x) +3H1,1,1,0,1(x))

531 2 89 2 311 2 619 2
— | — L — H — | — L — H
( 5 + 1 W) 0,0,0,1(3?) ( 5 + 15 W) 0,0,1,1(56)

247 307 71
— <7L2 + 1—27T2) Ho,1,0,1(x) — (71)2 + 327r2> Ho,1,1,1()

V.A. Smirnov Dubna, July 18, 2006 — p.38



151 197 107
— (7L2 — 1—27T2) H1,0,0,1<$> - (7112 + 5072) Hl,O,l,l(x)

35 3
B <?L2 + 14%2) Hl,l,o,l(gp) — 5 (L2 + 7r2) H1,1,1,1(az)

119 .5 317 , A7 5 179
( 5 L” + 127TL 455(3)]1’0,0,1(56) (2L —+ 127TL
35 35 3
__nmggfhﬁﬁcw-—(E;L3+i§w?L—q5&;>1ﬁmﬁcw-(§L3+ﬂ2L
69 101 559
—3C3>H1,1,1(33)— —L4—|——7T2L2—291C3L—|——7T4 H())1(LE)
8 8 90
—gﬁﬁ+§kﬁﬂ—%@L+£%4zﬁﬂ@
8 8 8 ’
27 & 25 5.3 183 o, 131 ,. 37 ,
Y (e SRl S Ay je sty ol S H
(40 T 5 Bl T G 12”C3+5W3) 1(@)
223 167 5 624607 ¢
i 14 L+ —¢3— .
+’< TR 9C5) T 9% T 5aa320”
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(3 =((3),(; = ((5) and ((z) Is the Riemann zeta function.
The functions Hy, 4,....a,(x) = H(a1,a2,...,an;z), With
a; = 1,0, —1, are HPL [ remiddiand J.A.M. Vermaseren'o0]

T

H(al,az,...,an;x):/ flar;t)H (ag, ..., an;t),
where f(£1:6) = 1/(1 1), f(0:1) = 1/1,
H(tLz)=FIn(1F=x), HO;z)=Inz,
with a; = 1,0, —1.

NB All the terms of the result have the same degree of
transcendentality!
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Studying cross order relations in N = 4 supersymmetric
gauge theories [C. Anastasiou, L.J. Dixon, Z. Bern & D.A. Kosower'03,04]
One more triple box is needed

The ‘tennis court’ graph with numerator (I; + I3)?

P1—o — D3

P2 ® ’ ’ P4
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[Z. Bern, L.J. Dixon & V.A. Smirnov’'05]

(")
W(S, t; 1, cee 1, —1, 6) = —F<_2€>(_8)1+3et2

+ico +ico ¢ w
27r1 / / dw dz; Hdzj —2;) (E) (14 3¢ + w)

(=3¢ —w)['(1 4+ 21 + 22 + zg)F(—l —€e—2z1 —23)[(1 4+ 21 + 24)
(1 — 22)T'(1 — 23)'(1 — 26)'(1 — 26 + 21 + 22 + 23)
[(—1—€e—21—20—24) (24 €+ 21 + 22 + 23 + 24)
F( 1 —4€—Z5>F(1 — 24 —Z7)F(2—|—2€—|—Z4—|—Z5 + Z6 —|—Z7>

X

xI'(—e4+2z1+23—25)[(2—w+ 2z5)'(—1 +w — 25 — 26)

XF<Z5—|—Z7—21>F(1—|—Z5—|—ZG>F<—1—|—U)—Z4 — Z5 —27)

x['(—e4+2z1+220—25 —26 —27)['(1 —€ —w—+ 24+ 25 + 26 + 27)
(

XxI'(14+€— 21 — 22 — 23 + 25 + 26 + 27)
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Result:

Wis, t;1,...,1,—1,¢) = —

1=0
where
16 13 19 1
ce = 9 C5Z_me’ 04:—1—27T2+§1n2:1:
5 . . 7 3 5 2
3 = 5 ILis (—x) —InxLis (—x)] + 5 In” x — : In“zIn(1 + x)
157 5 241
—7a“Inx — —7“1In(1 — —
+727T Ny — - n(l+ x) 3 C(3)

V.A. Smirnov Dubna, July 18, 2006 — p.43



[C. Anastasiou, Z. Bern, L.J. Dixon & D.A. Kosower'03; Z. Bern, L.J. Dixon &
D.A. Kosower'04].

for the planar MHV four-point amplitude in N =4 SUSY YM
In two loops, one has

2
M0 = 5 (MP©@) + FD MP(2e) + 02+ 0(0),

where

FOe) = —(CG+ Ge+ G +--+), 0@ =_=
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taking into account the results for the ladder triple box and
the tennis court diagram up to €, for planar double box up
to €2, and for the box up to ¢*, we obtain, in three loops,

1 3
MP ) = =3[ M{Pe)] + MY MP (e
+1O) (&) MY (3e) + CP +0(e),
where
FO(E) = 5 Gt e(66s +50aGs) + (e1Gs + a3

341 2 17 2
3) _ (2 4, = -t 2
C (216 + 1) G + ( gt 962> (3 -
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An exponentiation of the planar MHV n-point amplitudes in
N =4 SUSY YM at L loops:

1+ f: aLMéL)

M, =
= exp Z al( (le) +Cc 4 (l)(e))
(=1 i
where
a= Neas (dme™ 7)€,
2T

Mé,l)(le) IS the all-orders-in-¢ one-loop amplitude (with
e — le), and
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O = 1) +efi + ).

The constants fé” and CY) are independent of the number
of legs n.

The Eﬁf)(e) are non-iterating O(e) contributions to the /-loop

amplitudes (with EY(0) = 0).
By definition, the all-orders-in-¢ one-loop amplitude is

absorbed into Mél)(e):
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1/¢% pole of the four-point amplitude —

soft anomalous dimension at 3 loops iIn N = 4 SUSY YM

[ A.V. Kotikov, L.N. Lipatov, A.l. Onishchenko & V.N. Velizhanin’04]

<—

leading-transcendentality part of three-loop soft anomalous
dimension In QCD [S. Moch, J.A.M. Vermaseren & A. Vogt'04]

<—

j — oo formulae [v. staudacher]

V.A. Smirnov Dubna, July 18, 2006 — p.48



J. Drummond, J. Henn, V.A. Smirnov & E. Sokatchev:

For off-shell Feynman diagrams (p? + 0) exactly at d = 4,
we have

Tennis court = s x Triple box

V.A. Smirnov Dubna, July 18, 2006 — p.49



TCv3B.nb

In[1]:=

In[2]:=

Out [2] =

In[3]:=

In[5]:

In[é6]:

Out [6]

In[7]:

In[8]:

(* Triple box *)

B3off[al , a2 , a3 ,a4 , a5 , a6 , a7 , a8 , a9 , ald ] :=
(P11712 p2713 p337l4+24+29 pggzl0+215+25
g6-al-al0-a2-a3-ad-a5-a6-a7-a8-a9-3 ep-210-2z11-212-213-214-215-24-25-29 211 Gamma [-210] Gamma[-z11]
Gamma[-z1l2] Gamma[-z13] Gamma[a9 + z11 + z12 + z13] Gamma[-z14] Gamma[-z15]
Gamma[-z2] Gamma[-2z3] Gamma[a7 + z1 + 22 + 23] Gamma[2 - a5 - a6 - a7 - ep - 21 - z2 - z4]
Gamma[-z4] Gamma[2 - a4 - a5 - a7 -ep -zl - 23 - 25] Gamma[-z5]
Gamma[a5 + z1 + z4 + 2z5] Gamma[-2 +a4 +a5+a6 +a7 +ep+ 21+ 22 + 23 + 24 + 25]
Gamma[zll + z14 + z15 - z6] Gamma[-z7] Gamma[2 - a8 -a9 - ep - z1l1l - z12 - z14 + 26 + 27]
Gamma[2 -a2-a3 -ep+2l1-210+ 23 -z6 - z8]
Gamma[-2 +al0+a8+a9+ep+ 21l + 212+ 213 +z14 +215-26-27 -z8)] Gamma[-2z8]
Gamma[2 - al0 - a9 - ep - 211 - 213 - 215 + z6 + z8] Gamma[a2 + z6 + 27 + 28]
Gamma[2 -al-a2-ep+ 2zl +22-26-27-2z9)] Gamma[-z9] Gamma[-z1l + z10 + z6 + z9]
Gamma[-2 +al+a2+a3 +ep-21+210-22-23+26+27+28+29])/
(Gamma[a2] Gamma[a4] Gamma[a5] Gamma[a6] Gamma[a7] Gamma[a9]

Gamma[4 - a4 - a5 - a6 - a7 - 2 ep] Gamma[al - z2] Gamma[a3 - z3]
Gamma[4 -al-a2-a3-2ep+2zl+22+2z3] Gammal[a8 - z7]
Gamma[all - z8] Gamma[4 - al0-a8-a%-2ep + 26 + 27 + 28])

B3off[1,1,1,1,1,1,1,1,1, 1]

(Pllzlz P22213 P33zl4+z4+29 P44210+215+Z5 87473 ep-z10-z211-212-213-2z14-215-24-25-29 Tzll

Gamma [-z10] Gamma[-z1ll] Gamma|[-z1l2] Gamma[-z13] Gamma[l + z11 + z12 + z13]
Gamma 214} Gamma [-z15] Gamma[-z2] Gamma[-z3] Gamma [l + z1 + z2 + z3]
Gamma -ep-2zl1-2z2-2z4]) Gamma[-2z4] Gamma[-1-ep -zl -2z3 - 2z5]

Gamma 5] Gamma [l + z1 + 24 + 25] Gamma [2 + ep + 21 + 22 + 23 + 24 + z5]

Gamma ep+zl—le+z3—z6—28]Gamma[1+ep+zll+zl2+zl3+zl4+215—26—z7—28]
8] Gamma[-ep - z11 - z13 - z15 + 26 + z8] Gamma [l + z6 + z7 + z8]
ep+zl+22—z6—z7—z9} Gamma [-z9] Gamma[-z1 + 210 + z6 + 29]
Gamma [l +ep- 21+ 210-22-23 +26+ 27 +28+29])/
(Gamma[-2 ep] Gamma [l - z2] Gamma[l - z3] Gamma [l - 2 ep + z1 + z2 + z3]

Gamma [l - z7] Gamma[l - z8] Gamma[l -2 ep + 26 + 27 + z8])

Gamma

[-
[-
(-
[-
Gamma[zll +214 + 215 - z6] Gamma[-2z7] Gamma [-ep - 211 - 212 - 214 + z6 + 27]
(-
[-
Gamma [ -
[

<< e:/job2006/czakon/MB.m
MB 1.1

by Michal Czakon

more info in hep-ph/0511200

last modified 24 Jan 06
B3 = B3off[1,1,1,1,1,1,1,1,1, 1] ;

B3rules = MBoptimizedRules[B3, ep—-» 0, {}, {ep}]

1 5895 1 1 5
{{ep>-=1}, {z15- , 2105 -—, 21l 5> -=, 212 > - —,
2 8192 16 2 16

1 1 1 25 1 729
zl3>-—,214>~-——,215>~-—, 22> -———+, 23 > -——+, 24> - ———,
8 32 8 128 128 8192

7 77 7 1
25»—9—,269—53 ,27»—6—,28»—£,z99— }}
512 8192 256 8192 2048

B3cont = MBcontinue[B3, ep » 0, B3rules]

B3select = MBpreselect[MBmerge[B3cont], {ep, 0, 0}]



TCv3B.nb

In[9] :=

out [9] =

In[10] :=

B3exp = MBexpand[B3select, Exp[3 ep EulerGamma], {ep, 0, 0}]

{MBint |
(P11712 pp2-17211-212 p33-1-211-212 py 4212 g-2+211 7211 Gamma [-z1] Gamma[-2z10] Gamma[-z11]

Gamma [-z1l2] Gamma[l + z11 + z12] Gamma[-z14] Gamma [l + z11 + z12 + z14]
Gamma[l + zl - 210 + 212 - z15]%2 Gamma [l + z1 - 211 - 214 — 215]
Gamma[-z15] Gamma[-2z12 + z15] Gamma [z10 - 212 + z15]72
Gamma [l + z14 + z15] Gamma [-z1 + z10 + z11 + z14 + z15]) /

(Gamma [2 + 211 + 212 + z14] Gamma [2 + 21 - 210 + 212 - z15]
Gamma [l - z12 + z15] Gamma [l + z10 - z12 + z15]),

{{epeo}, {zl»— Zi;g

L2105 -, z11 -1, 2125 -2, 2145 - =, zlSe—i}}]}
16 2 16 32 8

(P11712 pp2-1-711-212 p33-1-211-212 pg 4212 g-2+z11 qzll
Gamma[-zl] Gamma[-2z10] Gamma[-2z11l] Gamma[-z12] Gamma[l + z11 + z12]
Gamma[-z1l4] Gamma[l + z11 + z12 + 2z14] Gamma[l + z1 - 210 + 212 - z15]2
Gamma[l + z1 - z11 - z14 - z15] Gamma[-215] Gamma[-z12 + z15]

Gamma[z10 - z12 + zlS]2 Gamma[l + z14 + z15] Gamma[-z1 + z10 + z11 + z14 + z15]) /
(Gamma[2 + z11 + z12 + z14] Gamma[2 + z1 - z10 + z12 - z15]
Gamma[l - z12 + z15] Gamma [l + z10 - z12 + z15]) ;
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In[11]:= % /. {210 > z2, z14 -» z3, z15 -» z4, zl1ll > z5, z12 -» z6}

Out [11]= (P11%® p2271725726 p3371725-26 pgg26 g-2+25 725 Gammg [-z1] Gamma[-z2] Gamma[-z3]
Gamma [-z4] Gamma [l + z3 + z4] Gamma [1 + z1 - z3 - 24 - z5] Gamma [-z5]
Gamma[-zl + 22 + 23 + z4 + 2z5] Gamma[z4 - z6] Gamma [z2 + z4 - z6 ]2 Gamma [-z6]
Gamma[l + 2zl - 22 - z4 + z6]° Gamma [l + 25 + z6] Gamma [l + z3 + 25 + 26]) /
(Gamma [l + z4 — z6] Gamma [l + 22 + 24 - z6] Gamma[2 + 21 - z2 - z4 + z6] Gamma [2 + z3 + 25 + z6])
In[12]:= TB =

(P112¢ p2271-25-26 p33-1-25-26 pg 426 g-2+25 725 Gamma[-z1] Gamma[-2z2] Gamma[-2z3] Gamma[-2z4]
Gamma[l + z3 + z4] Gamma[l + 21 - z3 - z4 - z5] Gamma[-25] Gamma[-z1 + 22 + 23 + 24 + z5]
Gamma[z4 - z6] Gamma[z2 + z4 - z6]2 Gamma[-z6] Gamma[l + z1 - z2 - z4 + zG]2
Gamma[l + z5 + 2z6] Gamma[l + 23 + 25 + 26]) / (Gamma[l + z4 - z6]

Gamma[l + z2 + z4 - z6] Gamma[2 + z1 - 22 - z4 + z6] Gamma[2 + z3 + 25 + 2z6]) ;

(* Tennis court *)

In[13]:= TCoff[al , a2 , a3 ,a4 , a5 , a6 , a7 , a8 , a9 , ald , all ] :=
(P11712 p22713 p33210+214+25 pggzl5+zs

g6-al-al0-all-a2-a3-a4-a5-a6-a7-a8-a9-3 ep-z10-211-212-213-214-215-25-28

T?!! Gamma[-2z10] Gamma[-2z11] Gamma[-2z12] Gamma[-z13]

Gamma[a9 + z11 + 212 + z13] Gamma[-2z14] Gamma[-z1l5] Gamma[-2z2]

Gamma[-z3] Gamma[a7 + z1 + z2 + z3] Gamma[2 - a5 - a6 - a7 - ep - z1 - 22 - z4]

Gamma[-z4] Gamma[2 - a4 - a5 - a7 -ep - 21 - 23 -2z5] Gamma[-25]

Gamma[a5 + z1 + z4 + z5] Gamma[-2 +a4 +a5+a6 +a7 +ep+ 21+ 22+ 23 + 24 + 25]

Gamma[-z6] Gamma[-2z7] Gamma[2 -a2 -a3 -ep + 21 - 210 + 23 - 26 - 28]

Gamma[6 -al-all-a2-a3-a4-a5-a6-a7-a8-a%9%-3ep-2z10-2z11-z12 -
z14 - z5 - z6 - 27 - z8] Gamma[-z8] Gamma[-6 + al +al0 +all+a2+a3 +a4+
aS+a6+a7+a8+a9+3ep+2z10+2zl1ll+2z12+ 213 + 214+ 215 + 25+ 26 + z8]

Gamma[a2 + z6 + 27 + 28] Gamma[2 -al-a2-ep+ 2zl +22-26-27-29]

Gamma[6 -al-al0-all-a2-a3-a4-a5-a6-a7-a9%9-3ep-210-211-
213 - 215 - z4 - z5 - 26 - 28 - 29] Gamma[-29] Gamma[-z1l + z10 + z6 + z9]

Gamma[-2 +al+a2+a3 +ep-2z1l+210-22-23+26+27+2z8+2z9] Gamma[-4 +al +
all+a2+a3+a4+a5+a6+a7+2ep+210+2z11+2z14+215+24+2z5+26+27+28+29])/

(Gamma[a2] Gamma[a4] Gamma[a5] Gamma[a6] Gamma[a7] Gamma[a9]

Gamma[4 - a4 - a5 - a6 - a7 - 2 ep] Gamma[al - z2] Gamma[a3 - z3]

Gamma[4 -al-a2-a3-2ep+2l+22+23] Gammal[all - z7]

Gamma[8 -al-al0-all-a2-a3-a4-a5-a6-a7-a8-a%9-4ep-2z10-z5-2z6 - z8]

Gamma[a8 - z4 - z9]

Gamma[-4 +al+all+a2+a3+a4+a5+a6+a7+2ep+210+2z4+25+26+27+2z8+29])



TCv3B.nb 4
In[14]:= TC3 =TCoff[1,1,1,1,1,1,1,1,1,1, -1]
out [14]: (Pllzl2 P22213 P33210+Zl4+25 P44215+ZS S—B—B ep-z10-2z11-212-213-214-z15-25-28 Tzll
Gamma [-z10] Gamma[-z1ll] Gamma|[-z1l2] Gamma[-z13] Gamma[l + z11 + z12 + z13]
Gamma [-z14] Gamma[-2z15] Gamma[-z2] Gamma[-z3] Gamma [l + z1 + 22 + 23]
Gamma|[-1-ep-zl-2z2-2z4] Gamma[-z4] Gamma[-1 -ep - 2zl - 23 - z5]
Gamma [-z5] Gamma [l + z1 + z4 + z5] Gamma [2 + ep + z1 + 22 + 23 + 24 + 25]
Gamma [-z6] Gamma[-z7] Gamma|[-ep + z1 - z10 + z3 - z6 - z8]
Gamma[-2 -3 ep-2z10-2z11-212 - 2z14 - 25 - 26 - z7 - 28] Gamma [-z8]
Gamma[3 +3ep+ 210+ 211+ 212+ 213 +214 + 215+ 25+ 26+ 28]
Gamma [l + 26 + 27 + 28] Gamma[-ep + z1 + 22 - 26 — 27 — 29]
Gamma[-2 -3 ep-2z10-211-213 - z15-24 - 25 -26 - 28 - z9] Gamma[-29]
Gamma[-z1l + 210+ 26 +2z9] Gamma [l +ep-2z1+210-22-23+26+ 27+ 28+ 29]
Gamma[2 +2ep+ 210+ 211 +214 +2z15+24 +25+26+27+28+29])/
(Gamma [-2 ep] Gamma [l - z2] Gamma [l - z3] Gamma [l - 2 ep + z1 + 22 + z3]
Gamma [l - z7] Gamma[-1 -4 ep - z10 - z5 - z6 - z8]
Gamma [l - z4 - z9] Gamma[2 + 2 ep + 210 + 24 + 25 + 26 + 27 + 28 + z9])
In[15]:= TCrules = MBoptimizedRules[TC3, ep-» 0, {}, {ep}]
1 531259 1 1 194967 265019
Out [15]= {{ep—>——}, {219—7, z10»>-———,z11>5-—, 2125 -———, 213 5 - ———,
983040 256 8 327680 983040
1601 1 256571 32407 19553
zl4->-——, 2155 -—, 22 5 -————, 23 5 - —«—, 24 5> - ———,
98304 32 983040 163840 98304
256091 1658441 260897 409857 149787
z5 5 -—7-+——,265-—F——, 27> -—F7—, 285 - ————, 299—7}}
983040 3932160 983040 1310720 1310720
In[16] := TCcont = MBcontinue[TC3, ep » 0, TCrules]
In[17] := TCselect = MBpreselect[MBmerge[TCcont], {ep, 0, 0}]
In[18] := TCexp = MBexpand[TCselect, Exp[3 ep EulerGamma], {ep, 0, 0}]
out [18]= {MBint]|
(P11712 ppp-1-211-212 p33-1-211-212 py 4212 g-1+211 7211 Gammg [-z1] Gamma[-2z10] Gamma[-z11]
Gamma[-z12] Gamma [l + z11 + z12] Gamma [zl - z10 - 211 - z12 - z14]2
Gamma[-z14] Gamma [l + z11 + 212 + z14] Gamma [l + 210 + z11 + 212 + z14]2
Gamma [l + zl - zl1l1l - z14 - z15] Gamma [-z15] Gamma[-z12 + z15]
Gamma [l + z14 + z15] Gamma [-z1 + z10 + z11 + z14 + z15]) /
(Gamma [l + 21 - 2z10 - 211 -212 -214] Gamma[2 + 211 + 212 + z14]
Gamma[2 + 210+ 211+ 212+ z14] Gamma[l - z12 + z15]), {{ep >0},
531259 1 1 194967 1601 1
{219—7, z10 5 -——, 211 5> -—, 212 5 - ————, 214 5> - ———, 2159——}”}
983040 256 8 327680 98304 32
In[19] := (P11%12 p22-1-211-212 p33-1-211-212 py 4212 g-1+211 721l Gamma[-2z1] Gamma[-z10] Gamma[-2z11]

Gamma[-z1l2] Gamma[l + z11 + z12] Gamma [zl - 210 - z11 - z12 - z14]2 Gamma|[-z14]

Gamma[l + z11 + z12 + z14] Gamma[l + z10 + z11 + z12 + zl4]2 Gamma[l + z1 - z11 - z14 - z15]

Gamma[-z1l5] Gamma[-2z12 + z15] Gamma[l + z14 + z15] Gamma[-2z1 + 210 + z11 + z14 + z15]) /
(Gamma[l + z1 - z10 - z11 - z12 - z14] Gamma[2 + z11 + z12 + z14]

Gamma[2 + 210 + 211 + 212 + z14] Gamma[l - z12 + z15]) ;



TCv3B.nb 5

In[20]:= % /. {210 » z2, z14 -» z3, z15 > z4, zl1ll > z5, z12 -» z6}

out [20]= (P11%° p22717%5726 p3371725726 pyg26 g-1+25 725 Gamma [-z1] Gamma[-z2] Gamma[-z3]
Gamma [-z4] Gamma [l + z3 + z4] Gamma [1 + z1 - z3 - 24 - z5] Gamma [-z5]
Gamma[-zl + 22 + 23 + z4 + z5] Gamma [z4 - z6] Gamma [zl - z2 - 23 - 25 - 26]2
Gamma[-z6] Gamma [l + z5 + z6] Gamma [l + 23 + 25 + z6] Gamma [l + 22 + 23 + 25 + 26]2) /
(Gamma [l + z4 — z6] Gamma [l + 21 - 22 - 23 - 25 - z6]
Gamma [2 + 23 + 25 + z6] Gamma [2 + 22 + 23 + 25 + 26 )

In[21]:= (P113%® p2271-25-26 p33-1-25-26 pg426 g-1+25 725 Gamma[-z1] Gamma[-z2] Gamma[-z3]
Gamma[-z4] Gamma[l + z3 + z4] Gamma[l + z1 - z3 - z4 - z5] Gamma[-z5]
Gamma[-zl + z2 + z3 + z4 + z5] Gamma[z4 - z6] Gamma[zl - z2 - z3 - z5 -z6]2
Gamma[-z6] Gamma[l + z5 + z6] Gamma[l + z3 + z5 + z6] Gamma[l + z2 + z3 + z5 +z6]2) /
(Gamma[l + z4 - z6] Gamma[l + z1 - z2 - z3 - z5 - 26]
Gamma[2 + 23 + 25 + 26] Gamma[2 + 22 + 23 + z5 + 26]) ;

In[22]:= % /. 22> -22+21-23-24 - 25

out [22]= (P11%° p2271725726 p3371725726 pyg26 g-1+25 125 Gamma [-z1] Gamma[-z2] Gamma[-z3]
Gamma [-z4] Gamma [l + z3 + z4] Gamma [1 + z1 - z3 - 24 - z5] Gamma [-2z5]
Gamma[-zl + 22 + 23 + z4 + z5] Gamma[z4 — z6] Gamma[z2 + z4 - z6]2 Gamma [-26]
Gamma[l + 2zl - 22 - z4 + 26]° Gamma[l + z5 + z6] Gamma [l + 23 + 25 + 26]) /
(Gamma [l + z4 - z6] Gamma [l + 22 + 24 - z6] Gamma[2 + 21 - 22 - z4 + z6] Gamma [2 + z3 + z5 + z6])

In[23]:= TC =
(P113% p22-1-25-26 p33-1-25-26 pg 426 g-1+25 725 Gamma[-z1] Gamma[-z2] Gamma[-z3] Gamma[-z4]
Gamma[l + z3 + z4] Gamma[l + z1 - z3 - z4 - z5] Gamma[-z5] Gamma[-zl + z2 + z3 + z4 + z5]
Gamma[z4 - z6] Gamma[z2 + z4 - z6]2 Gamma[-2z6] Gamma[l + z1 - z2 - z4 + z6]°
Gamma [l + z5 + z6] Gamma [l + z3 + z5 + 26]) / (Gamma[l + z4 - z6]
Gamma[l + 22 + 24 - 26] Gamma[2 + z1 - z2 - z4 + z6] Gamma[2 + 23 + 25 + 26]) ;

In[24]:= TC/TB

Out [24]= S



Other applications of the method of MB representation:
Massless double boxes with one leg off-shell, p? = ¢* # 0,
p? =0, =234

# Reduction to master integrals
# Master integrals:

o first results obtained by MB
# systematic evaluation by differential equations

All results are expressed in terms of two-dimensional

harmonic polylogarithms which generalize harmonic
polylogarithms

Applications to the process ete™ — 3jets

V.A. Smirnov Dubna, July 18, 2006 — p.50



Massive on-shell 2-boxes, p? = m?, i = 1,2,3,4

# first results obtained by MB
[ V.A. Smirnov’02,04; G. Heinrich & V.A. Smirnov’'04 ]

#® Reduction to master integrals by Laporta’s algorithm
[M. Czakon, J. Gluza & T. Riemann’04]

# Evaluating all the master integrals by differential
equations and MB [M. Czakon, J. Gluza & T. Riemann’05]

Work in progress. What functions shall we have in results?

V.A. Smirnov Dubna, July 18, 2006 — p.51



Per spectives

# The method of MB representation is a powerful method.

In particular, it is very flexible in resolving the singularity
structure in e.

& Studying iteration relations in N = 4 SYSY YM iIn four
loops (work in progress)

5 3 2 3 2 3
s't st2(l+1,)* v St(li+1,)°
16 16 16 I1 I2
1 4 I
€ 1 by 2 4 1 (©) 4
2 3 2 L 3 2 3
L, |l
St (I7+1,)? &t (1 1)2(1s+1)2 4 t(l# 1212 F 1
16 N I 16 h 12 16 Iy Iy

1 @ 4 1 4 1

V.A. Smirnov Dubna, July 18, 2006 — p.52



# Automation of Strategy #1 is also possible.

# Evaluating every Feynman integral of a given family,
without reduction to master integrals, appears to be a
possible alternative.

V.A. Smirnov Dubna, July 18, 2006 — p.53
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