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Analytic Perturbation Theory
in

QCD
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Intro: PT in QCD

® coupling ay(p?) = (47 /by) as(L) with L = In(p?/A?)

. das(L) 2 3
’ : - - - . . .
RG equation 77 a; — c1a;
® 1-loop solution generates Landau pole singularity:

as(L) =1/L
#® 2-loop solution generates square-root singularity:
as(L) ~1/v/L+c1Inc
® PT series: D(L) = 1+ dyas(L) + doa®(L) + ...
® RG evolution: B(Q?) = [Z(Q?)/Z(p?*)] B(p?*) reduces in
1-loop approximation to
Z ~ a”(L)|

V = 1) = 70/(2[)0)
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Basics of APT

# Dilferent effective couplings in Euclidean (S&S) and
Minkowskian (R&K&P) regions
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Basics of APT

# Dilferent effective couplings in Euclidean (S&S) and
Minkowskian (R&K&P) regions

#® Based on @
2 N\

UV asymptotics Spectrality

® Euclidean: —¢* = Q% L=mQ?*/A?, {A.(L)},cn

® Minkowskian: ¢ =s, Ls=1Ins/A? {20,(Ls)},en

o > dma(Q%) = 2 dnAn(Q)

m — power = m — index

Here d,,, are numbers in MS -scheme
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Spectral representation

By analytization we mean “Kallen-Lehman” representation

[f(@z)}aﬁ/ooo ZiC/.

o+ Q? — e

with spectral density pf(o) =Im |f(—0)]| /7.
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Spectral representation
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Spectral representation

By analytization we mean “Kallen-Lehman” representation

[f(@z)}aﬁ/ooo ZiC/.

o+ Q? — e

Then (note here pole remover):

N —
N > p(O) _ l . 1
AlQ7) = /0 0—|—Q2dU_L el —1
RUi(s) = /S @da = %arccos \/772Lj— 2
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Spectral representation

By analytization we mean “Kallen-Lehman” representation

[f(@zﬂan:/ooo ZiC/.

o+ Q? — e

with spectral density pf(o) =Im |f(—0o)|/7. Then:
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Spectral representation

By analytization we mean “Kallen-Lehman” representation

5@, = [ L7

0 o+ Q?—ie

O

do
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APT graphics: Distorting mirror

First, couplings:  2i(s) and  A;(Q?)

s [GeV?] Q? [GeV?
-0 -5 0 5 10
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APT graphics: Distorting mirror

Second, square-images: 2s(s) and  As(Q?)

—s [Gevy] b Q?[GeV]
-10 -5 0 5 10
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APT graphics: Distorting mirror

Second, square-images: 2s(s) and  As(Q?)

%

~5 [GeV? Q” [GeV?
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#® “Analytization” ol multi-scale amplitudes beyond LO of
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Problems of APT

Open Questions

#® “Analytization” ol multi-scale amplitudes beyond LO of
pQCD

#® Appearance of additional logs depending on scale that
serves as factorization or renormalization scale

# Evolution induces logarithms to some non-integer,
Iractional, powers of coupling constant

#® Resummation of gluonic corrections, giving rise to

Sudakov factors, under “Analytization” difficult task
[Stefanis, Schroers, Kim — PLB 449 (1999) 299;
EPJC 18 (2000) 137]
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Problems of APT

In standard QCD PT we have not only power series
F(L)=> fmal(L), but also:
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#® RG-improvment to account for higher-orders —

Z(L) = exp {/aS<L) (a) da} I-loop [aS(L)]%/(Qﬁo)
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Problems of APT

In standard QCD PT we have not only power series
F(L)=> fmal(L), but also:

#® RG-improvment to account for higher-orders —

e {/ o ;8 da} 5 fan (L)

® RG at 2 loops — [as(L)]" In (as(L))

® Factorization — [as(L)]" L™

#® Sudakov resummation — exp |[—as(L) - f(x)]

New functions: (as)”, (as)” In(as), (as)” L™, e~ %, ...
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Conceptual scheme of APT

The index n in APT is restricted to integer values only.
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Conceptual scheme of FAPT

PT
(@)
A‘l\/ \A‘E

Fe = ===7========== 1
! D !
Lal(s) =AY@Y !
l R=D~1 l
g -

FAPT

In FAPT index v can assume any real values. [
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Conceptual scheme of FAPT

PT
(@] m(@2/A%)

YN

l‘“““‘A ------- |

VoA P ) 2

| »SV (S) — £V (Q ) |

| R=D~! |

b e e e e e e e e e e e = = - |
FAPT

This enables “analytization” of expressions like shown in
ligure.
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Fractional

APT
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FAPT: Construction of A, (L)

In I-loop APT we have a very nice recursive relation

n—1
D) = o (o) A
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FAPT: Construction of A, (L)
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transform Ny 8
) = e o )
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FAPT: Construction of A, (L)

In I-loop APT we have a very nice recursive relation

n—1
D) = o (o) A

We can use it to construct FAPT. Let us consider Laplace

transform Ny 8
) = e o )

with &1(t) = 1.
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FAPT: Construction of A, (L)

In I-loop APT we have a very nice recursive relation

n—1
D) = o (o) A

We can use it to construct FAPT. Let us consider Laplace

transiorm N N
()= < G )
with a;(¢t) = 1. Then

A (L) = /O " Lt [ (;n_ll)! -Al(t)] it
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FAPT: Construction of A, (L)

In I-loop APT we have a very nice recursive relation

n—1
D) = o (o) A

We can use it to construct FAPT. Let us consider Laplace

transform Ny 8
) = e o )

with a;(¢t) = 1. Moreover, we can define for all v € R

A (L) = /0 T [ (Vty_lm .Al(t)] dt
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FAPT: Construction of A, (L)

In I-loop APT we have a very nice recursive relation

n—1
D) = o (o) A

We can use it to construct FAPT. Let us consider Laplace

transform Ny 8
) = e o )

with a;(¢t) = 1. Moreover, we can define for all v € R

A, (L) = /O s [ (Vty_lm ./il(t)] di

Only need to know A;(t) !
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FAPT: Properties of A,(t)

Ai(t)=1— i 5(t —m)
m=1
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FAPT: Properties of A,(t)

1 —

©.@)

> 5(t—m)
m=1

tu—l
['(v)
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FAPT: Properties of A,(t)

~ = vl ~ sinmt] t¥ 1
Aty = (13 ot = m) i M= ||
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F{Vl) )
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F(jyl) )

#® Here F(z,v) is reduced Lerch transcendental function.
[t is analytic function in v. Interesting: A, (L) is entire
function in v.
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F(jyl) )

#® Here F(z,v) is reduced Lerch transcendental function.

® Properties:
s Ag(L)=1;

CALC-2006@BLTPh, Dubna Fractional APT in QCD - p. 18
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#® Here F(z,v) is reduced Lerch transcendental function.
® Properties:

s Ag(L)=1;

s A, (L)=L"formeN,;
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F(jyl) )

#® Here F(z,v) is reduced Lerch transcendental function.

® Properties:
s Ag(L)=1;
s A_,,(L)=L"Tor m €N;
s An(L)=(-1)"A,(—L) lorm>2, meN;
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F(jyl) )

#® Here F(z,v) is reduced Lerch transcendental function.

® Properties:

s Ag(L)=1;

s A_,,(L)=L"Tor m €N;

s A,(+oo)=0form>2, meN; [1
dk

k —
L D AI/ZW

Ay
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F(jyl) )

#® Here F(z,v) is reduced Lerch transcendental function.

® Properties:
s Ag(L)=1;
s A_,,(L)=L"Tor m €N;
s A,(+oo)=0form>2, meN; [1

dk dk
DA, =— A, = | —a”
y dyk [dyk ! ]an
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

el 1—v
AV(L) — % - F( F(jyl) )

#® Here F(z,v) is reduced Lerch transcendental function.

® Properties:
s Ag(L)=1;
s A_,,(L)=L"Tor m €N;
s A,(+oo)=0form>2, meN; [1
gy o d ., vk
s DV A, = WAV = [Wa Ln = {a In (a)Ln
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FAPT: Properties of A,(L)

First, Euclidean coupling (L = L(Q?)):

et 1—v
AdL) = %_F( r(jul) |

#® Here F(z,v) is reduced Lerch transcendental function.

® Properties:
s Ag(L) =
s A_,,(L)=L"Tor m €N;
. Am(ioo):()form>2 meN; L1

k an

. D= a = [ | [ mt)

1 < (= )r
s A W) ; ((1—v—r) for |L| < 2w
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FAPT: Graphics of A,(L) vs. L

O.l‘ T T T T T T T T T T T T T T T

0.08"
0.06"

0.04

‘—15“”—10‘“‘—5‘H‘OHHSHHlOHHlS‘
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FAPT: Graphics of A,(L) vs. L

-0.075} I
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FAPT: Graphics of A,(L) vs. v

Now, graphics for v <0 (note A_,,,(L)=L"): [1

12.5. A
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FAPT: Graphics of A,(L) vs. v
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MFAPT: Properties of A, (L)

Now, Minkowskian coupling (L = L(s)):

sin {(V — 1) arccos (L/\/7T2 + Lz)}

Q[V(L) — 7T(V B 1) (71_2 X Lz)(l/—l)/Z

Here we need only elementary functions
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Now, Minkowskian coupling (L = L(s)):

sin {(V — 1) arccos (L/\/7T2 + Lz)}

Q[V(L) — 7T(V B 1) (71_2 X Lz)(l/—l)/Z

Here we need only elementary functions
Properties:

X Q[o(L) = 1;
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MFAPT: Properties of A, (L)

Now, Minkowskian coupling (L = L(s)):

sin {(V — 1) arccos (L/\/7T2 + Lz)}

Q[V(L) — 7T(V B 1) (71_2 X Lz)(l/—l)/Z

Here we need only elementary functions

Properties:
X Q[o(L) = 1;
9 Q[_l(L) = L;
2
® A(L) =17 -5, As(L)=L(L—7%), ...; [
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MFAPT: Graphics of A, (L) vs. L

sin [(V — 1) arccos (L/\/ﬁ2 + L2)]

Q[I/(L) — 7T(V B 1) (7_‘_2 X L2)<V_1)/2

First, graphics for fractional v € [2,3]: [

O.l‘ T T T T T T T T T T T T T —
0.08"
0.06"

0.04
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MFAPT: Graphics of A, (L) vs. L

~0.05!

."‘\' | |

Viy :

o |
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MFAPT: Graphics of U,(L) vs. v

sin {(V — 1) arccos (L/\/w2 + L2)]
- (v —1) (72 + L2)<V—1)/2
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MFAPT: Graphics of U,(L) vs. v

sin {(V — 1) arccos (L/\/w2 + L2)]
- (v —1) (72 + L2)<V—1)/2
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Comparison ol PT, APT, and FAPT

Theory PT APT FAPT

Space {a”}yeR {Am}mGN {AV}VE]R
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Comparison ol PT, APT, and FAPT

Theory PT APT FAPT

Space {a”}yeR {Am}mGN {AV}VE]R

Series expansion > fma™(L) > [ An(L) D> fin Am(L)
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Comparison ol PT, APT, and FAPT

Theory PT APT FAPT

Space {a”}yeR {Am}mGN {AV}VE]R

Series expansion > fma™(L) > [ An(L) D> fin Am(L)

Inverse powers (a(L))™ ™ — A_pn(L)=L"
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Comparison ol PT, APT, and FAPT

Theory PT APT FAPT

Space {aV}VER {Am}mGN {AV}VER
Series expansion > fma™(L) > [ An(L) D> fin Am(L)
Inverse powers (a(L))™™ — A (L) = L™

Multiplication ata? = attv
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Comparison ol PT, APT, and FAPT

Theory PT APT FAPT

Space {a”}veR {Am}meN {AV}VE]R

Series expansion > fma™(L) > [ An(L) D> fin Am(L)

Inverse powers (a(L))™™ — A (L) = L™
Multiplication ata? = abtV — —
Index derivative a’ln"a — DF A,
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Development of FAPT:

Higher Loops and Logs
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Development of FAPT: Two-loop coupling

Two-loop equation for normalized coupling a = by o/ (47)
reads

da(z)
dL

, b
— —CL%Q)(L) [1 + C1 CL(Q)(L)} with ¢; = %
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Development of FAPT: Two-loop coupling

Two-loop equation for normalized coupling a = by o/ (47)
reads

da(z)
dL

, b
— —CL%Q)(L) [1 + C1 a(Q)(L)} with ¢; = %

RG solution of this equation assumes form:

1 a(2)(L) 1
+ C In — [, =
a) (L) 1+ crag)(L) a)(L)
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Development of FAPT: Two-loop coupling

RG solution of this equation assumes form:

1 ag)(L) 1
+ C In — [, =
apy(L) 1+ crag)(L) acy(L)

Expansion of a(y)(L) in terms of a(;)(L) = 1/L with inclusion
of terms (’)(a?l)):

ae2) = a1y +c1 a%l) Inagy + C% a‘?l) (ln2 ay + Inaqy — 1) +...
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Development of FAPT: Two-loop coupling

RG solution of this equation assumes form:

1 ag)(L) 1
+ C In — [, =
apy(L) 1+ crag)(L) acy(L)

Expansion of a(y)(L) in terms of a(;)(L) = 1/L with inclusion
of terms (’)(af’l)):

ae2) = a1y +c1 a%l) Inagy + C% a‘?l) (ln2 ay + Inaqy — 1) +...

Analytic version of this expansion:

Ay =AY oD AV, + & (D +D —1) AV, + .

V=2
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Development of FAPT: Two-loop coupling

Nice convergence of this expansion:

APAPT 1y 1 _ Agl)(L) T DA(yl:)Z(L)

(2)
A7 (L)

0.1 l\AgAPT(L) (a) 1
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Development of FAPT: Two-loop coupling

Nice convergence of this expansion:

2 (D2 + D' —1) AY (1)
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FAPT: Two-loop coupling A(VQ)(L)

1
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FAPT: Two-loop coupling A(yz)(L)

ALy =AY 420 DAY, + & [3D* 42D - 2] A, + ..
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MFAPT: Two-loop coupling QL(VZ)(L)
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MFAPT: Two-loop coupling Ql(yz)(L)

2
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MFAPT: Two-loop coupling Q((VZ)(L)

2 () =24 20 DAV, + & [3D* 42D -2, +

v

CALC-2006@BLTPh, Dubna Fractional APT in QCD - p. 31



MFAPT: Two-loop coupling QL(VZ)(L)
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Application:

Pion FF in FAPT
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Factorizable part ol pion FF at NLO

Scaled hard-scattering amplitude truncated at NLO and
evaluated at renormalization scale p% = ArQ? reads

Q*TN™ (2,y, Q% 13, A\rQ?) = as (MrQ?) V) (2, )
2
4 & az (ArQ?) CFtHQ) ( MF)

47 oy Q?
ai (ARQ? 1 FG
+ (47T ){botﬁ’ﬁ)(x,y;AR)H(H )(x,y)}

with shorthand notation

2
t<Hl”2F) ( T,y ,%) — tg)) (x,y) [2(3—|—ln(f§)) In S—F]
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Pion Distribution Amplitude

Leading twist 2 pion DA at normalization scale
na =~ 1 GeV? given by

prlw, i) = 62 (1—2) |1+ ax(u) C3*(20 — 1)

+ag(2) O 20 — 1) + .. }

All nonperturbative information encapsulated in Gegenbauer
coefficients a, (13).
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Pion Distribution Amplitude

Leading twist 2 pion DA at normalization scale
na =~ 1 GeV? given by

prlw, i) = 62 (1—2) |1+ ax(u) C3*(20 — 1)
+as(12) CP 22 — 1) + ..

All nonperturbative information encapsulated in Gegenbauer

coefficients a, (13).
To obtain factorized part of pion FF = convolute pion DA
with hard-scattering amplitude:

FreYQ?) = or(, 1) ® T (2, v, Q% 1, \rQ?) ® oy, 1g)
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Analyticity ol Pion FF at NLO

Naive “analytization” [Stefanis, Schroers, Kim — PLB
449 (1999) 299; EPJC 18 (2000) 137]

QT (z,y, Q% 118, \RQ7) | niar =

2
AP (RQ?) 2
A§2>(ARQ2)t§?>(x,y>+< - ) Y (az i Mr, g2>
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Analyticity ol Pion FF at NLO

Naive “analytization” [Stefanis, Schroers, Kim — PLB
449 (1999) 299; EPJC 18 (2000) 137]

QT (z,y, Q% 118, \RQ7) | niar =

2
AP (RQ?)
A§2>(ARQ2)t§?>(x,y>+( - )t“> (az i Mr, g2>

Maximal “analytization” [Bakulev, Passek, Schroers,
Stefanis — PRD 70 (2004) 033014 ]

(Q*Ty (z,y, Q% 1E, ARQ2)]M8X An =

P ARQY)

A§2)()\RQ2) tI(—?) (.CC, y) _|_ A t (I‘ Y )\Ra gI;>
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Factorized Pion FF in Standard M—S scheme
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Factorized Pion FF in Naive Analyticization
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Factorized Pion FF in Max. Analyticization
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Pion form lactor in analytic NLO pQCD

[AB-Passek-Schroers-Stefanis, PRD 70 (2004) 033014 ]

0.6f

0.5/

0.2F

0.4]

0.3}

Curves Schemes

----- pg = Q7
........... BLM scale
_______ ay-scheme

Practical independence on scheme/scale setting!
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Pion form lactor in analytic NLO pQCD

[AB-Passek-Schroers-Stefanis, PRD 70 (2004) 033014 ]

0 6
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T BLM scale
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| soft part

Practical independence on scheme/scale setting!

CALC-2006@BLTPh, Dubna Fractional APT in QCD - p. 39



Application:

Higgs decay in MFAPT
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Higgs boson decay into bb-pair

This decay can be expressed in QCD by means of the
correlator of quark scalar currents Js(z) =:b(x)b(x):

(Q?) = (4m)% / 4z (0] T[ Js(x)Js(0)] |0)
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Higgs boson decay into bb-pair

This decay can be expressed in QCD by means of the
correlator of quark scalar currents Js(z) =:b(x)b(x):

(Q?) = (4m)% / 4z (0] T[ Js(x)Js(0)] |0)

in terms ol discontinuity of its imaginary part
Rs(s) = ImII(—s —i€) /(21 s),
so that

Gr
4/ 27

I'(H — bb) = Mymi(My)Rs(s = ME) .
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Standard PT analysis ol Rg

Direct multi-loop calculations are usually performed in the
Euclidean region for the corresponding Adler function Dsg,
where QCD perturbation theory works:

Ds(Q% i) = 3mii (1) 1+Zd (Q%/1?) o (11?)

L n>0 i
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Standard PT analysis ol Rg

Direct multi-loop calculations are usually performed in the
Euclidean region for the corresponding Adler function Dsg,
where QCD perturbation theory works:

=9 Ds(Q?) = 3m2(Q?) 1+Zd o
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Standard PT analysis ol Rg

Direct multi-loop calculations are usually performed in the
Euclidean region for the corresponding Adler function Dsg,
where QCD perturbation theory works:

=9 Ds(Q?) = 3m2(Q?) 1+Zd o

n>0 i

The functions D and R can be related to each other via a
dispersion relation without any reference to perturbation
theory. This generates relations between 7, and d,

Rs(s,1%) = 3my (1®) |1+ ) rals/u®) o (1)

_ n>0 i
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Standard PT analysis ol Rg

Direct multi-loop calculations are usually periormed in the
Euclidean region for the corresponding Adler function Dsg,

where QCD perturbation theory works:

p=Q

— Ds(Q%) =3m;(Q%)

The functions D and R can be related to each other via a
dispersion relation without any reference to perturbation
theory. This generates relations between 7, and d,

1+ Zrn ay(s)

p=

(s) = 3mj(s)

1—|—Zd ay

n>0

CALC-2006@BLTPh, Dubna
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Standard PT analysis ol Rg

Coefficients r,, contain ‘r? terms’ due to integral
transformation of In*(Q2/x2) in d,,. C__1
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Standard PT analysis ol Rg

Coefficients r,, contain ‘r? terms’ due to integral
transformation of In*(Q2/x2) in d,,. C__1

Influence of these 72 terms can be substantial, see
[Baikov, Chetyrkin, and Kiihn, PRL 96 (2006) 012003]
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Standard PT analysis ol Rg

Coefficients r,, contain ‘r? terms’ due to integral
transformation of In*(Q2/x2) in d,,. C__1

Influence of these 72 terms can be substantial, see
[Baikov, Chetyrkin, and Kiihn, PRL 96 (2006) 012003]

3m?] ' Rs = 1+ 5.6668 a5 + 29.147 a2 + 41.758 a3 — 825.7 o’
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Standard PT analysis ol Rg

Coefficients r,, contain ‘r? terms’ due to integral
transformation of In*(Q2/x2) in d,,. C__1

Influence of these 72 terms can be substantial, see
[Baikov, Chetyrkin, and Kiihn, PRL 96 (2006) 012003]

3m?] ' Rs = 1+ 5.6668 a5 + 29.147 a2 + 41.758 a3 — 825.7 o’

=14 0.2075 + 0.0391 + 0.0020 — 0.00148..

Here as = as(M2)/m = 0.0366 correspondsg to Higgs boson
mass My = 120 GeV.
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MFAPT analysis ol Rg

Running mass m(Q?) is described by the RG equation

m2(Q?) = ? [as(QY)]" [1 ' %as(cf)] o

with RG-invariant mass m? (for b-quark my ~ 14.6 GeV) and
Vg — 1.04, Y = 1.86.
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MFAPT analysis ol Rg

Running mass m(Q?) is described by the RG equation

m2(Q?) = ? [as(QY)]" [1 ' %as(cf)] o

with RG-invariant mass m? (for b-quark my ~ 14.6 GeV) and
vy = 1.04, 1 = 1.86. This gives us

3in7] " Ds(@) = (as(@%)" + Y dm (as(@2)™".

m>0
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MFAPT analysis ol Rg

Running mass m(Q?) is described by the RG equation

V1

(@) = i [0(@)]" |1+ D20 (@?)

with RG-invariant mass m? (for b-quark my ~ 14.6 GeV) and
vy = 1.04, 1 = 1.86. This gives us

3in7] " Ds(@) = (as(@%)" + Y dm (as(@2)™".

m>0

Following the procedure illustrated in [_wd obtain

E(SZ)MFAPT _ [STATLZ} (%) 1/0 _|_ Z d ( ) ﬂl7,)+vo

m>0 i
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MFAPT analysis ol Rg in two loops

PT-series convergence using My = 120 GeV.

Scheme  Rs(MZ) O(1) O(as) O(a?) O(ad) O(al)

S S S

pQCD 24.08 75.8% 20.2% 3.7% 0.3% —0.1%
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MFAPT analysis ol Rg in two loops

PT-series convergence using My = 120 GeV.

Scheme  Rs (MZ) O(1) Ofas) O(a?) O(a?) Of(al)

S S S

pQCD 24.08 75.8% 20.2% 3.7% 0.3% —0.1%

MFAPTW) 3189  74.4% 17.7% 54% 1.8% 0.7%
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MFAPT analysis ol Rg in two loops

PT-series convergence using My = 120 GeV.

Scheme  Rs (M3) O() O(as) Ofa3) Of(a?)

pQCD 24.08 75.8% 20.2% 3.7% 0.3%

MFAPTW)  31.89  744% 17.7% 54% 1.8%

MFAPT®) 2763 723% 20.7% 5.1% 1.4%
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MFAPT analysis ol Rg in two loops

PT-series convergence using My = 120 GeV.

Scheme  Rs(MZ) O(1) Ofas) O(a2) O(a?) O(ad)

S S S

pQCD 24.08 75.8% 20.2% 3.7% 0.3% —0.1%

MFAPTW) 3189  74.4% 17.7% 54% 1.8% 0.7%

MFAPT® 2763 72.3% 20.7% 5.1% 14% 05%

Quality of convergence for all schemes ~ the same.

But: in MFAPT convergence could be traced down to
s =1 GeV*.
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Graphics tor Rs in two loops

[llustration of Rg(M2) calculation in different schemes:
2-loop QCD PT (dashed red line),

1-loop MFAPT (dotted green line), and

2-loop MFAPT (solid blue line).
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Concluding Remarks

#® Implementation ol analyticity at amplitude level =
Extension of APT to FAPT and MFAPT ;
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Concluding Remarks

#® Implementation ol analyticity at amplitude level =
Extension of APT to FAPT and MFAPT ;

#® Rules to apply FAPT and MFAPT at 2-loop level
formulated;
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Concluding Remarks

#® Implementation ol analyticity at amplitude level =
Extension of APT to FAPT and MFAPT ;

#® Rules to apply FAPT and MFAPT at 2-loop level
formulated;

#® Bonus: Convergence of perturbative expansion
significantly improved,;

CALC-2006@BLTPh, Dubna Fractional APT in QCD - p. 47



Concluding Remarks

9

Implementation ol analyticity at amplitude level =
Extension of APT to FAPT and MFAPT ;

Rules to apply FAPT and MFAPT at 2-loop level
formulated;

Bonus: Convergence ol perturbative expansion
significantly improved,;

Advantages entailed: Minimal sensitivity to both
renormalization and factorization scale setting (pion’s
electromagnetic form factor);
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Concluding Remarks

9

Implementation ol analyticity at amplitude level =
Extension of APT to FAPT and MFAPT ;

Rules to apply FAPT and MFAPT at 2-loop level
formulated;

Bonus: Convergence ol perturbative expansion
significantly improved,;

Advantages entailed: Minimal sensitivity to both
renormalization and factorization scale setting (pion’s
electromagnetic form factor);

Advantage of applying MFAPT (decay H® — bb) is
that the coupling parameters 2, include the resummed

contribution of all m2-terms due to analytic continuation
Irom the Euclidean to the Minkowski space.
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